ON SIMPLICITY CONCEPTS FOR ERGODIC ACTIONS

ALEXANDRE [. DANILENKO

ABSTRACT. A weakly mixing measure preserving action of a locally compact second
countable group on a standard probability space is called 2-fold near simple if every
ergodic joining of it with itself is either product measure or is supported on a ‘convex
combination’ of graphs. A similar definition can be given for near simplicity of higher
order. This generalizes Veech-del Junco-Rudolph notion of simplicity. Main results:
An analogue of Veech theorem on factors holds for the 2-fold near simple actions. A
weakly mixing group extension of an action with near MSJ is near simple. The action
of a normal co-compact subgroup is near simple if and only if the whole action is near
simple. The subset of all 2-fold near simple transformations (i.e. Z-actions) is meager
in the group of measure preserving transformations endowed with the weak topology.
Via the (C, F)-construction, we produce a near simple quasi-simple transformation
which is disjoint from any simple map.

0. INTRODUCTION

By a dynamical system we mean a measure preserving action 7' of a locally
compact second countable group G on a standard probability space (X, B, u). An
I-fold self-joining of T is a measure on X' which is invariant under the product
G-action T' x --- x T" and whose coordinate marginals are all pu.

The fundamental concepts of simplicity and minimal self-joinings (MSJ) of any
order for ergodic dynamical systems were introduced and deeply investigated by
A. del Junco and D. Rudolph in [dJR]. (Historically, D. Rudolph introduced a
stronger version of MSJ in [Ru] and W. Veech introduced 2-fold simplicity in [Ve]
for Z-actions only.) Basically, these properties mean that a dynamical system 7'
has only ‘obvious’ ergodic self-joinings: product measure and measures supported
on graphs. A substantial information about 7" can be derived from the fact that
T is simple, especially about the structure of factors of T, the centralizer of T,
and also on the way 7' can be joined with other dynamical systems. Moreover,
transformations with MSJ is a source of strike counterexamples in ergodic theory
[Ru].

However the concepts of simplicity and MSJ elaborated mainly to investigate Z-
and R-actions seem to be somewhat restrictive for non-Abelian dynamical systems.
We encountered with that in [Da3] when constructing mixing rank one actions of
countable sums of finite groups. Though it is natural to expect—by analogy with
the Z-case—that such actions have MSJ, one can see easily that there exist no
MSJ-actions of any group containing a non-central element whose conjugacy class
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is finite. To overcome this ‘conflict’ we gave in [Da3] another—more general—
definition of MSJ (called near MSJ in the present paper) and showed that the
actions under question have near MSJ. We note that for Abelian GG, the notions of
MSJ and near MSJ are equivalent.

In this paper we introduce a companion (to near MSJ) property of near simplicity
which is more general then the simplicity. To this end we just enlarge the list of
‘obvious’ ergodic 2-fold self-joinings of T. Now it consists of product measure and
measures supported on convex combinations of graphs. In a similar way we define
near simplicity of higher orders. However, in contrast to near MSJ, even the class
of near simple Z-actions is wider then the class of simple ones. Our purpose in this
paper is to investigate the properties of near simple systems, compare them with
simple ones, and produce examples of near simple non-simple transformations.

Some other important generalizations of the simplicity were suggested recently
in [RyT] and [dJL2]. A transformation is called 2-fold quasi-simple (2-fold distally
simple) if every ergodic non-product 2-fold self-joining of it is isometric (relatively
distal) over the marginals. If, in addition, the system is pairwise independently
determined (PID) then it is called QS or DS respectively. Historically, a weaker
concept of QS due to V. Ryzhikov and J.-P. Thouvenot appeared in [Ry2]—the
forementioned marginal projections were assumed finite-to-one their. (Only minor
modifications are needed to extend the results of [Ry2] and [RyT] to the class of DS
transformations.) A factor of a simple transformation is QS [dJR]; each non-zero
time transformation of a horocycle flow is QS [Thl]. A detailed analysis of infinite
self-joinings of DS systems was given in [dJL2] and some disjointness results—
extending those from [dJL1] and [Th2]—were established in [dJL2] and [RyT]. For
instance, every weakly mixing 2-fold DS transformation is disjoint in the sense of
Furstenberg [Fu] with all so-called well divisible transformation [RyT] (Gaussian
transformations are well divisible) and every weakly mixing DS transformation
is disjoint with all infinitely divisible maps [dJL2]. However a possible relation
between simple and distally simple maps remained unclear. As was shown in [Thl]
each non-zero time automorphism of a horocycle flow is a factor of a simple map.
In view of that J.-P. Thouvenot asks:

e whether each QS-transformation is a factor of (an isometric extension of) a
simple map?

