COEFFICIENTS OF ORTHOGONAL POLYNOMIALS ON THE UNIT
CIRCLE AND HIGHER ORDER SZEGO THEOREMS

LEONID GOLINSKIT* AND ANDREJ ZLATOST

ABSTRACT. Let u be a non-trivial probability measure on the unit circle 9D, w the density of
its absolutely continuous part, a,, its Verblunsky coefficients, and ®,, its monic orthogonal
polynomials. In this paper we compute the coefficients of ®,, in terms of the «,. If the
function logw is in L!(df), we do the same for its Fourier coefficients. As an application

we prove that if a,, € ¢* and Q(z) = ZTNn:O @mz™ is a polynomial, then with Q(z) =
ZZ:O Gm?"" and S the left shift operator on sequences we have

Q)" logw(0) € L'(dB) < {Q(S)a}, €

We also study relative ratio asymptotics of the reversed polynomials @, (u)/® (1) —
oy, 1 (v)/®;,(v) and provide a necessary and sufficient condition in terms of the Verblun-
sky coefficients of the measures p and v for this difference to converge to zero uniformly on
compact subsets of D.

1. INTRODUCTION

In the present paper we study certain aspects of the theory of orthogonal polynomials on
the unit circle (OPUC). For background information on the subject we refer the reader to
the texts [6, 18, 19, 22]. Throughout, du will be a non-trivial (i.e., with infinite support)
probability measure on the unit circle 9D in C, identified with the interval [0,27) via the
map 0 — €. We will write

du(f) = w(0) % + dtsing (0)

with df the Lebesgue measure on [0, 27) and dpisng the singular part of dpu.
One usually denotes by

D, (2) = k2™ + K 12"+ Bpa2 + B (1.1)

the monic (i.e., Ky, = 1) orthogonal polynomials for v (with n > 0). It is standard to define
the reversed polynomials by

(D:;(Z> = )‘n,nzn + )\n,n—lzn_1 +--+ )\n,lz + >\n,0

_ - - -1 — —
= Rpo2" + Rpa2" o+ RBun—12 + Enp
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2 L. GOLINSKII AND A. ZLATOS

and let K, = Apm = 0 whenever m > n. We have &) = @ = 1 and for n > 0 the recurrence
relations

D,11(2) = 29,(2) — @, P (2) (1.2)
D 1(2) = Dy (2) — 02 ®Pp(2) (1.3)
with «,, € D the Verblunsky coefficients of u. A fundamental result of Verblunsky [23] says

that there is a one-to-one correspondence between non-trivial probability measures p on 0D
and sequences {a, }n>0 € D% . If we set ®, =0 and ¢ =1 for n < —1, and

a1 = —1, a, =0 (n<-=2)

then (1.2), (1.3) hold for all n € Z. We accordingly let &, ,, = 0 and A, ;, = 0,0 When n < 0
and m > 0.

Probably the most famous OPUC result is Szegd’s Theorem. In the form proved by
Verblunsky [23] it says that «,, € (*(Z{) if and only if log w(6) € L'(df). More precisely, the
sum rule

> log(1 ~ fau?) = [ log(u(6)) 5 (1.4

holds. Note that both sides of (1.4) are indeed non-positive since |a,,| < 1 and by Jensen’s
inequality, [log(w(f)) % < log([ w(@)%) < log(u(0D)) = 0, but they can simultaneously
be —oo. Recently the area of sum rules, for orthogonal polynomials as well as Schrodinger
operators, saw a rapid development starting with papers by Deift-Killip [2] and Killip-Simon
[9], which were followed by many others (e.g., [3, 10, 11, 12, 15, 17, 21, 24, 25]).

If v, € /2, one defines the Szegd function

which is analytic in D. Szegd’s Theorem in its full extent also shows that then
@7,

-1
Tl D (1.5)
uniformly on compact subsets of . We have
n—1 n—1
19512 = [ [ = les)* = T o (1.6)
k=0 k=0

where pr, = /1 — |y |? (see (1.5.13) in [18]), and so if we define d,,, by

-1
D(z)" ' = (Hpk) (1+d12+d222+-.-) (1.7)
k>0
then
dy, = lim A, (1.8)

n—oo
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The first contribution of this paper is the following expression of the coefficients Ky, 1, An i,
and d,, in terms of the ay. To the best of our knowledge (and to our surprise), this result is
new despite the long history and classical nature of the subject!

Theorem 1.1. Form > 1,

Rn,n—m = >\n,m = E E Oéklo_ékl_al e Oéij_ékj_a]. (19)

J aj=m ki<n
X‘:jlal>1 ko<ki—a1
b Py e

kj<kj,17aj,1

If ay, € 02, then also

dy = Z Z Oy Oy —gq - - - a/kj@kj_aj (1.10)

271 aj=m ko<ki—a1
j7al21 kj<kj—l_aj—1

Remarks. 1. In the above sums [ay, as, . . ., a;] runs through all 2™~ ordered partitions of
m, and k; € Z.

2. Our choice of o, for negative n shows that the condition “~1 < k; — a;” can be added
under the second sum in (1.9) (which is actually finite) and (1.10). For instance, if m = n,
then the sum in (1.9) has a single non-zero term with j = 1, a; = n, ky = n — 1, and so
Kn,0 = —0y,_1. This can be seen from (1.2) and @} (0) =1 as well.

3. Notice that for each partition {a;} with 3/ a; = m, the second sum in (1.10) converges
when oy, € ¢2. This is because then a,a;_, € ¢* for any fixed a, and so

i< 3] (Z pe)

S a=m =1
j)alzl

4. Tt might seem that the above formulae give the same values for du and the corresponding
family of Aleksandrov measures duy with |[A| = 1 and Verblunsky coefficients o, (1) =
Ay, (@) (n > 0). This is, however, not the case as a_j(uy) = —1 # =X if A # 1.

