MIXING RANK-ONE ACTIONS FOR INFINITE
SUMS OF FINITE GROUPS

ALEXANDRE [. DANILENKO

ABSTRACT. Let G be a countable direct sum of finite groups. We construct an
uncountable family of pairwise disjoint mixing (of any order) rank-one strictly ergodic
free actions of G on a Cantor set. All of them possess the property of minimal self-
joinings (of any order). Moreover, an example of rigid weakly mixing rank-one strictly
ergodic free G-action is given.

0. INTRODUCTION AND DEFINITIONS
This paper was inspired by the following question of D. Rudolph:

Question. Which countable discrete amenable groups G have mizing (funny) rank
one free actions?

Recall that a measure preserving action 7' = (T,)4cc of G on a standard prob-
ability space (X, B, u) is called
— mazing if lim,_,oo p(ANT,B) = p(A)u(B) for all A, B € B,
— mixzing of order | if for any € > 0 and Ao, ..., A; € B, there exists a finite
subset K C G such that

1Ty Ao O -+~ N Ty Ay) — pr(Ao) - p(A))] < e

for each collection gg, ..., g € G with gigj_1 ¢ K if i # j,

— weakly mizing if the diagonal action T x T := (Ty x Ty)4ec of G on the
product space (X x X, B ® B, u x p) is ergodic,

— totally ergodic if every co-finite subgroup in G acts ergodically,

— rigid if there exists a sequence g, — oo in G such that lim, ., p(A N
Ty,B) — (AN B) for all A, B € 8.

We say that T has funny rank one if there exist a sequence of measurable subsets
(An)22 in X and a sequence of finite subsets (F},)52 ; in G such that the subsets
T,F,, g € F,, are pairwise disjoint for any n and

lim min w

n—oo HCF), (BA |_| TgAn> =0 for every B € ‘B.
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If, moreover, (F,)5, is a subsequence of some ‘natural’ Fglner sequence in G, we
say that T has rank one. For instance, if G = Z¢, this ‘natural sequence’ is just
the sequence of cubes; if G = Y .- | G; with every G; a finite group, the sequence
S Gy is ‘natural’, etc.

Up to now various examples of mixing rank-one actions were constructed for

— G =Zin [Or], [Ru], [Ad], [CrS], etc.,
— G =77 in [AdS],

— G =R in [Pr], [Fal,

— G =R% x Z% in [DaS].

We also mention two more constructions of rank-one actions for

— G =Z&®,_,Z/2Z in [Ju], where it was claimed that the Z-subaction is
mixing but it was only shown that it is weakly mixing, and

— @G is a countable Abelian group with a subgroup Z? such that the quotient
G/Z% is locally finite in [Ma], where it was proved that a Z-subaction is
mixing and it was asked whether the whole action is mixing.

Notice that in all of these examples GG is Abelian and has elements of infinite
order. In contrast to that we provide a different class of groups for which the answer
to the question of D. Rudolph is affirmative.

Theorem 0.1. Let G = @;, G;, where G; is a non-trivial finite group for every i.

(i) There exist uncountably many pairwise disjoint (and hence pairwise non-
isomorphic) mixing rank-one strictly ergodic actions of G on a Cantor set.
Moreover, these actions are mizing of any order.

(ii) There exists a weakly mixing rigid (and hence non-mizing) rank-one strictly
ergodic action of G on a Cantor set.

Concerning (i), it is worth to note that any mixing rank-one Z-action is mixing
of any order by [Ka] and [Ry| (see also an extension of that to actions of some
Abelian groups with elements of infinite order in [JuY]). We do not know whether
this fact holds for all mixing rank-one action of countable sums of finite groups.

To prove the theorem, we combine the original Ornstein’s idea of ‘random spacer’
(in the cutting-and-stacking construction process) [Or| and the more recent (C, F')-
construction developed in [Ju], [Dal], [Da2], [DaS1], [DaS2] to produce funny rank-
one actions with various dynamical properties. However, unlike all of the known
examples of (C, F')-actions, the actions in this paper are constructed without adding
any spacer (cf. with [Ju], where all the spacers relate to Z-subaction only). Instead
of that on the n-th step we just cut the n-‘column’ into ‘subcolumns’ and then
rotate each ‘subcolumn’ in a ‘random way’. In the limit we obtain a topological
G-action on a compact Cantor space.

