SCHUR FLOWS AND ORTHOGONAL POLYNOMIALS ON THE
UNIT CIRCLE

LEONID GOLINSKII

ABSTRACT. The relation between the Toda lattices and similar nonlinear chains
and orthogonal polynomials on the real line has been elaborated immensely
for the last decades. We examine another system of differential-difference
equations known as the Schur flow, within the framework of the theory of
orthogonal polynomials on the unit circle. This system can be displayed in
equivalent form as the Lax equation, and the corresponding spectral measure
undergoes a simple transformation. The long time behavior of the solution is
also studied.

1. INTRODUCTION

In 1975 J. Moser [11, [12] suggested a method for solution of the finite Toda
lattice equations (specifically, the Cauchy problem for such lattices) based on the
spectral theory of finite Jacobi matrices. Later on Yu.M. Berezanskii [5] adapted
this method to semi-infinite Toda lattices

a/n = an(bn+1_bn)7

(1.1) b, = 2@:-d2_,), neZ,={0,1,...}, a_,=0,

n

where / means differentiation with respect to ¢, in the class of bounded real b’s and
positive a’s with the initial data {b,(0) = b,(0), a,(0) > 0}. The key idea is to
compose a semi-infinite Jacobi matrix

o e ol
ag(t bl t aq t
(1.2) J=J{ad o) = | a1(t) by(t) as(t)

and trace the evolution of the matrix-valued function J = J(t) and its spectral
characteristics. It turned out that (I.1) can be paraphrased in equivalent forms in
terms of J itself (the Lax equation)

(13)J'(t) = [A,J]=AJ—JA,
0 ao(t)
—ao(t) 0 aq (t)
(14) A = —ai(t) 0 ay(t) =m(J):=Jp —J-
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with the standard notation X4 for the upper (lower) projection of a matrix X, as
well as the corresponding spectral (orthogonality) measure du(z, t) which undergoes
a simple modification

(1.5) dp(z,t) = e *du(z,0).

Hence the solution of (L.1) boils down to a combination of the direct spectral
problem (from {a,(0),b,(0)} to du(z,0)) at t = 0, plus (1.5)), plus the inverse
spectral problem (from du(z,t) to {a,(t),b,(t)}) at t > 0.

The theory of orthogonal polynomials on the real line plays one of the first fiddles
in the performance (albeit not entering the final result directly). For instance, it
furnishes a nice setting for solving the inverse spectral problem. There is a parallel
theory of orthogonal polynomials on the unit circle (OPUC) which has experienced
a splash of activity lately thanks to primarily Simon’s disquisition [18, [19]. So the
question arises naturally whether there exist nonlinear chains (so to say, the “Toda
lattices for the unit circle”) which can be handled by the similar method. The
main goal of the present paper is to develop the “Moser—Berezanskii scheme for the
unit circle” based on the spectral theory of a certain class of unitary matrices in
application to a system of nonlinear differential-difference equations known as the
Schur flow.

We begin with some basics on orthogonal polynomials on the unit circle. Given
a nontrivial (i.e., not a finite combination of delta functions) probability measure
w1 on the unit circle T with the moments

Ly = /C"“du, keZ=1{0,+1,...},
T

we define the monic orthogonal polynomials ®,,(z, i) (or just @, if u is understood)
by

(1.6) / R, (Odp=0, k=0,...,n—1; ®,(2)=2"+1,2""1+...+3,(0).
T
Clearly such system is uniquely determined and

(1.7) / O(OBaQdp =0,  mAn.

The orthonormal polynomials ¢,, = K, ®,,, k, > 0 enjoy the property

/E‘Pm(C)@n (€) dp = Opmn-

A key role throughout the whole OPUC theory is played by the sequences of
complex numbers {a, }rn>0, |an] <1,

(18) Qn = Oln([,L) = 7W1(O)7 ne Z+7 a1 = 717
known as the Verblunsky coefficients or parameters of OPUC system. Firstly, due
to the celebrated Verblunsky theorem, there is one-one correspondence between
the class P of all nontrivial probability measures on T and the set D*°, so each
sequence of complex numbers {7, },>0 from the open unit disk D comes up as a
system of parameters for uniquely determined measure p € P. Secondly, Verblun-
sky coefficients (1.8) enter the Szegb recurrence relations given in the vector form
by

Co11(2) | d,(2) B z —ay,
(1.9) [ o (=) | = T.(2) o (2) | T.(z) = a1

n+1 n
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is called the Szeg6 matrix, and so
(I)n+1 (Z ) _ 1 —
[ o, (z) | = T.(2) e T0(2) = To(2)Th-1(2) ... To(2)
is the transfer matrix. So both monic orthogonal and orthonormal polynomials are
completely determined by the sequence «,,, the latter because of the equality
n—1
k= 11— 1)
j=0
To complete with the basic properties of OPUC let us mention explicit determi-

nant formulae for both monic polynomials and Verblunsky coefficients in terms of
the moments of the orthogonality measure:

o H—1 . H—n
1 H1 Ho cer Hen41
Cn(2) = 5| : : © |y Dagai=det||pe—jll% =0
n
Hn—1 Hn—2 H—1
1 z z"
H—1 s H—n
- Ho  --- H—n+l
(1.10) D,(0)=—q,_1 = (D) . . .
n . . .
Hn—2 .. H-1