Next, we describe an application of Theorem 1.1 that actually motivated our work. It
involves the computation of Taylor coefficients of log D. These are interesting primarily
because they coincide with Fourier coefficients of logw. Indeed,

leP+2 1 —if —2i0 2
561.9_225—1—6 z4e Pt 4. (1.11)
and the definition of D show that

1
log D(z) = §w0+w1z—|—w2z2—|—...

where w,, are defined by

do

= | e ™1 0)— = w_,, 1.12
w /e ogw( )27T w ( )
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We know from (1.4) that
wo =Y _log(1 — |awl*) =2 log px (1.13)

k>0 k>0

and the methods from [21] can be used to compute the first few of the other w,,. However,the
corresponding computations become very complicated with increasing m (already at m = 4
they are close to intractable; [21] only deals with m < 2). Our method will provide w,, for all
m, although the resulting formulae will obviously not be simple. That is why we postpone
the exact expressions to Theorem 2.4 below and state the result here in the following form
that is sufficient for our first application, Theorem 1.4 (see also Lemma 3.1 that contains a
similar formula for Taylor coefficients of log @7 ).

Theorem 1.2. If a;, € (2, then

Wy = Q1 — Z Qrm@y + R () (1.14)

k>0

with
IRy |<O(Zmﬁ+2mﬁ) (1.15)

Remark. We note that (1.14) will be obtained from (1.10) by means of expanding log(1 +
diz + dy2* + ...) into its Taylor series. This is a remarkable fact since the sum in (1.10) is
m-fold infinite and one might expect this method to only add another degree of difficulty.
Nevertheless, after appropriate combinatorial manipulations it will turn out that the sum in
(1.14) (as well as the one in the exact form (2.12)) has only a single infinite index!

The situation when one is interested in Taylor coefficients of the logarithm of a function
analytic at the origin is not unusual. For instance, if the characteristic function ¢ of a
probability distribution ¢ is analytic at the origin, then so is log ¢, and a formula for the
Taylor coefficients of the latter function in terms of the moments of o is available (see, e.g.,
Malyshev and Minlos [14, Chapter 2, formula(6)]). These Taylor coefficients are known as
semi-invariants and computations involving them are often much simpler than those involving
the moments of o.

The first application of the knowledge of w,, we present in this paper aims at the following
conjecture of Simon [18] that is a higher order generalization of (1.4). Here S is the left-shift
operator on sequences

S(ﬂfo,.ﬁﬁl,...) = (331,.23'2,...) (116)
Conjecture 1.3. For distinct {0,,},,_, in [0,27) and n,, positive integers, define N =
Zlmzl N, N = 1 + max,, n,,, and

l

Qz) = H(z — eifm)mm — Z qm?™  and  Q(z) = H(z e m Z

m=1 m=0 m=1 m=0



COEFFICIENTS OF OPUC AND HIGHER-ORDER SZEGO THEOREMS 5

so that
N
Q) =Y GnsS™
m=0
Then
Q) logw () € L'(df) & {Q(S)a}y € 2 and oy, € (1.17)

For N = 0 this is just (1.4). For N = 1 the conjecture was proved by Simon (Theorem 2.8.1
in [18]) and for N = 2 by Simon and Zlatos [21]. It remains open for N > 3 although Denisov
and Kupin [4], mimicking the work of Nazarov, Peherstorfer, Volberg, and Yuditskii [15] on
Jacobi matrices, showed that for each () there indeed is a condition in terms of finiteness of
a sum involving the ay that is equivalent to the LHS of (1.17). Unfortunately, this sum is
far from transparent and its relation to the RHS of (1.17) is unclear.

Our contribution in this direction is the following higher order Szegd theorem in £* which
shows that Conjecture 1.3 holds if we a priori assume oy, € ¢,

Theorem 1.4. Assume that oy, € (%, and for qo, qu, - ..,qn € C define

N N
Qz) = Z 2" and Q(S) = Z GmS™
m=0 m=0

Then
Q)| logw(B) € L'(df) = {Q(S)a}y € 2 (1.18)

Remark. Of course, the most interesting is the case from Conjecture 1.3 when all zeros of
@ are on the unit circle, because the validity of the LHS of (1.18) only depends on them.

Moreover, we provide in Theorem 3.3 an exact formula for the value of

Zolk) = [ Q") P logw(6) 5

in terms of the a,. Since Zg is an entropy [9, 18], it is upper semi-continuous with respect
to weak convergence of measures, and so Zg(p) > limsup, Zg(p,) with p, the Bernstein-
Szegd approximations of p having Verblunsky coefficients {ay, ..., a,,0,0,...}. We show in
Proposition 3.4 that, in fact, we always have Zg(p) = lim,, Zg(u,,), including the case when
both sides are —oo (they cannot be 400 as each Zg is bounded above; see Section 3).

Finally, we apply our method to the computation of the relative ratio asymptotics
Oy (w)/®r (1) — @51 (v)/ P (v) where @ (p) and @7 (v) are the reversed polynomials of
measures u and v, respectively.

Theorem 1.5. Let u and v be two non-trivial probability measures on OD. Let {ca,(u)} and
{an(v)}, respectively, be their Verblunsky coefficients and let ®F () and O (v), respectively,
be their reversed monic orthogonal polynomials. Then

@1 (1) _ @71 (v)
() D)

e}

(1.19)
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uniformly on compact subsets of D as n — oo if and only if for any ¢ > 1

tim [0, (1)) — 00 (0) ()] = 0 (1.20)

n—oo

As a corollary of Theorem 1.5, we provide a simple new proof of the results of Khrushchev
(8] and Barrios and Loépez [1] on ratio asymptotics @), ,/®r as n — oo of the reversed
polynomials (Theorem 4.1), as well as their generalization (Theorem 4.2). Note that since

O*(2) = 2"®,(1/2), ratio asymptotics of the ®* inside D immediately give those of the &,
outside D.