A version of that appears also in [dJL2]:

e whether each DS transformation is a factor of a distal extension of a simple
map”?
We answer both questions in this paper by constructing a near simple QS transfor-
mation which is disjoint from any simple map. Hence it is disjoint from any distal
extension of any simple map by [Fu|. It remains to note that disjoint systems do
not have common factors.

The paper is organized as follows. Section 1 contains some background material
on factors, extensions and joining theory. In Section 2 we introduce the 2-fold near
simplicity and near MSJy (Definition 2.4) and prove an extension of Veech theorem:
every non-trivial factor of a 2-fold near simple action T is the o-algebra of subsets
fixed by a compact T-invariant subgroup K C Autg(X, u), i.e. TgKTg_1 = K for all
g € G (Theorem 2.6). In particular, if T" is free and has near MSJ, then we obtain
a one-to-one correspondence between the non-trivial factors of T" and the compact

normal subgroups of G (Corollary 2.7). Notice however that in general different
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compact T-invariant subgroups of Aut(X, ) can determine the same factor of T’
(Example 2.3).

In Section 3 we define near simplicity and near MSJ of any order (Definition 3.1).
We show that given a co-compact normal subgroup H C G, the H-subaction is [-
fold near simple if and only if so is 7' (Proposition 3.2). In Proposition 3.4 we give
a sufficient condition for a factor of an [-fold near simple action to be [-fold near
simple (see also Proposition 3.6). A weakly mixing compact group extension of an
action with near MSJ; is I-fold near simple (Proposition 3.8).

In Section 4, we show that the set of 2-fold near simple transformations is meager
in the transformation group Auto(X,u) endowed with the usual weak topology
(Theorem 4.9). This refines a recent result of O. Ageev [Ag2]|, who showed—
answering a question from [dJR]—that the subset of 2-fold simple transformations
is meager. Notice that even in case of simple maps, our proof is different—shorter—
than Ageev’s one since we bypass the approximation technique which was crucial in
his argument. Instead, we apply a couple of well known facts from the cohomology
theory of ergodic dynamical systems (Lemma 4.3).

In Section 5, we construct a family of transformations which are near simple but
not 2-fold simple (Theorem 5.3). However, all of them have simple factors.

Section 6 contains our main result, an example of near simple QS-transformation
T which is disjoint from any simple map (Theorem 6.9). Moreover, T" is not prime
and it has no prime factors. To construct this transformation we make use of the
approach suggested by A. del Junco in [dJ] which, in turn, is based on original ideas
of D. Ornstein [Or]. As in [dJ], we first construct a funny rank-one action of an
auxiliary group G—a semidirect product of @;-, Z/3Z with Z—and then restrict
it to Z (del Junco considered the direct product (B, Z/2Z) ®Z). Since G is non-
commutative, we give—as a byproduct—a partial affirmative answer to a question
from [Ma]: whether the techniques of [dJ] and [Ma] extend to non-Abelian actions?
Notice that the construction from [dJ], called the (C, F')-construction in [Da2], is an
algebraic version of the classical geometric cutting-and-stacking. In this paper, we
make a step further in its ‘algebraization’. For instance, we bypass the nomenclature
of blocks and owverlaps which is common for [Or|, [dJ], [Ma]. When analyzing the
joinings of T'; we apply the pointwise ergodic theorem of E. Lindenstrauss [Li].

In the final Section 7 we state several open problems related to near simple
actions.

Acknowledgements. The author is grateful to M. Lemanczyk for stimulating dis-
cussions and helpful suggestions. Also I would like to thank V. Ryzhikov for his
useful remarks and historical comments. I also thank the referee who found a gap
in the original proof of Proposition 2.2.

1. PRELIMINARIES

Our purpose in this section is to introduce some notation, remind basic concepts
and review a recent progress in the joining theory. We refer to [dJR], [Thl] and
[G]] for a detailed exposition.