Our next concern is to describe all ergodic self-joinings of the G-actions con-
structed in Theorem 0.1. Recall a couple of definitions.

Given two ergodic G-actions T and 7" on (X, B, 1) and (X', B’, 1’) respectively,
we denote by J(T,T") the set of joinings of T'and T", i.e. the set of (T, x T})gec-
invariant measures on B ® B’ whose marginals on %8 and B’ are p and u’ re-
spectively. The corresponding dynamical system (X x X',B ® B’ u x p') is also
called a joining of T" and 7”. By J°(T,7") C J(T,T) we denote the subset of
ergodic joinings of T and 7" (it is never empty). In a similar way one can de-
fine the joininings J(Ti,...,T;) for any finite family T3,...,T; of G-actions. If
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J(Ty, ..., 7)) = {1 x -+ x w} then the family Ty,...,T; is called disjoint. If
Ty = --- = T; we speak about [-fold self-joinings of 7} and use notation J;(T) for

J(T,...,T). For g € G, we denote by ¢g* the conjugacy class of g. We also let
——

l times
FC(G) :={g € G| ¢° is finite}.

Clearly, FC(G) is a normal subgroup of G. If G is Abelian or G is a sum of
finite groups then FC(G) = G. For any g € FC(G), we define a measure jize on
(X x X,B ®B) by setting

fge (A X B):

Z AﬂThB)

heg*®

#

It is easy to verify that p4e is a self-joining of T'. Moreover, the map (x, Ty Lg) -
(x,h) is an isomorphism of (X X X, pge, T X T) onto (X x ¢°,u x v, T), where v is
the equidistribution on ¢g® and the G-action T = (Tt)teg is given by

Tt(l‘, h) = (Ttl‘,tht_ ), S X, h e g'.

It follows that T (and hence the self-joining pge of T) is ergodic if and only if
the action (T})icc(q) is ergodic, where C(g) = {t € G | tg = gt} stands for the
centralizer of g in G. Notice also that C(g) is a co-finite subgroup of G because of
g € FC(G). Hence {pg4e | g € FC(G)} C J5(T') whenever T is totally ergodic.

Definition 0.2. If J§(T') C {pge | g € FC(G)} U{p x p} then we say that T has
2-fold minimal self-joinings (MSJs).

This definition extends naturally to higher order self-joinings as follows. Given
[ >1and g € G, we denote by ¢g* the orbit of g under the G-action on G!*! by
conjugations:

h(9os---,q1) == (hgoh™ ', ... hgth™").

Let P be a partition of {0,...,l}. For an atom p € P, we denote by i, the
minimal element in p. We say that an element g = (go,...,q) € FC(G)"*! is
P-subordinated if g;, = 1g for all p € P. For any such g, we define a measure 4o
on (X!'*1 8O0+ by setting

Hget (AO X X Al) #1ol Z H ,u(ﬂ T]%AZ>

..... h))eg®l peP 1ED

It is easy to verify that e is an (I + 1)-fold self-joining of T'. Reasoning as above
one can check that pge is ergodic whenever T' is weakly mixing.

Definition 0.3. We say that T" has (I + 1)-fold minimal self-joinings (MSJ;1) if
Ji 1 (T) C {pge | g is P-subordinated for a partition P of {0,...,1}}.
If T has MSJ; for any [ > 1, we say that T" has MSJ.

In case G is Abelian, these definitions agree with the—common now—definitions
of MSJ;4+1 and MSJ by A. del Junco and D. Rudolph [JuR] who considered self-
joinings f14e only when g belongs to the center of G'*1. However we find their defini-
tion somewhat restrictive for non-commutative groups since, for instance, countable
sums of non-commutative finite groups can never have actions with MSJs in their
sense.

Now we record the second main result of this paper.
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Theorem 0.4. The actions constructed in Theorem 0.1(i) all have MSJ.

We notice that a part of the analysis from [Ru] can be carried over to the case
of G-actions with MSJ. In this paper we only show that such actions have trivial
product centralizer. Moreover, as follows from [Da3|, every G-action with MSJ, is
effectively prime, i.e. has no factors except for the obvious ones: the sub-o-algebras
of subsets fixed by finite normal subgroups in G. In particular, there exist no free
factors.