The paper is organized as follows. Section 2 computes the Taylor coefficients of ®; and
log D in terms of the Verblunsky coefficients and proves Theorems 1.1 and 1.2. Section 3
introduces the step-by-step sum rules (see [9, 20, 21]) and proves Theorem 1.4. Section 4
proves Theorem 1.5.

2. COEFFICIENTS OF @ (z) AND log D(z) IN TERMS OF VERBLUNSKY COEFFICIENTS

We start with the proof of our first result, Theorem 1.1.
Proof of Theorem 1.1. From (1.2) we have for n € Z and m > 0,

Rn4+1,m = Bnym—1 — O_5n>\n,m

with the convention k, _; = 0. Substituting this repeatedly into a similar equality obtained
from (1.3), we get for m > 1,

)\n—i—l,m = /\n,m — Opkpm—1
- /\n,m + O‘no_én—lAn—l,m—l — OpRn—1,m-2
m—1

= )\n,m + E andn—a/\n—a,m—a + Oy

a=1

where in the last equality we have used ky,—y,—1 = 0 and \,_,, 0 = 1. If we now iterate this
and note that \,,_;,,, = 0 for m > 1 and [ > 0, we have

m—1
)\n+1,m - E E C%6416711)\k:fa,mfa + E QRO

k<n a=1 k<n
m—1
— Z Z ﬁk,aAk—a,m—a + Z ﬁk,m (21)
k<n a=1 k<n

with B, = apdg_q. Of course, terms with k£ < 0 are zero.
We will prove (1.9) by induction on n. If n < 0 and m > 1, then it obviously holds as in
that case both sides are zero. Assume therefore that (1.9) holds up to some n and all m > 1.
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Then (2.1) gives

n+1m :ZZﬁk’a Z Z ﬁk’l,al -"ﬁkj,aj +Zﬁk,m

k<n a=1 o =1 — ki1<k—a kE<n
1a=m—a >
ja>1  ke<kima

kj<kj,1—aj,1

Z Z /Bko,ao cee 6kj,aj + Z ﬁkg,m

J — ko<n+1 ko<n+1
%Oacllglm k1 <k()—ao

kj<k’]',17aj,1

DR DI TN

J ar=m ko<n+1
ZOj>l0 k1<ko—ao

a>1 kj<kj_1—aj_1

with kg = k and ap = a. But this is (1.9) for n + 1 in place of n. Thus (1.9) is proved, and
(1.10) follows from (1.8). O

Our next aim is to compute the Taylor coefficients of log D. We will again assume oy, € £>
so that D is well defined. By (1.7) we have for z close to 0,

log (Hpk) log D(z) =) | (_1;_1 (diz +dp2® + ... )

k>0 7>1

and so w,, is the negative of the m' Taylor coefficient of the RHS when m > 1. That is,

> be=m =1
Jibe>1
- Z _jl)J H ( Z Z ﬂkl,m .- -ﬂk;,,a;,) (22)

2117 a;=by ko<ki—aq

J,be>1 p,a;>1 kip<kp_1—ap_1

' o(—1)
= Z ﬁkhal ﬁkuabz% j({(kl’a1)7"'v(k;i’ai)}) (23)
{(k1,a1) -0y (kiya:) }E My, j=1
with M, and N; defined below.

Before stating the definitions, let us first describe how (2.3) was obtained from (2.2). We
multiply out the brackets in (2.2) to get a sum of products Bk, q, - - - Bk, (With coefficients),
and then collect terms with identical products (only differing by a permutation). The co-
efficient at each product B, 4, - .. B,.q; Obtained in this way will then equal the last sum in

(2.3). For example, the product (3137, appears in (2.2) for m = 3 as “—=~ (53 1)(B11)(B1a),

2 (811)(B51) (Br1)s S22 (B11) (B11) (Bs1)s S22 (Bs1B11)(Brn), and S22 (ﬁu)(ﬁs 1611). The
first three come from j =3 and by = by = b3 = 11in (2.2), the fourth from j = 2, by = 2,
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by =1, and the fifth from j = 2, by = 1, by = 2. Therefore the coefficient at 35,67, in (2.3)
has to be 3—1—(1)2—0

It is obv1ous that the products that appear in (2.3) must satisfy 7,a; > 1 and Zzl a=m
because the sum of the g;’s in any term of the ¢*" bracket of (2.2) equals b,. The set M,
will therefore reflect this condition. The question now is, given any collection (i.e., set with
repetitions; see below) of couples P = {(k1,a1),..., (ki,a;)} € M,,, in how many ways can
the corresponding product B, 4, - .. Bk, a; be obtained by multiplying out 7 > 1 brackets in
(2.2). If this number is denoted NJ(P), then the correct coefficient at B, q; - - - B, o, in (2.3) is

22:1 %NJ’(P) Hence to obtain (2.2)=(2.3), we are left with showing that N;(P), defined
below, equals N;(P).

We will call a collection an unordered list of elements, some of which can be identical (i.e.,
a collection is a set that can contain multiple identical elements, a hat with multicolored
balls). Such identical elements are considered indistinguishable. A j-tuple will be an ordered
list of j elements. Collections will be denoted by {...}, j-tuples by [...]. Below we will
consider collections and j-tuples whose elements are couples (k,a) with k& € Z, a € N.
For instance, {(3,1),(1,1),(1,1)} is a collection ({(1,1),(1,1),(3,1)} is the same one) and
[(3,1),(1,1),(1,1)], [(1,1),(3,1),(1,1)], [(1,1),(1,1), (3,1)] are three distinct triples. Finally,
the union of collections is the collection obtained by joining their lists of elements, for instance,
{(3,1), (L DIULL D} = {(3,1), (1,1), (1, 1)},
Definition 2.1. Let M, be the set of all distinct collections P = {(k1,a1), ..., (k;,a;)} with
1> 1, k € Z, and a; > 1 such that Z’l a; = m. We let

ﬁ(P) = Bkhal e ﬁki,ai = akl@klfal Ce aki@ki,ai (24)

We say that a collection P = {(k1,a1),..., (ki,a;)} is linearif k, < k, —a, or k, < k, —a,

whenever v # v. In particular, k, # k, when u # v, which means that a linear collection P
cannot contain two identical couples, and thus it is just a set.