One of the most interesting developments in the theory of OPUC in recent years
is the discovery by Cantero, Moral, and Veldzquez [6] of a matrix realization for
multiplication by ¢ on L?(T, u) which is of finite band size (i.e., [{CXm,Xn)| = 0
if [m — n| > k for some k; in this case, k¥ = 2 to be compared with k = 1 for
the real line case). Their basis (complete, orthonormal system) {x,} is obtained
by orthonormalizing the sequence 1,¢, (™%, ¢2,(72,.... Remarkably, the x’s can be
expressed in terms of ¢’s and ¢*’s (see [18, Proposition 4.2.2])

(1.11) Xon(2) = 27"05,(2),  Xant1(2) = 27 "pant1(2), n€Zy,
and the matrix elements

C(u) = llenmll = (Cxm Xn),  myn € Zy

in terms of Verblunsky coefficients

Qo  @1po PopP1 0 0
po  —Oiay  —Qpp1 0 0
0 aspr  —apar  Qzpe 203
(1.12) C({an}) = 0  pip2  —aip2 —Qzaz —azp3
0 0 0 aq4p3 —Qi4Q3

with p2 :=1—|a,|%, 0< p < 1.

There is an important relation between CMV matrices and monic orthogonal
polynomials akin to the well-known property of orthogonal polynomials on the real
line:

(1.13) ®,,(z) = det(zI, — ™),
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where C(™) is the principal n x n block of C (see, e.g., [18, p. 271, formula (4.2.47)]).

The CMV matrices C play much the same role in our study of the Schur flows
that Jacobi matrices (1.2) in the Toda lattices setting.

We are in a position now to announce our main result.

Theorem 1. Let a,(t), n € Zy, be a sequence of complex valued functions
with |a, (t)] < 1 for t > 0 and let a«—y = —1. The following three statements are
equivalent.

(1) o, solve the Schur flow equations

(1.14) an(t) = (1= Jan())(@ns1(t) — an-1(t), >0
(2) The CMYV matrices C(t) satisfy the Lax equation
(1.15) C'(t) = [A,C],

where A is an upper triangular and tridiagonal matriz

Rao  polo PoP1
—Raag p1A P1P2

(116) A= Hamnngo = —Rasar  pals  paps ’

An = an+1(t) - an—l(t);
(3) The orthogonality measure (¢, t), having a,(t) as its Verblunsky coeffi-
cients, satisfies

(1.17) dp(C,t) = C(H)e" ) dp(c, 0),

where C is a normalizing factor.
We refer to (1.17) as the Bessel modification of the measure du = du((,0).

Remarks. 1. It is not hard to see that if {a,(¢)} solves (1.14) with the initial
data |, (0)| < 1, then |a,(t)| < 1 for each ¢t > 0. Indeed, assume for the contrary
that for some n > 0 there is tg > 0 such that |a,(to)| = 1 and |, (¢)] < 1 for all
0 <t <ty It follows from (1.14) and p? = 1 — |a,|? that

(7)) = 2puply = =000 — @@y, = =20 V(@10 — Tptn—1),
and so
(1.18) o = —paR(@ni10m — Wpap—1), 0<t<ty.
Hence

(1.19) pn<t>=pn<o>exp{— / %(am(s)an(s)—an<s>an_1<s>>ds},

and the right hand side is bounded away from zero as t — to, whereas the left hand
side tends to zero. The contradiction shows that |a,(t)] < 1 for all n € Z4 and
t > 0. Therefore, by (3) the solution of the initial-boundary-value (IBV) problem

(120)  an(t) = (1 =len®)*)(@nr1(t) = an-1(t), >0 |an(0)] <1,

n € Zy, a1 = —1 exists and unique.
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2. We can modify the second statement by observing that

2Ra0 polo Pop1
. . polg  —2Raag J2VAN p1p2
A+ AT =C+C =1 pop p1A1 =21 p2Aa paps3 )
and so
(1.21) C'(t) = [B,C],
0 Pozo Pop1
p_C+C)—(C+C). 1 —polo 0 piAr pipe
- 2 = 3| —popr —p1A1 0 p2As paps
(1.22) _ A—Czc _ _p",

which makes it closer to its counerpart in the Toda lattices setting.