We now briefly summarize the organization of the paper. In Section 1 we outline
the (C, F')-construction of rank-one actions as it appeared in [Dal]. In Section 2,
for any countable sum G of finite groups, we construct a (C, F)-action T" of G which
is mixing of any order. A rigid weakly mixing action of G also appears there. In
Section 3 we demonstrate that 7" has MSJ. In Section 4 we show how to perturb
the construction of T' to obtain an uncountable family of pairwise disjoint mixing
rank-one G-actions with MSJ. In the final Section 5 we discuss some implications
of MSJ: trivial centralizer, trivial product centralizer and effective primality.

Acknowledgement. The author thanks the referee for the useful suggestions that
improved the paper. In particular, in the present proof of Theorem 0.4 we deduce
MSJ; from the [-fold mixing (as J. King does for Z-actions in [Ki]). Our original
proof (independent of multiple mixing) was longer and noticeably more complicated.

1. (C, F)-CONSTRUCTION

In this section we recall the (C, F)-construction of rank-one actions.

From now on G = Y~ G;, where G; is a non-trivial finite group for each ¢ > 1.
To construct a probability preserving (C, F')-action of G (see [Ju], [Dal], [DaS2])
we need to define two sequences (F},),>0 and (C),),>1 of finite subsets in G such
that the following are satisfied:

(1-1) (F)n>0 is a Folner sequence in G, Fy = {1g},
(1 2) FnCn+1 C Fn+1, Cn—i—l > 1,
(1-3) F,cnNE,d =0forallc+#c € Cy,y,
#En
1-4 lim ——— <
( ) "0 #Cl #Cn
Suppose that an increasing sequence of integers 0 < k1 < ko < --- is given.

Then we define (F),),>0 by setting Fy := {lg} and F,, := 21‘21 G; for n > 1.
Clearly, (1-1) is satisfied. Suppose now that we are also given a sequence of maps
S, : H, — F,, where Hy := Zfil G; and H,, := Zk"“ G; for n > 1. Then we
define two sequences of maps ¢, 11, ¢, : H, — F,,11 by settlng ¢n(h) :=(0,h) and
cn+1(h) == (sp(h), h). Finally, we let Cy41 := cpy1(H,,) for all n > 0. It is easy to
verify that (1-2)—(1-4) are all fulfilled. Moreover, a stronger version of (1-2) holds:

(1-5) FnCn+1 - Fn—|—1'

We now put X,, := F,, X Cj,4+1 X Cpy2 X --- and define a map ,, : X,, — X, 41 by
setting
in(fn, dn—i—l; dn—|—2> cee ) = (fndn+17dn+27 cee )

Clearly, X,, is a compact Cantor space. It follows from (1-5) and (1-3) that i,
is well defined and it is a homeomorphism of X,, onto X, ;. Denote by X the
4



topological inductive limit of the sequence (X,,i,)52 . As a topological space X
is canonically homeomorphic to any X,, and in the sequel we will often identify X
with X, suppressing the canonical identification maps. We need the structure of
inductive limit to define the (C, F)-action T on X as follows. Given g € G, consider
any n > 0 such that g € F,,. Every x € X can be written as an infinite sequence
= (fn,dnt1,dps2,...) with f, € F, and d,, € C,, for m > n (i.e. we identify X
with X,,). Now we put

Ty = (gfn, dnst, dngos-..) € Xp.

It is easy to verify that T, is a well defined homeomorphism of X. Moreover,
T,Ty =Tyy,ie T :=(T,)4ec is a topological action of G on X.

Definition 1.1. We call T' the (C, F)-action of G associated with (k,,, s,—1)52

n=1-

We list without proof several properties of 7'. They can be verified easily by the
reader (see also [Dal]).

— T is a minimal uniquely ergodic (i.e. strictly ergodic) free action of G.