If P € M, and j > 1, then N; (P) is the number of distinct j-tuples P = [P, ..., P such

that each P, is a non-empty linear collection and Uizl Py = P. We will call each such P an
admissible division of P.

For instance, if P = {(3,1),(1,1),(1,1)} (corresponding to (5137, above),
then the admissible divisions are [{(3,1)},{(1, 1)}, {(1,1)}], [{(1, 1)}, {(3, 1)} {(1,1)}],
{1 DA D} AG D} (with j = 3) and [{(3,1), (1, 1)} {(L 3], {1, DEA{G 1), (1L, D}
(with j = 2) Hence in this case N3(P) = 3, No(P) = 2, N1(P) = 0 and the last sum in ( 3)

is indeed 223 4 21)22 =0.

To finish the proof of (2.2)=(2.3) we need to show that N;(P) = N;(P) for any P € M,
(as we did for P = {(3,1),(1,1),(1,1)}), where N;(P) is the number of times the product
B(P) = Biy.ay - - - Bria, 1s obtained by multiplying out j brackets in (2.2). The desired equality
follows from realizing that the collection Py in the definition (¢ = 1,...,j) corresponds to the
“subproduct” of 3(P) coming from the ¢! bracket in (2.2) (which is why the P’s must be
ordered, as well as why P, must be linear). With this identification in mind, it is easy to see
that each admissible division [Py,. .., P;] of P corresponds to precisely one way of obtaining
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B(P) in (2.3) from (2.2) by multiplying j subproducts (from j brackets) corresponding to
Py, ..., P; (with b, being the sum of the @; for which (k;, a;) € P), and vice versa.

Hence we have obtained an explicit expression for w,,. We will now simplify it considerably
by showing that coefficients at many G(P) in (2.3) are actually zero, as was the case for (3, 61271
(see Lemma 2.3 below).

We say that K € Z is a cut of P = {(ky,a1),...,(ki,a;)} € M, if k; # K for all [, if
min{k;} < K < max;{k;}, and if for any u,v with k, < K < k, we have k, < k, — a,. For
instance, P = {(3,1),(1,1),(1,1)} has one cut K = 2. Our interest here will be mainly in
“cuttless” collections as is demonstrated by the following two lemmas.

Lemma 2.2. If P € M, has no cut, then
mlax{kl} — mlin{kl —a}<m (2.5)

Proof. Consider the union of intervals I = J,[k; — a;, k] C R, with |[I| < >,y = m. If
P has no cut, then [ is an interval (and vice versa) because otherwise the minimum of any
component, except for the bottom one, were a cut. But then we obviously have

I= [mlin{k;l -}, mlax{kl}]
proving (2.5). O

Let |P| be the number of elements of a collection P, counting identical elements as many
times as they are included in P. For instance, |{(3,1),(1,1),(1,1)}| = 3.

Lemma 2.3. If P € M, has a cut, then

1P|

> (_})ij(P) =0 (2.6)

j=1

Proof. Fix P = {(k1,a1),...,(ki,a;)} € M, that has a cut K. First notice that if II is the
set of all admissible divisions P = [P}, ..., P;,| of P, then (2.6) is equivalent to

> <_j173w =0 (2.7)
Pell

For each P let C(P) be the collection (not a union!) of up to 2jp non-empty sets that we
obtain by splitting each P, at K. That is, we define

Péi = {(kl,al) € Pg} + (kl —K) > 0}

so that P, = P;" U P,7, and then let C(P) be the collection of those P;* that are not empty.
Notice that the Pei are indeed sets and they are linear — both because the same is true for
P

Hence C defines an equivalence relation on Il by P ~ P’ iff C(P) = C(P’). We will show
that the part of the sum in (2.7) corresponding to any equivalence class is zero. That is, we
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will prove
—1)»
> ( : "y (2.8)
cPy=co I
for any Cy such that C(P) = Cy for some P € II.
Let us fix any such Cy. Then Cj is a collection of non-empty linear sets @1,...,Q, and

Ry, ..., R, whose union (as a union of collections) is P, such that if (k;, a;) € Q,, then k; < K,
and if (k;, @;) € Ry, then k; > K. That is, the ), are the non-empty P, and the R, are the
non-empty P,". Let ¢ < r, since the case ¢ > r is identical.

Assume first that these sets are all distinct. Then for every 0 < s < g there are (g) (’;)s!(q+
r — s)! admissible divisions P of P with C(P) = Cy and jp = g+ r — s. These are created by
choosing s sets from @y,...,Q, and s from Ry,..., R,, taking all s! pairings of the selected
@Q’s with the selected R’s, and then all (¢ + r — s)! orderings of thus created g + r — s sets
(unions of the paired couples @, U R, together with the unpaired @’s and R’s) — the Pp’s.
Since all the original sets were distinct, this construction gives no repetitions. Notice also
that any P, = ), U R, is linear because so are (), and R, and K is a cut for P. This shows
that the LHS of (2.8) equals

4 (=)t (q\ (7 B gr . s (z) (2) —
; —q e <S> (S) slig+r—s)!=(=D)""(¢g+r—1)! ;(_1) (q+r71) =0
The last equality follows from Lerch’s identity [13] (also in [7, p. 61])
L0000
1 -
LV

which holds whenever p > q.