So, once again, the solution of IBV problem (1.20) amounts to a combination
of the direct and inverse spectral problems with (1.17) in between. Note that
the orthogonality measure 1(¢,0) can be retrieved from the initial data a,,(0) by
either the Spectral Theorem for the CMV matrix C(0) (1.12)) or via orthonormal
polynomials, since u(¢,0) arises as a *-weak limit of the sequence of measures
|on| ~2dm, dm being a normalized Lebesgue measure on T (Rakhmanov’s theorem).
In turn, the Verblunsky coefficients a,(t) are recovered from the measure u(¢,t)
by (1.10).

The Schur flow (1.14) emerged in [I, 2] under the name discrete modified KdV
equation, as a spatial discretization of the modified Korteweg—de Vries equation

Oif =6f%0.f =3 f.

In [8] the authors deal with finite real Schur flows and suggest two more distinct
Lax equations based on the Hessenberg matrix representation of the multiplication
operator (see also [3]). In [13|14] the Bessel modification of measures appeared and
a part of our main result which concerns (3) = (1) is proved. In a recent paper [15]
the author deals with the Poisson structure and Lax pairs for the Ablowits-Ladik
systems closely related to the Schur flows. The latter can also be viewed as the
zero-curvature equation for the Szegé matrices (cf. [9])

T! (z,t) + To(z, )Wy (2,t) — Woaa (2, ) Th(z2,t) = 0,

241 —@p1Qn, —Cp— Qp_12""
Wa(z,t) = ( —Qp12 — @y 1 —@p_1an +271 ) '

We proceed as follows. In Sections 2 and 3 the proof of our main result is
presented with some comments on the general IBV problem and doubly infinite
systems. In Section 4 we study the long time behavior of the Schur flows and
look into the modified Bessel polynomials on the unit circle, a nice example which
corresponds to the zero initial conditions in our setting. In this case the long time
behavior of the Verblunsky coefficients can be specified.
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2. PROOF OF THEOREM 1: (1) & (2).

(1) = (2). Once the Lax pair is enunciated, the proof goes through by brute
force computation which is much more involved compared to the Toda case.
Let 26, :=1— (=1)", m € Zy, and e_1 =1, so {e; }m>0 = {0,1,0,1,...},

= — — +1
Em + Em4+1 = 1a EmEm+1 = 07 Em — Em+41 = (_1)m .

It is instructive to write the diagonals of C (1.12)) in a unique way

(2.1) Cmm = —QmQm_1,

(22) Cm4+2,m =  PmPm+1Em,; Cm,m+2 = PmPm+1Em+1,
and

(2'3) Cm+l,m = Omt1PmEm — Om—1PmEm+1,

(24) Cm,m+1 = Om4+1PmEm+1 — Om—1PmEm-

In the same vein for the matrix entries of A (1.16])

(2.5) Amm = — R 1, Crmmt+2 = PmPmt1,
and
(2.6) Gmmt1 = P AmEm+1 + PrmimEm.
Next, it follows from (1.14) and (1.18) that
(pmpm-i-l)/ = —PmPm1R(Qmt20mt1 — Tnm-—1),
(amamfl)/ = O‘mflpgnzm +amp$nflAmflv
and
(m—1pm) = [PEn—lAm—l = a1 R( @100, — amo‘m—l)] Prms
(am-&-lpm)/ = [P%L+1Zm+l — 1 R(@mp100m — amam—l)] Pm-

Hence, for derivatives of the CMV matrix entries we have now

(27) C;nm = _(amam—l)/ = _am—lpfnzm - ampzn_lAm—la
(2‘8) C;n,m+2 = _pmpm+1%(am+2am+1 - amam,1)€m+1,
(29) C;n,m72 = _pm72pm71%(amamfl - a777,72(177L73)Ema
and
C;n7m+1 - [p$n+1zm+1 - am+1§R(aTn+1an’L - a7710477171)] pm5m+1

(210) - [pgn_lAm—l - O‘m—lé}%(am+1am - amO‘m—lﬂ PmEm,,

C;n,m—l = [pgnzm - améR(amam—l - am—lam—Q)] Pm—1Em41
(211) - [p?anAm72 - amf2%(amamfl - aﬂ’L71am72)} Pm—1Em-

Let K = |[|[Kmnl|| = [4,C], Kmn =Y ;(@miCin — Cmitin). Since both A and C are
of band size 2, i.e., amp = Cmp = 0 for |m —n| > 2, and A is an upper triangular,
i.e., ampy = 0 for m > n, we actually have

(212) Kmn =  AmmCmn + am,m+lcm+1,n + am7m+2cm+27n
— Cmnlnn — Cmn—18n—-1,n — Cm,n—20n—2n-

We want to show that
(2.13) Crnmai(t) = Kmmj (1), m,m+j € Zy.
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To this end we will plug (2.1)—(2.6) into (2.12) and compare the outcome with
(2.7)-(2.11). ¥ For j > 5 and j < —3 the equality holds for trivial reason, as the
both sides in (2.13)) vanish. For j =4

