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This study investigates the dynamics of the electron cloud in a cylindrical
vacuum diode under stationary crossed fields E ⊥ B.
Magnetic Field: Uniform and axial B = (0, 0, Bz). The vector potential
in the symmetric gauge is A = (0, Bzr/2, 0).
Electric Field: Radial, created by the potential difference Ua between
the coaxial cylinders rc and ra. The anode operates as a periodic resonant
structure.

Schematic cross-section of a cylindrical vacuum diode (magnetron)

Classical Description: Governed by the Lorentz force equation for an
electron of mass m and charge −e:

dv⃗

dt
= −eE⃗ − e[⃗v × B⃗]. (1)

This yields the classical Hull cutoff magnetic field, predicting absolute
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Quantum Mechanical Description: Governed by the Schrödinger equa-
tion for the wave function Ψ(r, t):
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Expanding the kinetic energy operator in cylindrical coordinates (r, ϕ, z),
the Hamiltonian becomes:
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where L̂z = −iℏ ∂
∂ϕ is the angular momentum operator.

Since [Ĥ, L̂z] = 0, we separate variables:

Ψn,l(r, ϕ) =
1√
2π
Rn,l(r)e

ilϕ, (4)

where l = 0,±1,±2 . . . is the magnetic quantum number.
Boundary Conditions: Rn,m(rc) = 0, Rn,m(ra) = 0. Due to the
infinite potential walls at the physical borders, the radial spectrum is
forced to resolve into discrete steps indexed by n = 0, 1, 2 . . .

Why choose a quantum mechanical description for a macroscopic device?

1. Sub-Barrier Leakage: Classical theory strictly prohibits current
below the Hull cutoff. Quantum mechanics accurately predicts the
exponentially decaying ”dark current” via under-barrier tunneling.

2. Discrete Energy Transfer (Smith-Purcell): Interaction with peri-
odic slow-wave structures (e.g., diffraction gratings or anode cavities)
involves the absorption/emission of discrete momentum quanta ℏq.

3. Fundamental Noise Limits: Shot noise in crossed fields fundamen-
tally arises from discrete hopping events between quantized Landau
orbits, which classical theory treats merely as a continuous fluid in-
stability.

Substituting Ψn,l into the Schrödinger equation yields a 1D radial equa-
tion with an effective potential Veff (r):− ℏ2
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(5)

where ωc = eBz/m is the cyclotron frequency, Φ(r) =
ln(r/rc)
ln(ra/rc)

Ua.

Solutions: Near the equilibrium guiding center, the solutions are gener-

alized Laguerre polynomials L
|l|
n . The energy spectrum (Landau levels in

crossed fields) is:
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where n is the radial quantum number and r0 is the radial coordinate of
the guiding center.
The quantum probability current density is defined as:
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For stationary state Ψ = R(r)eilϕ, so the radial component Jr = 0, and
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In perfectly uniform, unperturbed crossed fields, the stationary radial
current is strictly zero. Electrons orbit infinitely without reaching the
anode, perfectly matching the classical Hull cutoff condition.
To establish a non-vanishing current to the anode (Ia ̸= 0), the sym-
metry of the stationary states must be broken. Quantum mechanics
achieves this through time-dependent superposition states driven by high-
frequency fields V̂ (t) = −eVRF (r⃗, t):
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∑
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−iEkt/ℏ. (9)

Evaluating jr using this time-dependent superposition reintroduces cross-
terms:
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To generate radial current, we must break the azimuthal symmetry. We
introduce a perturbation: the slow-wave periodic RF potential of the
anode structure:

V̂RF (r, ϕ, t) = VA

(
r

ra

)nh
cos(nhϕ− ωt), (11)

where nh is the spatial harmonic number (e.g., nh = N/2 for the π-
mode).

Space charge distribution for different moments of time