If now some @Q’s and/or some R’s are identical, then in the above sum every P with
C(P) = Cy is counted the same number of times 7', which equals the product of the factorials
of the numbers of identical sets. This is because there are T permutations of the ()’s and
R’s that fix the classes of identical sets, and hence when we perform the above algorithm to
obtain all admissible P’s with C(P) = Cy, each such P will be obtained T" times. Therefore

the LHS of (2.8) equals
L~ (S0 (gq\ (7
_ ! —3) =
T;q—l—r—s(s . slg+r—s)!=0

This proves (2.8), and (2.7) follows by summing over all Cy. O

Hence the only terms that matter in (2.3) are those with no cuts (which is the main point
of this section). Moreover, it is obvious that S(P) = 0 when some k; — a; < —2. Therefore
we define w(P) = maxi{k; | (k;,a;) € P}, 0(P) = min{k; — a; | (ki, ;) € P},

|P| ;
(=1)
NP)=>" N;(P) (2.9)

Jj=1
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and for 0 <n < oo
M) ={P € M,, | P has no cuts and 0 < w(P) < n} (2.10)

If now P € M, ~ M2, then either P has a cut and so N(P) =0, or w(P) < —1 and then
B(P) = 0 because §(P) < —2. This means that the sum in (2.3) only needs to be taken over
Mpe. Before formally stating this fact, we remark that

My ={P+k|PeM)and0<k<n} (2.11)

where P+ k = {(k; + k,a;) | (k;, @) € P}. Also notice that N(P + k) = N(P) by definition,
P —w(P) € M? for any P € MS°, and M? is a finite set by Lemma 2.2. In this light the
following result is an immediate consequence of (2.3) and Lemma 2.3.

Theorem 2.4. If oy, € (2, then for m > 1

wn = Y N(P)BP)= > NP)Y BP+k) (2.12)

PeM® PeM9, k

Remark. The second form of w,, in (2.12) shows that for m # 0, the m'" Fourier coefficient
of logw(#) (and so the m™ Taylor coefficient of log D(z)) can be expressed as a sum over a
single infinite index of products involving only “nearby” ay’s.

Now we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. 1f
M, ={P e My||P|l=1}
then (2.12) can be written as

:< o+ > >N(P)5(P) (2.13)

PeM!, PeMg~M,

Note that the sum in (1.14) together with «,, 1 = —ay, 11 is just the first sum in (2.13),
and so R,,(u) is the second sum in (2.13). It remains to prove (1.15).
Since each N;(P) is bounded by a constant only depending on m,

Ru()| < C Y |B(P)]
PeM~M!,

For any P € My° ~ M/ let i = |P| > 2. If 6(P) < —2, then (P) = 0. If §(P) = —1, then
by Lemma 2.2

- m—1
|<H!akl|<2|%| > oyl
=0 =0

And if §(P) > 0, then

5(P)+m 5(P)+m

7
P <Y (o +lag-al®) <m Y o <m Y oyl
=1

j=0(P) j=6(P)
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Since each P € M?>° has no cuts, the number of P € M° with any given §(P) is a finite
constant only depending on m. Hence (1.15) follows and the proof is complete. O

We write here explicitly the first three w’s from (2.12). Recall that a_; = —1, a_y =

a_g=---=0,and pp = /1 — |ax|?.
wlz—z&k@kq
k

~ 2 1 2.2
W2 =- Z OrOk—20k—1 T 3 E :O‘kO‘k—1
3 k
g A3 s P2 E 2 Ao E { =2 2 1 3.3
Wy = — O O—30%—1Pk—2 T Q1 Op—2P)_1 + 1Oy Phy — 3 E aar_,

Finally, we note that all Taylor coefficients of log(D(z)/D(0)) verify the claim of the remark
after Theorem 2.4. It turns out that this is essentially the only such function of the form

F(D(2)/D(0)).

Proposition 2.5. Assume that F' is analytic on a neighborhood of 1 and each Taylor coef-
ficient h,, of H(z) = F(D(2)/D(0)) is, as a function of {ax} € (%, a sum of products of the
ag’s such that if oy and «; both appear in the same product, then |k — 1| < cp for some
Crm < 00. It follows that H(z) = a + blog(D(2)/D(0)) for some a,b € C.

Proof. Define G(z) = F(e*) so that G is analytic on a neighborhood of 0 (with Taylor coef-
ficients g¢,,) and H(z) = G(log(D(z)/D(0))). The fact that log(D(2)/D(0)) = >, o Wmz™
satisfies the proposition shows that when g, is the first non-zero coefficient with m > 2,
then h,, does not satisfy the required condition because h,, = giw,, + gnw]". Therefore
G(z) = a + bz for some a, b. O

3. A HiGHER ORDER SZEGO THEOREM

In this section we will prove Theorem 1.4. We will do this by first deriving sum rules a
la Denisov-Kupin [4] that provide us a necessary and sufficient condition for the left hand
side (1.18) to hold. The difference between our Theorem 3.3 below and [4] is that in [4] this
condition is expressed in terms of traces of powers of the CMV matrix (see, e.g., [18]), which
is less explicit than the form we obtain here (although, obviously, the two conditions have to
be equivalent). This, together with Theorem 2.4, will suffice to yield Theorem 1.4.

We start by introducing some notation. The Carathéodory and Schur functions, F': D —
1C™ and f: DD — D, for du are defined by

e + 2 1L+ z2f(2)
F(z) = , du(f) = ————
0= [ G = =55
It is a result of Geronimus [5] that the Verblunsky coefficients of i coincide with the Schur
parameters of f defined inductively by the Schur algorithm
1o = el
1+ zdp f1(2)

(3.1)
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Here (3.1) defines ag € D and f; : D — D, and iteration then yields ay, as, ... and fy, f3,....
Note that f(0) = g and, by induction, m'" Taylor coefficient of f only depends on oy, . . ., i,.