Km,m+4 =  Om,m+2Cm+2,m+4 — Cm,m+20m+42,m+4

= pmpm+1pm+2pm+3(€m+3 - 5m+1) = 0.
For j = 3 by (2.2) and (2.4)—(2.6)

Km,m+3 = Om,m+1Cm+1,m+3 T Cmm+2Cm+2,m+3

—  Cm,m+10m+1,m+3 — Cm.m+2qm+2,m+3 =

PmPm+1Pm+2 [5m(Am = Qm41 + Am—1) + Emt1(Qm+3 — Tmy1 — Am+2)] =0,

that is consistent with the banded structure of size 2 of C’.
The main work begins when |j| =0, 1, 2.
1. 7 = —2. We have by (2.2) and (2.5)

(214) K?ﬂ,m—? = Cm,nL—Q(a?nm - am—Z,m—Q)
= pm72pm71%<amf2am73 - a7710577171)57717

and so (2.13) holds by (2.9).
2. j=—1. Write K1 = K"

,m—1

+K? | with

,m—1

(1)
Kmymfl = Cm,m—l(amm - am—l,m—l)

= (ampm—lgm-&-l - am—2pm—1€m)§R(am—1am—2 - amam—l)a

fj?mfl = Am,m+1Cm+1,m—1 — Am—2,m—1Cm,m—2
= pmfl(PrzanEerl - p?n—zAmfﬁm)
and hence
(215) Km,mfl = [pfan — Emi}?(amam,l — am,lam,z)] pm715m+1

- [p?anAm72 - am72§}%(amamfl - amfloén’LfQ)] pm715m~

Now (2.13)) follows from (2.11).
3. j = 0. Write Ko = K + K2, with

1 2 9
Ky(r”)n = Omm+2Cm+2,m — Cmm—20m—2,m = [(pmpm+1) - (Pm—2,0m—1) ] Em,
2
K7(m)n = Om,m+1Cm+1,m — Cm,m—10m—1,m

= (@ni1PpAm + Cm2pm 1B 1)em
- (am—lp%zzm + ampfm—lAm—l)51W-i-1-
But
(Pmpm+1)2 - (Pm—ZPm—l)2 + aM—i—lpgnAm + O‘M—2/~7$n—1zm—l =
P (L= Cng10m 1) = phy 1 (1 = At —2) = —m 195 B = A1 A1,

and so by (2.7)

Kmm = —(Oém—lpizzm +amp$n71Amfl)(5m + 5m+1) = C;—nm-

1One needs some paper and patience to slug one’s way through the lengthy calculation.
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. a1 2) 3) .
4. j=1. Now Kppmp1 = K+ K2+ KD with
(1)
Km,m+1 = Cm,m+1(amm - am+1,7n+1)
= (am+15m+1 - amflgm)pm%(aerlam - am,Oém,fl)a
2)
K7(11,m+1 = amm+1(Cmt1,m+1 = Cmm)
= *(Amsm-&-l - Amsrn)pm(am,+104m, - am,O[m,—l)a
K _ -
m,m+1 Am,m+2Cm+2,m+1 Am—1,m+1Cm,m—1

= [(am+2p72n+1 - amp?nfl)gwwrl - (amP72n+1 - Olm72p$nfl)€m} Pm-

Hence p;}KmmH = UmEm + UmEm+1 With

Next,

ulh)

and so

— — 2 2
Um = =1 R( W 10m — A Qm—1) + Om—2Pp 1 — Cm Pt

- Am(am—%-lam - amO‘m—l)a

— — — — 2 — 2
Um = O 1 R( Qg 10m — 1) + Umi205 1 — CmPp_1

Z11'L(am-‘,-105m, - amO[m,—l)-

- 2 2 — _
= Q201 — OmPri1 T (Qm—1 — Q1) (@ 10m — T Q1)
— — 2 — 2
AU +10m O —1 — Oy Oy, 4 + U410 Om—1 — Oy + OUm—20m—1

— — 2
- 2O['m—léRO‘m-‘,-IO['m - 2057n—1%a'ma7n—1 - (O‘m - 04m—2)ﬂm_1a

— — 2
Um, = am—léﬁ(am-&-lam - amam—l) - pm_lAm—l-

In exactly the same way

_ — _ 2~
Um = _O‘m—ﬁ-l%(am—klam - amam—l) + pm+1Am+17

and finally

(2.16)

2 7~ _ _ _
Km,m+1 = [pm+1Am+1 - am+1%(am+1am - amamfl)] PmEm+1

- lip72n,71Am71 - amflw(aerlam - am,arn,fl)] PmEm-

We come to (2.13)) on account of (2.10).

5.5 =2.

