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The study of zero distribution of entire functions is one of the es-
sential areas of mathematical analysis and was investigated by many
mathematicians. One of the most important classes of entire functions
is the Laguerre-Pélya class (see, for example, [3] or [4]).

Definition. A real entire function f is said to be in the Laguerre-
Polya class, written f € L — P, if it can be expressed in the form
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where ¢, a, 8,2, € R, . # 0, « > 0, n is a nonnegative integer and
Y orey x,;Q < 00. As usual, the product on the right-hand side can be
finite or empty (in the latter case the product equals 1).

Various significant properties and characterizations of the Laguerre-
Pélya class are described in [3], [10] and many other works.

The issue of understanding if a function belongs to the Laguerre-
Pdlya class is rather subtle. A

The partial theta-function, g.(z) = Z;’;O(Z—.JQ, a > 1, was studied
in [5] and [6]. The main question of [5] is whether the partial theta-
function and its Taylor sections belong to the Laguerre-Pdlya class. In
[5] it is proved that there exists a constant ¢, ¢oo =~ 3.23363666, such
that the partial theta-function (and all its odd Taylor sections) belongs
to the Laguerre-Pélya class if and only if a? > ¢. There is also a series
of works dedicated to the properties of the partial theta-function (see,
for example [7], [8]). The paper [9] explains the importance of the
constant ¢, in the class of entire functions with positive coefficients
having Taylor sections with only real zeros.

In our research, the class of entire functions f(z) = >, axz® with
positive coefficients having decreasing second quotients of Taylor coef-

ficients ¢, = ¢.(f) := a:%—;‘lm was studied. We have found the minimal
constant such that if the limit of second quotients is not less than this
constant, then the entire function belongs to the Laguerre-Pélya class
(or, in other words, it has only real zeros).

Theorem 1 (T. H. Nguyen, A. Vishnyakova, [11]). Let f(z) =
S oo ax2®, ar > 0 for all k, be an entire function. Suppose that g,(f)
are decreasing in mn, i.e. ga > q3 > Q4 > ..., and nh_}rgoqn(f) =b> (.
Then all the zeros of f are real and negative, in other words f € L — P.
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Further, we also investigated the class of the entire functions with
positive coefficients having increasing second quotients of Taylor coeffi-
cients. In [2] and [1], some important special functions with increasing
sequence of second quotients of Taylor coefficients are studied.

Theorem 2 (T. H. Nguyen, A. Vishnyakova). Let f(z) = Y oo, arz”,
ar > 0, be an entire function. Suppose that the quotients q,(f) are in-
creasing in n, and le qn(f) = ¢ < G- Then the function f does not
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belong to the Laguerre-Polya class.

REFERENCES

[1] A. Bohdanov, Determining Bounds on the Values of Parameters for a Function
alz,m) =372, ;Ti(k!)m, m € (0, 1), to Belong to the Laguerre-Pélya Class,
Comput. Methods Funct. Theory, (2017), doi 10.1007/s40315-017-0210-6

[2] A. Bohdanov and A. Vishnyakova, On the conditions for entire functions related
to the partial theta function to belong to the Laguerre-Pdlya class, J. Math.
Anal. Appl., 434 | No. 2, (2016), 1740-1752, doi:10.1016/j.jmaa.2015.09.084

[3] I. I. Hirschman and D.V.Widder, The Convolution Transform, Princeton Uni-
versity Press, Princeton, New Jersey, 1955.

[4] J.I. Hutchinson, On a remarkable class of entire functions, Trans. Amer. Math.
Soc., 25 (1923), 325-332.

[5] O. Katkova, T. Lobova and A. Vishnyakova, On power series having sections
with only real zeros, Comput. Methods Funct. Theory, 3, No 2, (2003), 425—
441.

[6] O. Katkova, T. Lobova and A. Vishnyakova, On entire functions having Taylor
sections with only real zeros, J. Math. Phys., Anal., Geom., 11, No. 4, (2004),
449-469.

[7] V.P.Kostov, On the zeros of a partial theta function, Bull. Sci. Math., 137,
No. 8 (2013), 1018-1030.

[8] V.P.Kostov, On the spectrum of a partial theta function, Proc. Roy. Soc. Ed-
inburgh Sect. A, 144, No. 05 (2014), 925-933.

[9] V.P.Kostov, B.Shapiro, Hardy-Petrovitch-Hutchinson’s problem and partial
theta function, Duke Math. J., 162, No. 5 (2013), 825-861.

[10] G. Pélya and J.Schur, Uber zwei Arten von Faktorenfolgen in der Theorie der
algebraischen Gleichungen, J. Reine Angew. Math., 144 (1914), pp. 89-113.

[11] T. H. Nguyen and A. Vishnyakova, On the entire functions from the Laguerre-
Pdlya class having the decreasing second quotients of Taylor coefficients, Journal
of Mathematical Analysis and Applications, 465, No. 1 (2018), 348 — 359.