— Two points = (fn,dps1,dnt2,...) and x = (f),d;, 1, d10,...) € Xy
are T-orbit equivalent if and only if d; = d] eventually (i.e. for all large
enough 7). Moreover, 2’ = Ty if and only if

g=lm fid, yoodydy e dyg £

— The only T-invariant probability measure p on X is the product of the
equidistributions on F,, and C,,4;, i € N (if X is identified with X,).
For each A C F,,, we let [A], :={z = (fn,dnt1,--.) € Xy | fn € A} and call it an
n-cylinder. The following holds
[A], N [B], = [AN B],, and [A],, U[B], = [AU B|,,

(Al = | (A1,

deCri1
Ty[Al, = [gA]n if g € F,

W(Adi) =
N([A]n) = AFR, (A>7

where A\p_is the normalized Haar measure on F,,. Moreover, for each measurable
subset B C X,

(1-6) nh—{%ofcu}rl u(BAJA],) = 0.

p([Aln) for any d € Cpy1,

Hence T has rank one.

2. MIXING (C, F')-ACTIONS

Our purpose in this section is to construct a rank-one action of G which is
mixing of any order. This action will appear as a (C, F')-action associated with
some specially selected sequence (K, sp—1)n>1. We first state several preliminary
results.

Given finite sets A and B and a map = € AP, we denote by dist z or distyc gz (b)
the measure (#B)™' >, .5 Xz) o0 A. Here X, stands for the probability sup-
ported at the point x(b).
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Lemma 2.1. Let A be a finite set and let \ be the equidistribution on A. Then for
any € > 0 there exist c > 0 and m € N such that for any finite set B with #B > m,

MNB({z € AB | ||distz— || > €}) < e #B,

For the proof we refer to [Or] or [Ru]. We will also use the following combinatorial
lemma.

Lemma 2.2. For any |l € N, let N; := 3=1/2 gnd §, ;= 571=1D/2 Let H be a
finite group. Then for any family hq, ..., h; of mutually different elements of H
and any subset B C H with #B > 3/6;, there exists a partition of B into subsets
B;, 1 < i < Ny, such that the subsets h1B;,hoB;, ..., hB; are mutually disjoint
and #B; > 0;#B for any 1.

Proof. We leave to the reader the simplest case when [ = 2. Hint: assume that
hiy = 1y and consider the partition of H into the right cosets by the cyclic group
generated by hs.

Suppose that we already proved the assertion of the lemma for some [ and we
want to prove it for [ + 1. Take any hy # hg # .-+ # hjy1 € H (in such a
way we denote mutually different elements of H). Given a subset B C H with
#B > 3/§;, we first partition B into subsets B;, 1 <1i < N;, such that the subsets
hoB;, haBi, . .., hi+1B; are mutually disjoint and #B; > §;#B > 3 - 5!. For every
1, there exists a partition B; = |_|§’1:1 B; i, such that hiB;;, N hoB;,;, = (0 and
#B;;, > 0.24#DB;,1 <1 <3. Next, we partition every B; ;, into 3 subsets B;;, i,
such that hy B, i, Nh3Bii, iy = 0 and #B;4, 4, > 0.2#B;,;,, 1 < iy < 3, and so
on. Finally, we obtain a partition

which is as desired. O

Given a finite set A, a finite group H and elements hq,...,h; € H, we denote
n, the map Af — (A given by

.....

(Thy....mx) (k) = (x(hk), ..., x(hk)).

For # € A we define 2* € A¥ by setting 2*(h) := z(h™1), h € H.

Lemma 2.3. Given | € N and ¢ > 0, there exists m € N such that for any finite
group H with #H > m, one can find s € AY such that

(2-1) |dist 77, pys — A < € and ||dist7p, . ps* — N <e

for allhy #hy #---# h; € H.
Proof. Take any finite group H and set
By:= |J A{weA||distmn, nz—N|>e}

hi#--#hi€H
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To prove the left hand side inequality in (2-1) it suffices to show that A\ (Bpy) < 1
whenever #H is large enough. Moreover, since the map A7 > z — 2* ¢ AH
preserves the measure A\, the right hand side inequality in (2-1) will follow from
the left hand side one if we prove that M (Bg) < 0.5.

Fix hy # --- # h; € H and apply Lemma 2.2 to partition H into subsets H;,
1 <14 < Ng, such that

(2-2) #H; > 0;#H and
(2-3) the subsets h1H;, ..., h;H; are mutually disjoint

for every i. Denote by r; : (AYH — (A)H:i the natural restriction map. Then we
deduce from (2-3) that r; o mp,, ... 5, maps A onto (A\')fi. Since dist 7,
> (#H;/#H) - dist(r; o mp, . p, )z, it follows that

.....