Measures invariant under co-compact subactions. Let G be a locally com-

pact second countable group and (Y,§) a standard Borel G-space. Given a co-

compact subgroup H C G, we denote by Ag\ ¢ normalized Haar measure on the

homogeneous right G-space H\G and by s : H\G — G a Borel cross-section of
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the natural quotient G — H\G. Then s(z)g = h(z,g)s(zg) for all z € H\G and
g € G, where h: (H\G) x G — H is the corresponding 1-cocycle, i.e. a Borel map
such that h(x,g192) = h(x,g1)h(xg1,g2) for all x € H\G and ¢1,92 € G. Denote
by Pg and Py, the spaces of ergodic G-invariant and ergodic H-invariant (resp.)
probabilities on (Y, §). For a measure v € P§;, we let

(1-1) U= /H\Gl/os(x) d G ().

For completeness, we state with a proof the following ‘folklore’ result.

Lemma 1.1. The measure V is G-invariant and ergodic. The map Pf; S vi— VU €
P& is onto. Moreover, if H is normal then (1-1) is the H-ergodic decomposition of

~

V.

Proof. For any g € G, we have

vVog= /H\G Vo (s(x)g) d)\H\G(x)
— / (voh(x,g))os(xg) dAm ()
H\G

— / vos(x)dimg\g(),
H\G

i.e. v is G-invariant. Let A be a G-invariant subset from §. Since it is also H-
invariant, ¥(A) = 0 or 1. Hence v o s(z)(A) = 0 for all x € H\G. Tt follows that
V(A)=0or 1, ie. vis G-ergodic.

Now let A € Pg. Since A is H-invariant, consider its ergodic decomposition
A\ = fP% pdr(p). Since A = fH\G Ao s(z) dAp\q(z), it follows that A = [,. pdk(p).
By the first part of the proof, p € P&. Hence by extremality of A\, A\ = p for r-a.a.
p.

As for the latter claim in the statement of this lemma, it suffices to note that
v o g is H-invariant (and ergodic) for any ¢ if H is normal. [

Joinings of ergodic actions. Let T and S be two ergodic G-actions on standard
probability spaces (X,B, 1) and (Y, By, v) respectively. We denote by J(T,.S) the
space of joinings of T"and S, i.e. the set of all T'x S-invariant probabilities on X xY
whose marginals on X and Y are p and v respectively. Recall that T x .S stands for
the product G-action (T x Sy)gcc. Following [Fu], we say that 7" and S are disjoint
if J(T,S) = {p x v}. For instance, a weakly mixing G-action is disjoint with any
G-action having a pure point spectrum. In a similar way one can define the set of
joinings J(TM ..., TW) for any finite (or even countable) family 71, ..., TW of
ergodic G-actions. The subset of ergodic joinings from J(TM, ..., T(") is denoted
by JO(TW, ..., TO). T = ... =TWO = T, we write J;(T) for J(TM, ..., TV)
and call every element of this set an [-fold self-joining of T'.

Denote by Autg(X,u) the group of u-preserving invertible transformations of
(X,B, ). Throughout this paper we do not distinguish objects (measurable subsets
and maps) which agree a.e. Given transformations Ry,..., R; € Auto(X,u), we
denote by pg, . g, the corresponding off-diagonal measure on X', i.e.

MRl,...,Rl (Bl X oo X Bl) = /J/(RlBl N---N RlBl).
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Then pig,....r, € Ji(T) if and only if R;R; " € C(T) for all 4, j. Recall that C(T)
denotes the centralizer of T, i.e. the group of all transformations from Autg(X, )
which commute with every T, g € G. It is easy to see that the off-diagonal joinings
are all ergodic.

We say that a weakly mixing G-action 1" is [-fold pairwise independently deter-
mined (I-fold PID) if any [-fold self-joining of T" which is pairwise independent (i.e.
its projections on the product of any two copies of X in X' is p x u) must be
X - x . If T is I-fold PID for any [ we say that T'is PID [dJR]. The next result
——

! times
follows easily from Lemma 1.1

Corollary 1.2. Let T be weakly mixing. Let H be a co-compact normal subgroup
of G. Then T 1is l-fold PID if and only if T | H is l-fold PID.

We also record an important result of J. King [Kil]: if T is 4-fold PID then T
is PID (while stated for Z-actions only, the result holds for arbitrary actions with
the same proof).

Factors and extensions. Any 7T-invariant sub-c-algebra § of B is called a factor
of T' (or, which is the same, T" is an extension of T' | §). The trivial sub-o-algebra
of B is denoted by 1. If B and N are the only factors of T, we call T prime.
Suppose that T and S have a common factor §. This means that there exists a
G-space (Z,§,k) and G-equivariant maps m; : X — Z and mp : Y — Z with
kK =pom  =wvom . Let u = [p,dk(z) and v := [v,dr(z) denote the
corresponding desintegrations. Then the measure p Xz v := [ p, X v, dk(z) belongs
to J(T,S). It is called the §-relatively independent product of p and v.