In the following we will write @ (u, 2z) and D(u, z) for the reversed polynomials and the
Szegd function. Accordingly, we will write w,,(u) for the Taylor coefficients of log D(u, z),
and we will also let

—log @7, (11, ) = Z Wn,m (1) 2™
We will now fix a measure p and denote its Verblunsky coefficients ay. For the sake of
transparency, we will include a_; = —1 at the beginning of the sequence of the coefficients,
so that these will be {—1, ag, g, ... }. We let p, be the n-th Bernstein-Szeg6 approximation
of p, with Verblunsky coefficients {—1, ag, a1, ..., ay,0,0,...}, and pu™ = w(”)(ﬁ)% - dug;)g
the measure with Verblunsky coefficients {—1, o, a1, ... }-
In Section 2.9 of [18], Simon defines the relative Szegd function

_ 1—anf(z) 1 =2fi(z)
D) = T TG

with f, fi from (3.1). Its advantage is that, unlike D, it is defined for any p. If w(#) is
positive almost everywhere, then so is w™(#), and

(3.2)

log wzfl()?e) e L7[0,27), p < oo (3.3)

(6D)(1, 2) = exp ( / zj - " log (w‘fl()?é)) %) (3.4)

(see Theorem 2.9.3 in [18]). Obviously, in the case a; € ¢* we have

D(p, z)
D(pM), z)

which explains the name. We define the Fourier coefficients of log(w(6) /w™(8)) to be dw,, (1)
so that from (3.4) and (1.11) we obtain

with

(0D)(p, 2) = (3.5)

1
log(6D)(u, z) = §5w0(#) + dwy ()2 + Swa(p) 2 + . .. (3.6)
In particular,
dwo(p) = 2log po (3.7)
by (3.2) and f(0) = ap, and dw_,, (1) = dw,,(1). In the case ay € 2 we have by (3.5)
S (1) = Wy (1) — W () (3.8)

Finally, we define N(P) by (2.9), 8(P) by (2.4), and let 3™ (P) be defined as 3(P), but
with a_1, aq, ..., a,_o replaced by zeros and «,,_; replaced by —1. That is, ﬁ(”)(P) equals
B(P — n) for the measure ™. For instance, 5% ({(3,1),(1,1)}) = azay(—1)0 = 0, which
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is B({(1,1),(—1,1)}) for the measure p® with Verblunsky coefficients {—1, as, as,...}. In
particular, (2.12) for the measure ;™ and N(P —n) = N(P) imply

wa (™) = Y N(P)B(P) (3.9)
PeMg?
whenever «y, € 2. Notice also that by Lemma 2.2,
B (P) = B(P) (3.10)
when P € M° and w(P) > m + n. Since we have fixed the ay’s, it will be more transparent

to use the notation B(P), 3™ (P) rather than (i, P), B(u™, P —n).
Next we show that Theorem 2.4 easily extends to D(f,), ®} (1), and 0D(pu).

Lemma 3.1. For m > 1 and any p we have

= > N(P = W p1m (1) (3.11)

pPeM?

dwn(p) = Y N(P)[B(P) = 8O (P)] (3.12)

PeMg

Proof. The first equality in (3.11) is nothing but (2.12) for the measure p,, instead of u. Then
(1.3), (1.5), and (1.6) show that

log ®5,, 1 (1, 2) = log @}, (tin, 2) = Y _ log py, — log D41, z)
k=0

since @, (fns 2) = [ 4 (ims 2) 2 D (tns ), a1 50 14 1(1) = i) for m > 1.
By (3.2), the m-th Taylor coefficient of §D(u, z) (and so of log § D(u, ), too) only depends
on «ayp, the first m Taylor coefficients of f and first m — 1 of f;. That is, dw,,(u) is a function

of ag, ..., only (see (1.3.48) in [18]). This means that for any n > m we have
St (1) = St () = W (i) = win((12) V) = Y N(P)[B(P) = g (P)]
PeMy,
where the second equality is (3.8) for p, and the third follows from (3.11) and (3.9). But
the last sum equals the right hand side of (3.12) because (3.10) shows that 3((P) = 3(P)
when P € M>X ~ M. O

After this preparation we are ready to provide a characterization of sequences of Verblunsky
coefficients corresponding to measures p for which log w(6) is integrable with respect to some

polynomial weight |Q(e)%. We let Q(2) = 32 _, gmz™ and define p,, by

N N
Q(2)* = Z pmz™ = po+ Z 2Re(pmz™) for |z] =1
m=—N m=1
(note that p,, = qNGN—m + *** + Gmdo = . With the convention log 0 = —oco we set

/ Q) Plogu(®) .13
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which is defined for any p but can be —oo. This is because with log, x = max{+logx,0},

' do do 2
[1ae g, w®f <l [wo)f < 12

but the integral of log_ w(@) can be infinite, for instance, when w(f) = 0 on a set of positive
measure. It is more common to let Zg be the negative of (3.13), so that it is bounded
from below rather than above, but our definition will be more convenient here. Note also
that by (3.3) with p = 1 subsequently applied to x™, n > 0, in place of u, we have either
Zo(u™) = —oo for all n > 0 or Zo(u™) > —oo for all n > 0.

Before determining the condition for Zg(u) > —oo, we prove the following step-by-step
sum rule.

(3.14)

Lemma 3.2. For any i

Zolu) = mlogm+ 3ot (g 3 NP)BP) - 50P) )+ 2o (315)

m=1 PeMge

Proof. The sum on the right hand side of (3.15) is always finite since it has only finitely many
non-zero elements and so (3.15) holds if both Zg terms are —oo. If both are finite, then (3.3)
holds and so

N

i0y|2 w(®) ag 1 _
10108 (i ) i = oot + 3 Retadun ()
together with (3.7) and (3.12) gives (3.15). O
Theorem 3.3. For any p and @,
00 N
Zo(p) = ZRe (po log pr. + Z]ﬁm Z N(P)B(P + k)) (3.16)
k=0 m=1 PeMpy,

Remark. This shows that Zg(u) is finite if and only if the above sum converges.
Proof. Since (1.12) and (3.13) give