H({x c AH | [|dist 7p, ... nx — )\l|| > €})

.....

—Z (Y ({y € (ADH: | disty — N > €})-

By Lemma 2.2 and (2-2), there exists ¢ > 0 such that if #H is large enough then
the i-th term in the latter sum is less then e ¢#Hi < ¢=c®#H Hence

H
N(Br) < Ny (#z )ecél#H

and the assertion of the lemma follows. O

Now we are ready to define the sequence (k,, Sp—1)n>1. Fix a sequence of positive
reals €, — 0. On the first step one can take arbitrary k; and sg. Suppose now—on
the n-th step—we already have k, and s,_; and we want to define k,,; and s,.
For this, we apply Lemma 2.3 with A := F,,, [ :=n and € := ¢, to find k, 1 large
so that there exists s,, € A" satisfying

(2-4) |dist s,y ... b, S0 — (AR,)"|| < €, forall hy #--- % h,, € Hy,.

Recall that H,, := Zf;;giﬂ G; and F,, = Zf;l G; for n > 1. Without loss of
generality we may also assume that k1 —k, > n and hence Y - | (#H,)"*
Denote by T the (C, F')-action of G on (X,B, 1) associated with (K, s,-1)52 .

Theorem 2.4. T is mizing of any order.

Proof. (I) We first show that 7" is mixing (of order 1).
Recall that a sequence g, — oo in G is called mixing for T if

lim u(T,, B1N Bs) = u(B1)u(Bz) for all By, By € B.

n—oo
Clearly, T is mixing if and only if any sequence going to infinity in G contains a
mixing subsequence. Since every subsequence of a mixing sequence is mixing itself,

to prove (I) it suffices to show that every sequence (g,,)52 ; in G with g, € F,,411\ F),
7



for all n is mixing. Notice first that there exist (unique) f,, € F,, and h,, € H,, \ {1}
with g, = fnén(hy). Fix any two subsets A, B C F,. We notice that for each
heH,,

gnAcni1(h) = frAsp(h)dn(hnh) = an5n<h)5n<hnh)_lcn+1(hnh)

and f,As,(h)s,(h,h)~! C F,. Hence

w(Ty, [Aln 0 [Bln) = Z 1Ty, [Acni1()]ns1 N [Bln)

=
= 3 llnAsn i) s (s 0 (3L
o5 = hz;, H([(Fa A (B3 (k)™ O B)er 1 (b))
- 2 3 llfu st 0 )
_ #an h;;n Ae. (faAsn(h) 0 Bsn(hnh)).

We define a map r4 g : F), X F,, — R by setting

ra,8(9,9") := Ap, (fnAg N Bg').

Then it follows from (2-5) and (2-4) that

w(Ty, [Al, N [Bly) = / ra,pd(dist T 5, Sn)

F,xFy,

= / TA,BAAF, xF, £ €n
F’VLXF/VL

_ / e, (faAg N Bg') dAg, (9)dAe (¢') £ en
F,, xXF,

AR, (A)Ar, (B) £ €n
p([Aln)p([Bln) £ €n-

Hence we have

(2-6) maXA,BCFnll'L(Tgn [Aln 0 [Bln) — p([A]n) ([Bn)| < €n-

This and (1-6) imply that the sequence (g,,)5% ; is mixing.
(IT) Now we fix [ > 1 and prove that 7" is mixing of order {. To this end it is
sufficient to show the following: given [ + 1 sequences (go,n)o1,-- -, (gi,n)oey in G

n=1»
such that g; ,, € F,,+1 and giyngj_,i ¢ F,, whenever i # j,

T,
max, |1(Tyq.

[AOJn AR ng,n [Al]n) - N([Ao]n) e 'N([Al]n)| < é€pn
8



for all n > [. Notice that for every n € Nand 0 < j <, there exist unique f;, € Fj,
and h;, € H, with g;, = fjn¢n(hj,). Moreover, hg,, # hop--- # h1,. Then
slightly modifying the argument in (I), we compute

N(Tgo,n [Ao)nN -+ N ng,n [Ai]n)
(2-7) = /l Ar, (fondogo N+ N frndig) dAe,) (g0, .-, 01) T e
Fn

=Ar, (Ao) -+ A, (A1) £ en = p([Aoln) - - p([Ai]n) + €n.
U

_To construct a weakly mixing rigid action of G we define another sequence
(kn,Sn—1)n>1. When n is odd, we choose k,, and s,_; to satisfy the following
weaker version of (2-4):

(2-8) max ||dist my 5, — AR, X AR, || < €n.