Let K be a compact second countable group. A Borel map a: G x X — K is
called a T-cocycle if

a(g2, Tg,x)a(g1, ) = a(g291,7) at ae.

for all g1, g2 € G. Given a closed subgroup H C K, we can define a G-action 7%
on (X x K, pux Ag/m) by setting Tg"“H(x, kH) := (Tgx,a(g, v)kH), where A g is
Haar measure on the homogeneous space K/H. Then T® is called an isometric
extension of T. If H is trivial, we write 7% instead of T and call it a compact
group extension of T.

A factor § of T' (and the extension T — T | §) is called relatively distal if
there exists a countable transfinite system (B,)a<pg of factors of 7' such that
Bo = 3§, Bg = B, the extension T' | Bo11 — T | B, is isometric for all o
and B, =V _, B, if a is a limit ordinal. On the other hand, a factor § of T (and
the extension T' — T' | §) is called relatively weakly mizing if the §-relatively inde-
pendent product of p with itself is ergodic, i.e. u xz p € JS(T). Let § C € be two
factors of T'. If the extensions 7' — T | € and T' | € — T | § are relatively distal
then the extension T' — T' | § is also relatively distal. If the extension T'— T | §
is relatively distal then so is the extension T' [ € — T' | §.

Simple, quasi-simple and distally simple actions. An ergodic G-action T is
called [-fold simple if for each joining v € J(T), there exists a partition P of the
set {1,...,1} such that

(i) v splits into the direct product of its marginals onto X?, p € P, and
(ii) the marginal of v onto X? is an off-diagonal self-joining of T for each p € P.
5



If T is [-fold simple for any [ > 1 then we call T' simple. If T is I-fold simple and
C(T) c {T, | g € G} then T is said to have [-fold minimal self-joining property
(MSJ;). If T has MSJ; for any | > 1 then we say that T has MSJ. As was noticed
in [dJR], a weakly mixing 2-fold simple action is [-fold simple if and only if it is
[-fold PID. Hence by [Kil], each 4-simple action is simple. This means that we need
only distinguish 3 categories of simplicity: 2-simplicity, 3-simplicity and simplicity.
In general the three categories are mutually different—the corresponding examples
are constructed in [Ryl] and [PRy|. However in the case of Z-actions, two of these
categories coincide: a weakly mixing 3-fold simple transformation is simple [GIHR]
(this holds also for Z™-actions). We also note that there are no examples known
of transformations which are 2-fold simple but not 3-fold simple and this is the
main open problem in this area. Moreover, if a transformation has MSJ, but does
not have MSJ3 then this transformation must be mixing [GIHR] but not 2-mixing
[Ry2], answering the long standing Rokhlin’s question on multiple mixing. It is
interesting to note that there is not such a problem for R-actions since each 2-fold
simple weakly mixing flow is simple [Ry?2].

The following definitions introduced in [RyT] (cf. with [Ry2]) and [dJL2] for Z-
and R-actions extend naturally to arbitrary G-actions as follows. An ergodic G-
action T is called 2-fold quasi-simple (2-fold QS) if for any v € JS(T')\ {p x p}, the
two marginal extensions (T x T, v) — (T, u) are isometric [RyT]. If, more generally,
these extensions are relatively distal then T is called 2-fold distally simple (2-fold
DS) [dJL2]. An action is I-fold QS if it is 2-fold QS and I-fold PID. If an action is
I-fold QS for all [ > 1 then it is called @S. In a similar way the concepts of [-fold
DS and DS are introduced. As in the case of [-fold simple actions, we have only
three types of quasi-simplicity: 2-fold QS, 3-fold QS and QS. The same holds for
the distal simplicity. Moreover, 3-fold QS=QS for the weakly mixing Z™-actions
[Ry2], [RyT] and 2-fold QS=QS for the weakly mixing flows [RyT].

We note that the class of DS-systems contains many “natural” examples. For
instance, a factor of a 2-fold simple action is 2-fold QS. The standard SL(2,Z)-
action on the 2-torus T? is 2-fold QS [Par| (but not 3-fold QS [Ry2]). A flow with
the Ratner’s R-property is QS [Rat], [Th1]. The flows with the R-property include
the horocycle flows [Rat] and some smooth flows on 2-dimensional manifolds [FLe].