1 N
ZQ(,“n) = §p0w0(ﬂn) + Z Re(ﬁmwm(un)) (3'17)
m=1
it follows from (1.13) and (3.11) that
n N
Zoln) = Yoz e+ 3o (. 3 NPIP)) (3.18)
k=0 m=1 PeMp,

Hence by (2.12) and N(P) = N(P — w(P)), the claim is equivalent to Zg(pu) =
limy, oo Zg(ftn)-
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It is well known that Z is an entropy and therefore upper semi-continuous in ¢ with respect
to weak convergence of measures (see Section 2.3 in [18]). In particular, since p, — u, we
obtain

Zo) > limsup Zo (i)

Thus we are left with proving
Zg(p) <liminf Zg(py) (3.19)

This is obviously true if Zg (1) = —00, so assume that Zgo(u™) > —oo for all n > 0. Then
w(#) > 0 for a.e. # and by Rakhmanov’s theorem, o, — 0 as n — 0.
The step-by-step sum rule (3.15) for x™ in place of u reads

Zolu") = mlogon + Y- Re (5 3 NPIIVP) - 89 (P)]) + Zglu )

PeMgs

m=1 m

and therefore we can iterate it and cancel the terms in the telescoping sum to obtain
n N
= poZlngk + Z Re (ﬁm Z N(p) [5(})) _ ﬁ(”“)(P)}) + ZQ(M(n—H))
k=0 m=1 PeMg?

Using pu™ — dz (since o, — 0), ZQ(g_e) = 0, and upper semi-continuity of Zg, we obtain

Zoln) < h,{ﬂi,{}f [290 Zlog o+ Z Re <pm Z N(P — ﬁ(nﬂ)(P)])]

PeMge

We claim that the quantity inside the liminf differs by o(1) from (3.18) (in which case
(3.19) holds and we are done). Indeed — the difference of these two is at most

Sl X NN - 5w

by (3.10) and the fact that "+ (P) = 0 when P € M?”. This sum has a uniformly bounded
number of terms for all n, both p,, and N(P) are also bounded by a constant not depending
on n (only on N and @), and

lim sup  {|B(P)| +|8"TV(P)|} =0
n—oo P€M77;Lz+m\MrTrLL
since «,, — 0. -

We have thus expressed Z(p) as an infinite sum in terms of the Verblunsky coefficients
of . We can now apply Theorem 1.2 to prove Theorem 1.4.

Proof of Theorem 1.4. The left hand side of (1.18) is equivalent to Zg(p) > —oo. By Theo-
rem 3.3, this happens precisely when lim,,_,, (3.17) > —oco. But

1

5Powo(fin) pozlogpk = ——poz (lae* + O(few|h))
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and by Theorem 1.2 applied to p,, the sum in (3.17) is equal to

mz]i:lRe (‘m(Rm(ﬂn)— > ak+mdk>)

k<n—m

The estimate (1.15) and the hypothesis show that Ry, () and Y77  O(|ag|?) are uniformly
bounded in n, so it only remains to show that {Q(S)a}, € €2 is equivalent to

{ 0 ) lal? +ZRe (pm > &k+mozk)] (3.20)

k<n k<n—m

being uniformly bounded in n. We write

Z|{Q(S)a}k|2 = Z |gvaksn + -+ + Qo |’

k<n k<n

N
= (lgn P+ + a0l D lou* + ZzRe (<quN_m +oe +qmqo>2ak+mak) +0(1)

k<n = k<n

_p02|ak| —I—ZQRG (pm Z ak+ma/€)+0()

k<n k<n—m

In the second equality the remainder O(1) is bounded by a constant independent of n because
it is a sum of a bounded number of terms involving only o with & < N or |k —n| < N.
And the last equality holds because p,, = qNGN—m + -+ + ¢nGo and Zzznfmﬂ Qprm O 18
uniformly bounded in n and so O(1). Hence {Q(S)a}, € £2 if and only if (3.20) is uniformly
bounded in n. O

Recall that in the proof of Theorem 3.3 we have showed Zg(u) = lim,, oo Zg(ft,). Here is
a generalization of this fact.

Proposition 3.4. If f = gQ with g € C(ID) a positive function and Q a polynomial, then
for any 1,
Z;() = lim Zy(u,) (3.21)

n—oo

Proof. We again have Z¢(p) > limsup,, Z f(,un) because Z; is upper semi-continuous as well
[18]. Let g. be a polynomial such that ¢> < |g.|> < ¢*> + ¢ on dD. Such a polynomial
exists because the functions h(z) = Y1, cx2* are dense in (D) (by the complex Stone-
Weierstrass theorem) and the polynomial ZK h(z) satisfies |25 h(z)| = |h(2)] for |z| = 1. Then
lim._0 Z, (1) = Z¢(p) because g is bounded away from 0, and

g
Zf(ﬂn) > deQ(Mn) - _HQHZO
47

by (3.14). Since g¢.(Q) is a polynomial, the proof of Theorem 3.3 shows lim, Z, ¢(u,)

Zy.0(p), and we obtain liminf,, Z¢(u,) > Z¢(p) by taking € — 0. O
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It is an interesting open question whether this result holds for any f, not just such that
vanish at only finitely many points of dID and to an even degree.

4. RELATIVE RATIO ASYMPTOTICS

In this section we provide another application of our methods. We prove Theorem 1.5 and
give a simple proof of a result, in part due to Khrushchev [8] and in part to Barrios and
Lépez [1], on ratio asymptotics @7, /®F as n — oo of the reversed polynomials (see also [19,
Section 9.5]). We also give a generalization of this result.

Proof of Theorem 1.5. Let us define

7 (p)/ P (1) B )
&)y R = E‘”mmw v)z

(recall that ®}(0) = 1). It follows from |®,(z)| < |®}(z)| for z € D (see (1.7.1) in [18]) and
from

Qn(p,v)

o o,

(see (1.3)) that the ratio ®_,/® is bounded away from 0 and co on any compact K C D.
Hence (1.19) is equivalent to €2, (p,v) — 1 as n — oo uniformly on compact subsets of D,
which in turn is equivalent to wy,,, — 0 as n — oo for each m > 1.