We have

Write Ko = Koo + Ko+ K, with

= am,m+2(cm+2,m+2 - Cmm) = pmperl(amamfl - am+204m+1)(?’5m + Em+1)7
- Cm,m+2(amm - am+2,m+2) = PmPm+1Em+1 %(_amam—l + a771—4—204771-"-1);

am,m+1cm+1,m+2 - CTrL,m—‘,-lam—i—l,m-‘,—Q

= PmPm+1 [(am—&-QAm + am—lzm+1)€m - (amzm + am—‘,—lAm-‘,—l)gm-‘rl] .

am+2Am + O‘mflAm+1 = —pQmym—1+ am+2am+1

amAm + a'm+1A7n+1 = —pQm-1+ am+2am+1

and it follows from (2.8) that

(2.17)

KTrz,m+2 - _pman-l—léR(am—&-Zam-&-l - am,O[m—l)‘C:m-‘rla

so (2.13)) holds again. The proof is complete.



SCHUR FLOWS 9

(2) = (1). The problem we are faced with is that, in contrast to the Toda
lattices, no a’s in a pure form appear among the matrix entries of C.
Write [@n4100]* = (1 = pii1)pn = pp — (Pupnt1)? and so
(pi)/ = 2pnpn+1<pnpn+1)/ + (an+1pn)/(an+1pn> + (anJrlpn)(anJrlpn)/-
Hence

(2.18) Py = Pt 1(Pnpnt1) + Rlan 1 (@ny1pn)'].
Next, (ap—1pn) = &l _1pn + @n_1p,, so that

1
(2.19) O‘;L—l = [(an—lpn)/ - O‘n—lp;z} .

The right hand side of (2.19) can be expressed in terms of derivatives of the
CMV matrix entries and thereby, via the Lax equation, of a’s themselves. First,
by (2.14) and (2.17)

(2~20) (pnpn+1)/ = C;L,n+2 + C’/I’L+2,7l =Knpnt2+ Knion

(221) = pnpn+1§R(anan—1 _an+20¢n+1)~

Next, it is immediate from (2.3), (2.4) that @p41Pn = Cnt1.nEn + Cnnt1Ent1, and
so by (2.15), (2.16)

(2'22) (an-l-lpn)/ = cfn—i—l,ngn + C;hn—i-lgn-i-l = Kn-l—l,nEn + Kn,n+15n+1

(2.23)

Similarly

_ — _ 2
an+1pn§}e(anan71 - an+1an) + pnpn+1An+1~

(Oén—lpn)/ = an—lpn%(anan—l - an—‘,—lOZn) + pnpi_lAn—l-

Plugging (2.20) and (2.22) into (2.18) gives

p/n - pnpi_}lm(ananfl - an+204n+1 + an+1zn+l) + pn‘an+1|2§R(anan71 - an+101n)

= pnpi+1§R(_an+2an+1 + Q10 + an+1zn+l) + Pn%(ananfl - anvLIOln)
= puR(@nan—1 — Qpyiam).
In the upshot, the Schur flow equations emerge from (2.19):
O‘;z—lpn = ap 1P R( @1 — Apyr0) + Pnpi—lAn—l
= 1P R@nn_1 — Tng100) = prpp_1 A1,

as claimed. O
Remark. We could equally well have considered the general IBV problem, that,
strictly speaking has nothing to do with OPUC:

ap(t) = (1= lon(®)]*) (@41 (t) — ana (), £>0

with a continuous boundary function |«_1(t)] < 1. The above evaluation shows
that the Lax form of such problem is C; = [Ay, Cy] with

—0pa—1  Qipo  Pop1 0 0
—Q_1pg —Q10y —QppP1 0 0
0 Qgp1  —Q2a1  Qi3p2 P23
Cy = 0 pip2  —Qipz —0i3Qp —Q2p3

0 0 0 Qap3 —Qy03
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and _
—Rapa_y Polo PopP1
4 —Ro ag p1AL p1P2

9= —Rasar  p2Aa paps

(to be compared with (1.12) and (1.16)). Furthermore, the doubly infinite system
an(t) = (1= lan(t)*)(ans1(t) = on-1(t),  t>0, neZ
with the initial data {a,(0)}rez C D has its equivalent Lax form
¢’ =[A,¢),
where C and A are doubly infinite extensions of (1.12)) and (1.16]) given by the same
expressions (2.1)—(2.4) and (2.5)—(2.6), respectively, with
Em = %mm , m € Z.