2. 2-FOLD NEAR SIMPLE ACTIONS AND VEECH THEOREM

In this section we introduce the concept of 2-fold near simplicity (Definition 2.4)
which is the main definition of this paper. Then we extend Veech theorem about
the structure of factors for 2-fold simple actions to arbitrary 2-fold near simple
actions (Theorem 2.6).

Let T' = (T,)gec be an ergodic measure preserving action of a locally compact
second countable group G on a standard probability space (X, B, u). In the sequel,
we will often reduce the notation (X,%B,u,T) to X or B or T.

We recall that Autg(X,p) endowed with the weak topology is a Polish group
([Ha], [G]]). This topology is defined by

R, — R<—= u(R,BARB) — 0 for each B € ‘8.

Moreover, Autg(X, pt) is a topological ‘non-commutative’ G-module if we define the
G-action on it via the conjugation:

(2-1) ge S = TgSTgl.
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First of all we want to characterize the compact submodules of this module, i.e.
compact G-invariant subgroups of Autg (X, ).

Let K be a compact second countable group and let Hy, Hs be two closed sub-
groups of K. We will assume that H; and Hy contain no non-trivial subgroups
which are normal in K. For every £k € K and ¢« = 1,2, we denote by k the
right translation of the homogeneous space H;\K by k. Then the homomorphism
K >k w— k=1 € Auto(H;\K, \g,\x) is continuous and one-to-one. Denote by
Aut K the group of continuous automorphisms of K. It is Polish when endowed
with the topology of uniform convergence.

Lemma 2.1. Let S : (Hi\K,Apy,\k) — (H2\K, g\ k) be a measure space iso-

morphism and let 6 € Aut K. If Sk = ﬁf(\l;)S for all k € K then there exists c € K
such that c"'Hyc = B(Hy) and S(H1k) = HocB(k) at a.e. k € K. This c is defined

up to left multiplication with an element of Hs.

Proof. Let f : K — K be a Borel map such that f(hk) = f(k) for any h € H;

and S(Hyk) = Hyf(k)B(k) at Ag-a.c. k € K. Since Sk = 3(k)S, it follows that
Hyf(tk) = Haof(t)B(k) at a.e. t for each k € K. Hence there exists ¢ € K with
Hsf(k) = HacB(k) at a.e. k. Since f(hk) = f(k), we deduce that HaocB(k) =
HycB(hk). Hence B(Hy) C ¢ 'Hac. Since (3 preserves Haar measure A and
Ax(K) = 1, we conclude that 3(H;) = ¢ 'Hyc. The final claim of the lemma is
obvious. U

We introduce one more kind of extensions. Denote by €(K) the space of closed
subgroups of K. In the topology introduced by Fell [Fel] this is a compact metric
space with K acting by conjugation. Let ¢ : G — Aut K be a continuous group
homomorphism and let H : X 3 2 — H, € €(K) and f: G x X — K be two Borel
maps such that

og(Hy) = f(g,2)" ' Hr,2f(g,2) and
f(9291,2) = f(g2, Ty, x)og, (f(91,2))

at a.e. x for all g,91,92 € G. We call such f a (o, H)-twisted T-cocycle. Given a
(0, H)-twisted T-cocycle f, we define an action T" of G on the space X * (H\K) :=
L ex{z} x H\K with the measure p % A\ g := [ 0 X A\ xdp(z) by setting

Ty(x, Hok) = (Ty, [ (9, %)0g(Hak)) = (Tgz, Hr,a [ (g, )04 (K))-

We call T a (o, H)-twisted isometric extension of T. Notice that K (anti)-acts on
the space (X * (H\K), u* A\ k) by right translations along the second coordinate
as follows: k(z, Ht) = (z, Htk). It is easy to see that fgkfg_l =o04(k) forallk € K
and g € G. Hence K is a compact submodule of Auto(X * (H\K), u* A\ i) with
respect to the G-action T. Now we are going to establish a converse to that.
Given a subset S C Autg(X, ), we denote by Fix(S) the o-algebra of subsets

fixed by each transformation from S. Clearly, if S is invariant (under the G-
action (2-1)) then Fix(S) is a factor of 7.