Now

log Qn(p, v) = log @7, ;1 (1) — log @7, (1) — log 1 (v) + log @7, (v)
and so by (3.11) and (2.11)

W1, v) = > N(P)(B(v, P +n) — B, P+ n)) (4.2)

PeMy,

for m > 1. If (1.20) holds, then obviously S(v, P +n) — 3(u, P +n) — 0 for each P € M?
that is, wy,m (1, v) — 0 as n — oo.

Assume now that wy, (@, v) — 0 as n — oo. When m = 1, then M2 = {{(0,1)}} and
(4.2) equals just a, (p)@,—1(p) — @n(v)a,—1(v). Hence (1.20) holds for ¢ = 1. We proceed by
induction, so assume (1.20) holds for £ =1,...,m — 1. If P .€ M? and |P| > 2, then by the
induction hypothesis 3(v, P+n) — 3(u, P+n) — 0 (because max{a; | (k;,a;) € P} <m—1).
Since (4.2) converges to 0 and the only element of M? with |P| = 1is P = {(0,m)} (in
which case N(P) = —1), it follows that S(v, {(n,m)}) — B(x, {(n,m)}) — 0 as well. But this
is (1.20) for ¢ = m. O

For any a € [0, 1] we define

Gu(2) == (1 + 24+ /(1 — 2)2 +4a2z)

DN | —

with the usual branch of the square root (in particular, Gy = 1). We then have
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Theorem 4.1 ([8] and [1]). Let p be a non-trivial probability measure on OD. Then

@*
O, () = 2 4.3
=" (4.3
converges uniformly on compact subsets of D as n — oo if and only if for each £ > 1 there is
ce € D such that

lim o, ¢ = ¢4 (4.4)

n—oo

Moreover, if (4.4) holds for all £ > 1, then ¢, = a*\* for some a € [0,1] and |\ =1 and
lim Q,(u;2) = Go(A\z)

Remarks. 1. In particular, lim, €2, (1) = 1 precisely when all ¢, = 0. In this case (4.4) is
called Mdté-Nevai condition. Accordingly, one might call (1.20) relative Mdté-Nevai condi-
tion.

2. Barrios and Lépez consider the case a > 0 and their result also involves ratio asymptotics
for z outside the unit circle.

Proof. Equivalence of the convergence of (4.3) and (4.4) is proved in the same way as Theorem
1.5. The only difference is that now with

log (1) = Y wagm()2"

(4.2) reads 7
Wam(1t) == Y N(P)B(p, P +n) (4.5)

PeMY,

and “OB(v, P +n) — B(p, P +n) — 07 and “w,m(p,v) — 07 are replaced by “G(u, P +
n) converges” and “w,,,(u) converges”, respectively, in the argument (we actually have
B, P+mn) — ¢qy ...cq;, when P = {(k1,a1),...,(ki,a;)}). Note that the proof also shows
that lim, Q, (1) = 1 = Gy precisely when all ¢, = 0 (and so a = 0).

Hence assume (4.4) holds with not all ¢, = 0. It is obvious that if ¢; = 0, then the existence
of the limit ¢, implies ¢, = 0 for all £. Thus we must have ¢; = a?) for some a € (0,1] and
|A| = 1. In particular, liminf, |o,| > 0. But then |a,.3||cnie| — |nsil||lan] — 0 and
| s||ani1| — |aniol|an| — O (both by (4.4)) give |apio| — |ans1] — 0, which together with
|ty io||nya| — a? gives |a,| — a. This and (4.4) imply a1 10,1 — A, and then oy, — A
so that ¢, = a? ¢ for all /.

It remains to prove that in the case a # 0 the limit G(z) of (4.3) is G,(\z). Let v be the
measure with Verblunsky coefficients a,(v) = aA™ if 0 < a < 1 and «,(v) = a,\" with a,, T 1
if a = 1. Then Theorem 1.5 applies and so the limit function of ®; ,,(v)/®}(v) is also G(z).
By (4.1) we know that the limit H(z) of a,(v)®,(v)/®!(v) also must exist and

G=1-zH (4.6)
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From (1.2) we have
Pn(v) _ o (v Ppy1(v) A\ = (v Py (v) Phpa (V)
w00 ) Ty T g ) )

Therefore \2H = HG+a?\. We substitute H(G—\z) = —a®)\ into (4.6) multiplied by G —\z
to obtain G? — (1+A2)G+(1—a*)\z = 0. Using G(0) = 1, it follows that G(2) = G,(\z). O

Azap, (V) + a’\

We conclude with using (4.5) to obtain the following generalization of Theorem 4.1.

Theorem 4.2. Let p be a non-trivial probability measure on 0D, let {j,} be an increasing
sequence of integers and k' € Z U {oo}. Then Qi (1) from (4.3) converges for any k < k'
uniformly on compact subsets of D as n — oo if and only if for each £ > 1 and k < k' there
IS C o € D such that

lim OékJrjnO_ékJrjn,g = Cku (47)
n—00

Remark. For the special case j, = np with p > 1 see [19, Theorem 9.5.10].

Proof. We again follow the lines of the two previous proofs. In one direction we have that
the existence of all the ¢, with k& < k' gives the convergence of 5(u, P + k + j,) for any
Pel,, M) and k < k" as n — oo (note that if (k;,a;) € P € MY, then k; < 0). This in
turn gives the convergence of wyij, ,»(p) for any k < k' and m by (4.5), and thus that of
Qg () for k < k.

In the opposite direction, the reverse of this argument and induction on ¢ as in the proof
of Theorem 1.5 shows that the convergence of € ; (1) for any k& < k' implies (4.7). This
again uses the fact that if (k;, a;) € P € M?, then k; < 0. O
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