1#£heH,
When n is even, we just set En = En_l +1 8{1(1 Sn = 1lg. Denote by T the
(C, F)-action of G on (X,B, i) associated with (k,,S,-1)52 .

Theorem 2.5. T is weakly mixing and rigid.

Proof. Take any sequence h,, € Hy,, \ {1}. It follows from the part (I) of the proof
of Theorem 2.4 and (2-8) that the sequence (¢2,(hy,))52; is mixing for T'. Clearly,

it is also mixing for T' x T'. Hence T" x T is ergodic, i.e. T is weakly mixing.
Now take any sequence h,, € Ha, 11\ {1}. Notice that (2-5) holds for any choice
of (kn,Sn—1)n>1. Hence we deduce from (2-5) and the definition of sa,,41 that

1T o h) [Alzns1 N [Blans1) = Ay (AN B) = p([AN Blayy1)

for all subsets A, B C Fy,11. This plus (1-6) yield

lim (T, (n)ANB) = pu(ANB)

n—oo

for all ;L B € B. This means that T is rigid. O

3. SELF-JOININGS OF T’
This section is devoted entirely to the proof of the following theorem.

Theorem 3.1. The action T constructed in the previous section has MS.J.

Proof. (I) We first show that 7" has MSJ,. Since T' is weakly mixing, we need to
establish that

J3(T) ={nge | g € G} U{p x u}.
Take any v € J5(T'). Let §, denote the sub-o-algebra of (T x T})4cr, -invariant
subsets. Then §; D §2 D --- and (), 8§n = {0, X x X} (mod v). Since there
are only countably many cylinders, we deduce from the martingale convergence
theorem that for v-a.a. (x,z’),

1
(3-1)  E(xpxp/|8n-1)(z,2") = ZF, E xBxp (Tyz, Tyz') — v(B x B)
ne ganfl
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as n — oo for any pair of cylinders B, B’ C X. Fix such a point (z,z’). It is called
generic for (T'x T,v). Given any n > 0, we can write x and 2’ as infinite sequences

:U:(fnadn—i-l?dn—i—Z?"') and 'T/ (fn? n+1» n+27"'>

with f,, fl € F, and d;,d] € C for all i > n. Recall that f, := fod;---d, and
flo= fody---d,. We set t, == f/f1, n > 0. Fix a pair of cylinders, say m-
cylinders, B and B’. If n > m and g € F, then Tya' = (gf),.d,(1,dp 9,--.).
Hence Ty2’' € B’ if and only if T,T; x € B’. Therefore

xBxp (Tyz, Tyr') = XTg‘leTtlng_lB’(x)'

Since x is generic for (T, i), it follows that

-1 —1p—1
Jim _#Fl GEZFZ Xt gt (Taw) = w(T; ' BT B,

Therefore (3-1) yields

(3-2) lim !

Jim > wT,'BNT;'T,'B') =v(B x B)).

gan71

Consider now two cases. If t,, ¢ F,_; for infinitely many n then passing to the limit
in (3-2) along this subsequence and making use of (2-6) we obtain that u(B)u(B’) =
v(B x B'). Hence p x p = v. If, otherwise, there exists N > 0 such that ¢, € F),_1,
i.e. d, =d}, for all n > N then z and 2’ are T-orbit equivalent, ¢, = tx and

1
> wT'BNT M, B = e > wBNTT T, B
T gEF, NQGFN

e M(t;fl).(B X B/)

Passing to the limit in (3-1) we obtain that v = Fye

(IT) Now we fix [ > 1 and show that 7" has MSJ;, ;. Take any joining v € Jf (T
and fix a generic point (zg,...,x;) for (T' x --- x T, v). Define a partition P of
{0,...,1} by setting: i; and i are in the same atom of P if z;, and x;, are T-orbit
equivalent. As in (I), for any n, we can write

Tj = (fj,n—lvdj,n;dj,n—i—ly .. ) - Xn—l; j = 0, ce ,l.