3. PROOF OF THEOREM 1: (2) = (3) = (1).
(2) = (3). Let
R.(t) = (C—2I)7" = [lrmn (2, )15 o
be a resolvent of the CMV matrix (1.12). It is easy to see that R, obeys the
same Lax equation (1.15)). Indeed, differentiating the identity (C — zI)R, = I with
respect to t entails
C'()R.(t) + (C(t) — 2I)RL(t) =0,
and so
(3.1) R(t) = —R.(t)C'()R.(t) = —R.(t)[A, C|R.(t) = [A, R.],
as claimed.
Take the equation for (0, 0)-entry of (3.1)):
o0 = Raoroo + polAorio + popirao — rooRd
= po(ai +1)rio + popirao-
As it follows from (C —zI)R, =1
(@ — 2)roo + @1porio + popirao = 1,
which allows to eliminate roq in favor of 19, 7o, and so
(3.2) 700 = por10 + 1 — (@ — 2)700-
By the Spectral Theorem, the resolvent entries can be found from
Xn (€)xm (¢
Tmn(2,t) = / Mdﬂ(gt)
T C(—z
with x,, (L.11), which is particularly simple for the first two elements

7“00(3775):/Tdﬂ(<7t) TlO(th)Z/T?I_(CZ)dM(C,t),

(—z
©1(2) = py ' (2 — @). Hence for the right hand side of (3.2)
_ + ¢ — 2R«
porio +1— (@ — z)roo = / % dp(¢,t)
T —
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holds, and we end up with a differential equation for orthogonality measures

d.u/(Ca t) = (C + Z - 2?}%0[0)dﬂ((, t)

Finally,

du(¢,t) exp {/Ot(é +¢— 2§Rao(8))d8} dp(¢,0)

= C(1)e D dp(¢, 0),

as needed.
(3) = (1). We start out from the modification of the orthogonality measure
du(¢,t) = (¢, t) du(¢,0) and derive a differential equation for the moments

in(t) = /T R du(C,t) = /T (G, 1) du(C, 0).

Now
exp(t(C+¢71)

@(C?t) = f(t) )

f(t) = / e (¢, 0),
T

and so

¢'(¢t) = (C+ (e t) - 7 PG

As f'f~1 =¢; + c_1, we have

(33) h(t) = e (8) + e (8) — gOme(D),  g(t) = ex(t) +eat),  kEZ

The rest is based heavily on (1.10) which relates Verblunsky coefficients and
moments of the orthogonality measure. The idea to differentiate determinants and
take into account (3.3) goes back to [5], see also [13, lemma 1]|. For a set of integers
k1 < ko <...<k, denote

My Hki—1 -+ Hky—n+1

My Hko—1 -+ Hky—n+1
T(kl,...7kn) = : : : : )

Mk, Hk,—1 -+ Hk,—n+1

D(ky,...,kn) := detT(k1,...,kn), and so D, = D(0,1,...,n —1). Put G, =
(=1,0,...,n —2) and write (1.10) as ®,(0,t) = (—1)"G,D,;!. Then

)

nGpDn — Gy,
D2 '

n

(3-4) ,,(0,1) = (-1)

It is clear from (3.3) that intermediate determinants in the sum
10 P ) Ko H—1 oo Heni1
Lo e | R U1 R TR

HUn—1 Hn—2 .- Mo Hp—1 Hp_g - Ho
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have the same value —gD,,, whereas the first and the last ones equal, respectively,

146 P
M1 Ho oo H—n42
. . . . - D(flal,Qv,nfl)fg(t)Dnv

Hn—1 Hn—2 ... Ho

Ho H—1 oo Hen+41

M1 Ho v Hen42

) . ] ) = D(0,1,...,n—2,n) — g(t)D,.
Hno1 Hp—z --- 140

Hence
(3.5) D (t)=—ng(t)Dn(t) + D(-1,1,...,n—2,n—1)+ D(0,1,...,n — 2,n).
Similarly,
(3.6) G, (t) = —ng(t)G,(t)+ D(—2,0,...,n—3,n—2)+D(-1,0,...,n—3,n—1).
After plugging (3.5) and (3.6) into (3.4) we come to
(=n"
Dy

- Gn[D(-1,1,...,n—=1)+ D(0,...,n—2,n)]}.
Let us now go over to the right hand side of (1.14)), written for ®,,(0):
D7 — |Gy [? {Gn+1 ~ Gn }

D?L Dn+1 anl '
The standard Silvester identity applied to the matrix T'(0,1,...,n) gives

D?L - ‘Gn|2 = Dn+1Dn717

@' (0,1) (Do [D(~2,0,....,0n—2) + D(—1,....,n—3,n —1)]

(1= 120(0)*) (@r41(0) = @p—1(0)) = (~1)"*

and so
9 (_1)n+1
(1 — [©,,(0)] ) (Pr41(0) = @,—1(0)) = T(GnJranfl = Dy Gr—1).
Another application of the Silvester identity (in a bit modified form) shows that
Gp+1Dpn—1 = G,D(-1,1,...,n—1)—D,D(-2,0,...,n— 2)
D,1G,—1 = D,D(-1,0,...,.n—3,n—1)—G,D(0,1,...,n—2,n),

and we arrive at the Schur flow (1.14). That completes the proof of Theorem 1. O
There is yet another way to prove (3) = (1), which gives not only (1.14), but
the differential equations for the monic orthogonal polynomials. I learned it from
[10, Section 8.3].
Theorem 2. The monic polynomials ®,(-,t) orthogonal with respect to the
Bessel modification (L17) satisfy the differential equation

(3.8) @ (z,t) = Ppyi1(z,t) — (2 4+ Tpan_1)Pn(2,t) — (1 — |an_1*)®p_1(z,1).

