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We propose a generalisation of Carmichael numbers, where the multiplicative

group G𝑚 = GL(1) is replaced by GL(𝑚) for 𝑚 ≥ 2. Our construction is based

on the analogue of Fermat’s little theorem for GL(𝑚). We prove basic properties of

these families of numbers and give some examples.

Let us recall basic information about Carmichael numbers.

Definition 1. A composite number 𝑛 ∈ N is called Carmichael if 𝑎𝑛−1 = 1 for any

𝑎 ∈ (Z/𝑛Z)×.

Theorem 1. (Korselt’s criterion)
Let 𝑛 ∈ N be a composite number. The following are equivalent:

1) 𝑛 is a Carmichael number,

2) 𝑛 is squarefree and if 𝑝|𝑛, then 𝑝− 1
⃒⃒
𝑛− 1.

Now we pass to Carmichael numbers for GL(𝑚), where 𝑚 > 1. Let us introduce
some notation:

𝐷𝑚(𝑛) =
𝑚∏︁
𝑘=1

Φ𝑘(𝑛),

∇𝑚(𝑛) =
∏︁
𝑝|𝑛

𝑝⌈log𝑝 𝑚⌉−1,

𝐾𝑚(𝑛) = 𝑛∇𝑚(𝑛)𝐷𝑚(𝑛),

where 𝑝 is a prime number, Φ𝑘(𝑥) 𝑘th cyclotomic polynomial.

Definition 2. A composite number 𝑛 ∈ N is called an 𝑚-Carmichael number if

𝐴𝐾𝑚(𝑛) = 𝐼 for all 𝐴 ∈ GL(𝑚,Z/𝑛Z).

Theorem 2. Let 𝑛 ∈ N be a composite number. The following are equivalent:

1) 𝑛 is an 𝑚-Carmichael number,

2) if 𝑝|𝑛, then 𝐷𝑚(𝑝)
⃒⃒
𝐾𝑚(𝑛).

Theorem 3. If 𝑛 ∈ N is a nontrivial prime power (i.e. 𝑛 = 𝑝𝑘, where 𝑘 > 1 and 𝑝
is a prime number), then 𝑛 is an 𝑚-Carmichael number for all 𝑚 > 1.