Suppose first that #P = [ + 1, i.e. P is the finest possible. Then by the proof
of (I), each 2-dimensional marginal of v is u x p. Since Y oo (#Ci)~' < oo and
1= Ar, X Ac, X Ag, X ---, it follows from the Borel-Cantelli lemma that for v-a.a.
(Yo, - yr) € XML,

dN >0 such that yo; # y1,; # -+ # yi,; whenever ¢ > N,

where y;,; € C; is the i-th coordinate of y; € Fy x C; x Uy x ---. Hence without

loss of generality we may assume that this condition is satisfied for (xg,...,x;).

ThU.S, if we set tjﬂ”b = fjmf()’n_l = ijn_ldjmd()’n_lfom_l_l then tj,nti_ﬂll §é Fn—l
10



whenever i # j. Slightly modifying our reasoning in (I) and making use of (2-7)
instead of (2-6) we now obtain

v(Bg X -+ X By) = nlLrI;O Z XBox-xB,(Lgxo, ... . Tyxy)

gan—l
= lim > XBoxex (Tyzo, TyTy, w0, ..., Ty Ty, 20)
gan71
. -1 -1
= lim ) w(T,BoNT, \ TyBin - T, Ty B)
gan71
= p(Bo) -+ - n(B1)

for any (I + 1)-tuple of cylinders By, ..., B;. Hence v =y X - -+ X p.
Consider now the general case and put ¢;, = fj,nfi;,ln for each j € p, p € P.
Recall that 7, = min;e, j. Then

XBox-xBy (Tg$07 SERE) Tgxl) = H XA, (:Cip)7
peP
where A, = (¢, Ty, T, 'B;j. Notice that the point (z;,)pep € XU#IPEP} s
generic for (T' X --- x T (#P times), k), where x stands for the projection of v onto
X 1Pl By the first part of (IT), k = pu x --- x pu (#P times). Hence

v(Byp X -+ x By) = lim Z XBox--xB; (Tgxo, ... . Tgxy)

geF’n—l

) 1
:nlgrolo F Z H,u(Ap).

geF, 1 peP

As in (I), a ‘stabilization’ property holds: there exists M > 0 such that t;,, = t; m
for all n > M. We now set g := (ta}w, e 7tl_]b). Clearly, g is P-subordinated.
Hence

1
v(By x -+ X By) = o > 11 “( N Tthj,MTg_lBj) = figet(Bo x - X By).
geF ) peEP JjEP
0

4. UNCOUNTABLY MANY MIXING ACTIONS WITH MSJ

In this section the proof of Theorems 0.1(i) and 0.4 will be completed. We first
apply Lemma 2.3 to construct k,,1 and s,,8, € F» in such a way that (2-4) is
satisfied for both s, and 5,, and, in addition,

(4-1) |disthem, (sn(hk), 50 (hE")) — Ap, X Ap, || < €n
for all k, k' € H,. Next, given o € {0,1}" and n € N, we define s? : H,, — F, by

setting

sp if o(n) =0,

Sp if o(n) = 1.
Now we denote by T the (C, F')-action of G associated with (k,,s%_1)o2 . Let
¥ be an uncountable subset of {0,1}" such that for any 0,0’ € ¥, the subset
{n €N |o(n)# o'(n)} is infinite.

o _
Sy =
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Theorem 4.1.
(i) For any o € {0,1}Y, the action T? is mizing and has MSJ.

(ii) If 0,0’ € ¥ and o # o' then T? and T are disjoint.

Proof. (i) follows from the proof of Theorem 3.1, since (2-4) is satisfied for s¢ for
all 0 € {0,1}" and n € N.