Proof. The idea is to differentiate orthogonality relations (1.7) with respect to .
Now w’' = ({ + {)w, and we have for m < n

69 [0+ [T+ [ (€O Tadu( ) =0,
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It is clear that @, is a polynomial of degree at most m — 1, and so the first integral
in the above sum is zero. If m <n — 2 then

/T D, (@), + CBp) dpu(C, 1) =0,
and hence
(3.10) D! (2) + 2P, (2) = 2y Pri1(2) + YnPn(2) + 2, Pn_1(2)

with some parameters ,, y,, z, depending on ¢. By matching the coefficients for
2"+ and 2" in (3.10) and using (1.6) we find

Tp =1, Yn = ln(t) - ln-‘rl(t)'

To get z, take (3.9) with m = n — 1 and apply the Szeg6 recurrences (1.9):

0= / By (@, 0B, dpa(C.1) + / (B + W1 B4 )Py dpa(C. 1),
T T

and so
[ @ T duc) = a2,
T
[ Ko 2
Zn = = — = ‘O{n,]_l — 1.
[@rn—1]l2 K2

To find the expression for [, we turn to (1.13)

n—1
Bp(2) =2"+1,2" ... = H(z—l—ajaj,l) +...,
j=0
so that [, = Z?:_& @ja;_1, and we come to (3.8). Putting z = 0 yields (1.14), as
was to be proved. (I

It might be worth pointing out that some properties of the modified Verblunsky
coefficients (such as the rate of decay) are inherited from those of the initial data.

Theorem 3. Let «,(0) enjoy either of the properties

(1) {an(0)} €7, p=1,2;
(2) |an(0)] < Ce™@", a > 0.
Then the same holds for a,(t) for each t > 0.

Proof. Tt is obvious from (1.17) that u(¢,t) belongs to the Szegd class (i.e.,
log ' € AY(T) if and only if u(¢,0) does, and so the first statement with p = 2
follows from fundamental Szegé’s Theorem [18, Theorem 2.3.1]. As for the case
p = 1, note that by Baxter’s theorem (see, e.g., [I8, Theorem 5.2.1]) u(¢,0) = wdm
with w > 0 and w € W, class of absolutely convergent Fourier series. It is clear
from (1.17) and the Wiener-Levy theorem that

du(C,t) = w(C )dm,  w(C,t) = T Dw(() € W,

w(¢,t) > 0, and so the repeated application of Baxter’s theorem does the job.
To prove the second statement, let us introduce the Szeg6 function
1 [(+=2

bt ([ €22

fogw(¢)dm)
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defined for an arbitrary measure y = wdm + ps from the Szegé class. A straight-
forward computation gives for the modified Bessel measure (1.17))

(3.11) D(C, u(t)) = exp (; /11‘

Denote by R; the radius of convergence of the Taylor series for D~1(z, u(t)) about
the origin. By the Nevai-Totik theorem [16]

g t i [t(¢+ ¢ + logw(Q)] dm> = e D(z, 1(0)).

lim sup |o, ()] * = R,

n—oo

and it is clear from (3.11) that R, = Ry for all t > 0, as claimed. g
Note that under assumptions of Theorem 3 the series

K=- ;aju)aj_l(t)

converges absolutely and the Schur flow can be written in the form
oy = {aj, H}, H = -23K,

where the (formal) Poisson brackets are defined by

. of Og of 0g
_ 2 _
{f.9} = ZZPJ |:an 804]‘ 80éj oo
j=>0
So (1.14) is the evolution of the Verblunsky coefficients under the flow generated
by the Hamiltonian —23/C (cf. [15]).

4. LONG TIME BEHAVIOR OF THE SCHUR FLOW AND MODIFIED BESSEL
POLYNOMIALS

The first part of this section is obviously very strongly influenced by Deift, Li
and Tomei paper [7]. We want to show that the solution a,(t) tends to the unit
circle for each n € Z; as t — oo.

Theorem 4. For the solution o, of the Schur flow (1.14) the limit relations

(4.1) tlirglo an(t) =M\, €T, neZy

hold.

