
ABSTRACT

It is known that substitutional defects in metals can create bound

states with migrating hydrogen atoms. For example, an increased

concentration of electron density near a defect forces hydrogen to

move near the defect together with its own electron cloud. This state

of the hydrogen atom (a proton) is usually considered as a deep

potential well (a trap) in the set of more shallow interstitial positions

for protons between matrix atoms. Diffusion in such a lattice with

traps was considered earlier in the range of the model of continuous

time random walking (CTRW). In the present report we modeled

random walks of an impurity particle along the chain of potential wells

with two depths which are distributed randomly along the chain.

Calculations of effective diffusion coefficient D we compared with the

CTRW theory. Then we calculated D for such a system taking into

account the flux of the hydrogen into places with stretched crystal

lattice near defects.
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1. We developed the model of random jumps of the particle along the 

chain of potential well with two different depths. We compared 

calculated dependences of the mean square displacement as a

function of the number of jumps of the particle n with those 

calculated in ranges of the theory of continuous time random 

walking (CTRW).

2. We found that at small n dependences 𝑿𝟐 = 𝒇(𝒏) calculated in the 

model of random walk deviate from those predicted by the CTRW 

theory. This deviation occurred because the CTRW theory was 

developed for the fixed concentration of traps in the unit of 

volume, whereas in our model this condition is violated.

3. In the ranges of the developed model we investigated the flux into 

places with stretched crystal lattice near defects. We found that 

such a flux slows down diffusion process. The effective diffusion 

coefficient of the particle linearly decreases with increasing of the 

gradient of crystal lattice deformation near structural defects. 

CONCLUSIONS

Analytical solution of the problem by the CTRW method*

The aim of the work is to compare dependences 𝑋2 𝑡 obtained by these two 

methods and to extend the method of random walking to calculate 𝑋2 𝑡 for fluxes 

corresponding to the Gorsky effect.

•:

Results of calculations for 𝛌𝟏 = 0.9, 𝛌𝟐 = 0.1, 𝜟𝒑∗ = 𝟎, c = 0.1:

Results of calculations for different c

with 𝛌𝟏 = 0.9, 𝛌𝟐 = 0.1. 𝜟𝒑∗ = 𝟎 :

The influence of the lattice strain gradient near defects on 

diffusion of a particle.

*B. A. Merisov et al., Metallofizika 8, 63-67 (1986).
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Limiting cases relatively the time 𝝉 = 𝟏 − 𝒄 𝝀𝟐 + 𝒄𝝀𝟏
−𝟏 :

Small times (𝑡 ≪ 𝜏):

Large times (𝑡 ≫ 𝜏, c  << 1):

If the particle jumps in the chain of equidistant potential wells consisted of wells with 

the averaged time of life 𝝀𝟏
−𝟏 and randomly distributed (with the concentration c) 

deep wells with the averaged time of life 𝝀𝟐
−𝟏, the mean square displacement 𝑋2 𝑡

of jumping particle is equal to:

The CTRW theory describes satisfactory dependences 𝑋2 = 𝑓 𝑛 at large times.

The method of random walk

After the entire cycle of "experiments" is carried out, the relative frequencies of the 

number of stops in each well are calculated. This distribution of relative frequencies 

along the chain of wells is the probability 𝐺 𝑥, 𝑡 that the particle is located at time t

at the position 𝑥.

1. Positions of deep potential wells are randomly chosen.

2. A particle can leave the well if the “energy fluctuation” (a random number)

exceeds the depth of the well. The direction of the jump is chosen randomly. 

For nearest neighbors of deep wells probabilities of jumping into the deep well 

are larger than in the opposite directions on the value of Δ𝑝∗ =
𝑎

2𝑘𝐵𝑇
𝑃∇𝜀𝑖𝑖.

3. After a chosen number of jumps (unsuccessful jumps are also counted), the

coordinate of the particle is recorded.

Actions 1-3 are considered as one "experiment". The "experiment" was repeated 

105 − 106 times. For each potential well, the sum of "experiments" in which the 

particle ends up in this well after a chosen number of jumps is collected.
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𝒙𝟐 𝑮 𝒙, 𝒕 𝒅𝒙

𝑳/𝟐−׬
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𝑮 𝒙, 𝒕 𝒅𝒙

𝐷 = 0.451 ± 0.001

Test calculations for 𝛌𝟏 = 0.9, 𝛌𝟐 = 0, 𝜟𝒑∗ = 𝟎.

𝐺𝑎(𝑥, 𝑛) for 𝑛=200 jumps (1),

𝑛=400 (2) та 𝑛=600 (3).
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Small times (𝑡~𝜏), 𝜏 ≈ 4: Large times (𝑡 ≫ 𝜏):

D = 0.254 ± 0.001.

𝑫 𝒏≫𝝉 ≈
𝝀𝟐𝒍

𝟐

𝟐 ∙ с
= 𝟎. 𝟐𝟓.𝑫 𝒏<𝟒 =

𝝀𝟏

𝟐
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The deviation of calculations from the theory occurred because the CTRW theory 

was developed for the fixed concentration of traps in the unit of volume, whereas 

in our model this condition is violated.

where 𝑙 is the distance between wells.
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Δ𝑝∗ = 0 (dashed line), Δ𝑝∗ = 0.05 (dots), 

Δ𝑝∗ = 0.075, Δ𝑝 = 0.04 (solid line).

𝜆1 = 0.9, 𝜆2 = 0.05, с = 0.1.

𝐷∗

𝐷∗ Δ𝑝=0
= 1 − 𝑏 ∙ Δ𝑝∗, b=1,98±0.02
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Δ𝑝∗ = 0 (dashed line), Δ𝑝∗ = 0,075 (solid line)
Δ𝑝∗ = 0,075 (solid line), Gaussian

approximation (dash-dot line).
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