(ii) Let v € J¢(T7,T7"). Take a generic point (x,z’) for (T x T ,v). Consider
any n such that o(n) # o’(n). Then we can write x and 2’ as infinite sequences x =
(frrdnt1,dng2,...) and ' = (f),dy, 1, d), o, ...) With fp, ] € F,, and d,,,d;, €
C,, for all m > n. Take any g € F,,11. Then we have the following expansions

9= adn(h), dns1 = 57 (hn)én(hn) and dy iy = 577 (h)6n (1)
for some uniquely determined a € F,, and h, h,,h! € H,. Since
gfndn—H = afnsgb(hn)SZ(hhn)_lcn—i—l(hhn) and
0f iy = afysy (h)sy (hhi) ™ en i (hh7),
the following holds for any pair of subsets A, A" C F,:
#{g € Furr | (Tg2,Tg 2') € [Aln x [A]n}
#Fn—i—l
_ Ly #{h € H, | afusg(hn)sq(hhn) ' € A, af}sg (hy,)sq (hhy,) ' € A’}
- H#F, +H,
1
#En

where &, := distpe, (s7(hhy), s2 (hh.)). This and (4-1) yield
#{g € Foyr | (Tga, TS 2') € [Aln x [A]n}
(4-2) #Fni1

a€F,

S (A afus(hn) x A afl s (h)),

acF,

= /\Fn (A))\Fn (A/) + €n

= p([Aln)([A]n) £ €n.

Since (z,2) is generic for (T x T ,v) and (4-2) holds for infinitely many n, we
deduce that v = p x p. U

By refining the above argument the reader can strengthen Theorem 0.1(i) as
follows: there exists an uncountable family of mixing (of any order) rank-one G-
actions with MSJ such that any finite subfamily of it is disjoint.

5. ON (G-ACTIONS WITH MSJ

It follows immediately from Definition 0.2 that if 7" has MSJ5 then the centralizer
C(T) of T is “trivial’, i.e. C(T') ={T, | g € C(G)}, where C(G) denotes the center
of G. Moreover, we will show that 1" has trivial product centralizer (as D. Rudolph
did in [Ru] for Z-actions).

Let (X!, 8% ut, T®) denote the I-fold Cartesian product of (X, 9B, u, T). Given
a permutation o of {1,...,l} and g1,...,9, € C(T'), we define a transformation
Us.gr..q of (X1, B2 11 T by setting

UU7917-~~791 (1‘1, ey Il) = (Tglflia(l), . ,Tglxg(l)).

Of course, Uy yg,,...q, € C’(T(l)). We show that for the actions with MSJ, the
converse also holds.
12



Proposition 5.1. If T has MSJ then for anyl € N, each element of C(T") equals
to Ug.g,,...q, for some permutation o and elements g1,...,q € C(G).

Proof. Let S € C(T™"). We define an ergodic 2-fold self-joining v of T® by setting
V(A x B) := (AN S7IB) for all A, B € B%®'. Notice that v € J$(T). Since T
has MSJy;, there exists a partition P of {1,...,2l} and a P-subordinated element
g=(g1,...,92) € FC(G)* such that

(5-1) V(A X - x Agy) = # Z H M(ﬂThiAz)-

(h17...,h2l)€g.2l pEP ZGp

for all subsets Aq,..., Ay € B. Substituting at first A1 =--- = A; = X and then
Ajy1 =+ = Ay = X in (5-1) we derive that #P = [, #p = 2 for all p € P and
#g*?' = 1. Hence g1,...,92 € C(G) and there exists a bijection o of {1,...,1}
such that P = {{i,o(i) +1} | i =1,...,1}. Therefore in follows from (5-1) that

S_l(AH_l X oo X Agl) = ng+1Al+a(1) X X TngAl+0'(l)'

OJ
As a simple corollary we derive that if T has MSJ then the G-actions T, T, ...
and T'x T x --- are pairwise non-isomorphic.

After this paper was submitted the author introduced a companion to MSJ
concept of simplicity for actions of locally compact second countable groups [Da3].
As appeared, this concept is more general that the simplicity in the sense of A. del
Junco and D. Rudolph [JuR] even for Z-actions. For instance, there exist simple
transformations which are disjoint from all 2-fold del Junco-Rudolph’s-simple ones.
It is shown in [Da3] that an analogue of Veech theorem on the structure of factors
holds for this extended class of simple actions. In particular, if T has MSJy then
for every non-trivial factor § of T" there exists a compact normal subgroup K of G
such that

§=FixK:={AecB | u(T,AAA) =0 for all k € K}.

Thus if T has MSJ, then T is effectively prime, i.e. T has no effective factors.
(Recall that a G-action () is called effective if @, # Id for each g # 1¢.)
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