Proof. To begin with, let us focus on the form of the Lax equation given in
(L.21)—(1.22). As B* = —B, it is clear that
c+cCr

2 )
The latter is exactly what is called in [7] the Toda flow. By [7, Proposition 5] L(t)
converges strongly to a diagonal operator diag(yo,~1,-..). Furthermore, for any
real bounded measurable function G on [—1,1] D o(L), o(L) being a spectrum of
the bounded and self-adjoint operator L, we also have [7, remark 1, p. 363]

L' =[x(L),L], L=G(L({t)),

(4.2) L' =[n(L),L], L:= m(L)=L4—L_.

and so L(t) converges strongly to a diagonal operator diag(30,%1,...). Our partic-
ular choice of G is G(z) = v/1 — 22, which gives
_c-Cct c-cr

Lt
(*) 2 2
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as C is the unitary operator. Therefore L + iL = C converges strongly to the
diagonal operator diag(T'o,I'1,...), I'y := v& +49%. In particular, cx; — 0 for k # j,
SO
an(t)prta(t) — 0, Pn(t)prt1(t) — 0, n €Ly
as t — oo. But
|an(®)pn1]* = 7 (1) = P (1) P (1),
and hence |a,| — 1 as t — co. Next, taking the diagonal entries gives

(4.3) Cnn = —Qp(t)an_1(t) = T, €T, t — oo,
that entails (a—; = —1!) the existence of the limit (4.1) for all n > 0 and the
equality
(4.4) An = (=1)"ToI'y...T, €T,
as claimed.

Remark. Tt is easy to see from (1.19) and (4.3)) that the sequence {,T',,} decreases
monotonically. Hence, if, for instance, all o’s are real and ag — I'g = —1, then

r, =-1, tlim an(t) = -1, nez,.

Example (modified Bessel polynomials on the unit circle). Because of the

boundary condition «_y = —1 IBV problem (1.20) with zero initial conditions
Oéo(O) = 011(0) =...=0

has a nontrivial solution. Theorem 1, (3), shows that we are dealing now with the
Bessel modification of the Lebesgue measure

dp(¢,t) = C ()" S+ dm,

with «;, being the Verblunsky coefficients of this measure. The corresponding sys-
tem of orthogonal polynomials has arisen from studies of the length of longest in-
creasing subsequences of random words [4] and matrix models [17] (see [10), example
8.3.4] for more detail about the Bessel OPUC).

Note first that C(t) can be easily computed

_1 1 2m 1 o0 2t n 2w
C«fl(t) — /et(CJrC ) — 7/ thcosz dr = — Z ( ) / (COSJ?)TL dx
T 21 0 2 "0 n! 0

= Z e = Io(2t),

n=0 :

where I, is the modified Bessel function of order k. Similarly, for the moments of
the measure we have
_ I,(2t)
t) = p d ,t = P 5 S Z ’ -p = .
pp (1) /TC (¢ t) Loy PELe B
There is an important feature of the modified Bessel polynomials, namely their
Verblunsky coefficients satisfy the recurrence relation (see [10, lemma 8.3.5]) *

(4.5) —(n+ 1)?%

with a_1 = —1, ap = I1(2t)/Ip(2t). Clearly, all a’s are real now.
We can refine the general result of Theorem 4 in this particular case as follows.

= ant1(t) + an-1(t), n€Zy,

2In the notation of [10] rp(t) = —an_1(t/2).
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Theorem 5. For the modified Bessel OPUC the limit relations

(46) Tim a,(t) = (~1)",
(4.7) Jim 11— a3 () = "1

hold for all n > 0.

Proof. Note first that (4.7) is an immediate consequence of (4.6) and (4.5). To
prove (4.6) we proceed in two steps.
1. As we know (see remark after Theorem 4) the sequence I',, |. Let us show that
in fact all I';;’s are equal. Assume on the contrary that I'y, > I'y41 for some k. It
follows from (1.19) that

pi(t) < Ce %, 6 >0.

But then

1 L et
t(l—ai(t)  pp(t) — O

that contradicts (4.5)), since |ax| — 1 and the right hand side is bounded. So we
need only find the value of T',,.
2. The case n = 0 can be handled directly. As is well known,

wo= 2 (1v0 (1), em

. o I(2t
tli>r£10 ao(t) = tlg(r)lo I:)EQt; =ho=1

and so

that is, I';, = 1 for all n. The desired result drops out immediately from (4.4). O
Remark. It might be a challenging problem to give a direct proof of (4.6)) based
on the explicit formula (1.10]), which now takes on the form

ndet [ Ir—j—1(2t)[[o<k j<n
det [ Ir—;(2t)lo<k.j<n

an(t) = (_1)

n€Z+,

and the complete asymptotic series expansion for the modified Bessel function

t oo

e (1) (4K — 12) ... (4K — (2] — 1)?)

' - P)
2mt =5 J1(8t)7

Ik(t) o~

t — o0.

I managed to carry out the computation for n = 1, and it seems like one needs n
terms of this series for a,.
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