Proposition 2.2. Let K be a compact submodule of Auto(X,u). Then T is a
twisted isomeric extension of its factor § = Fix(K).
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Proof. 1t is obvious that § is a factor of T'. Considering the ‘joint action’ of 7" and
the ‘action’ of K on X we may assume without loss of generality that (X, Bx, u)
is a Borel G x K-space (see [Ra] for equivalence of the pointwise and Boolean
approaches to locally compact dynamical systems). Since K is compact, there is a
Borel subset Y C X which intersects every K-orbit exactly once. We consider Y
with the induced Borel structure as the space of K-orbits. Then a Borel quotient
map q : X — Y sending x € X to the K-orbit of x is well defined. This map
intertwines T' with a Borel G-action on Y. We denote this action by S. Let
v := poq . Clearly, S is v-preserving and ergodic. Since K acts transitively
on ¢ !(y) for each y € Y, there is a Borel map H : Y 3> y — H, € €(K) such
that the restriction of the K-action to ¢~!(y) is isomorphic to the ‘inverted’ right
K-action on the homogeneous space H,\K. Moreover, since a transitive action is
uniquely ergodic, the conditional measure on ¢~1(y) (with respect to the projection
(X, ) — (Y,v)) is just the normalized Haar measure Ay \ . Thus there is a Borel
field a : G XY 3 (g,y) — a(g,y) of pointwise measure space isomorphisms

a(g,y) : (H)\K, )\Hy\K) — (Hs,y\K, )\Hsgy\K)
such that the following are satisfied:

(i) (X,p) = * (H\K),v*Ap\k) and § = {[|,ep{y} X H)\K | B € By},
(ii) H, contains no non-trivial subgroups which are normal in K for a.a. y € Y,
(iii) (y,H t) = (y, Hytk™') for all k € K and (y, Hyt) € Y * (H\K),

(iv) Ty(y, Hyt) = (Sqy,a(g,y)(Hyt)) a.e. for all g € G,

(v) (gggl, y) = (g2, S4,y)a(g1,y) a.e. for all g1,¢92 € G.

Since K is invariant under 7', for every g € G, there exists an automorphism
By € Aut K such that Tgszg_1 = f(4(k). Moreover, the map G 3 g — 3, € Aut K
is a continuous homomorphism. It follows from (iii) and (iv) that

alg, Sy )k alg, S; y) T = By(k)

or, equivalently,

—~—

alg,y)ka(g,y) ™" = By(k) at ae. y,

for all ¢ € G and k € K. Hence by (ii) and Lemma 2.1, there exists a map
f:Y x G — K such that f(g,y) " Hg,yf(9,y) = By(H,) and

a(g,y)(Hyt) = f(9,y)Bs(Hyt) at a.e. y,

for all g € G and k € K. Since o and H are Borel and f(g,y) is defined up to
multiplication with an element of Hg ,, we may select f to be Borel. Furthermore,

(v) yields that f is a (8, H)-twisted S-cocycle. [

In case 8 = Id we have K C C(T). It is easy to see that then H can be chosen
constant a.e., i.e. there is a subgroup L € €(K) such that H, = L for a.a. y € Y.
The corresponding (3, H)-twisted S-cocycle f is now a usual S-cocycle with values
in the normalizer Ng (L) of L in K. If L is non-trivial then Nk (L) # K since L is
not normal in K by (ii). It follows that the non-constant map

Y x I\K 3 (y,Lk) — Nk (L)k € Ng(L)\K

is invariant under 7. This contradicts to the ergodicity of T'. Thus if § = Id then
H = {1}. However we will show in the following examples that if 5 # Id then H
can be (a) constant but non-trivial or (b) essentially non-constant.
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Examples 2.3. (i) Let K = T? x Z/27 with the multiplication as follows

(t,i)(z,5) == (t + (=1)z,i + j).

Then H := {0} x Z/2Z C K is a closed subgroup without non-trivial normal (in
K) subgroups. The map H(t,0)  t identifies the quotient space (H\K, A\ k)
with the 2-dimensional torus (T2, Ap2). (This map is not a group homomorphism.)
Then the corresponding embedding (¢,i) +— (t,4) of K into Autg(T?, A=) is given
by (t,i)z := t + (=1)'z for all (t,i) € K and z € T?. Let T € SL3(R) be an
ergodic automorphism of (T2, A\r2). We will consider the group Auto(T?, Ar2) as a
Z-module with respect to the conjugation by 7. We also denote by 3 the following
group automorphism of K:

B(t,i) := (Tt,1).
It is easy to verify that T™ o (t,i) o T~™ = f(t,i), i.e. K considered as a trans-
formation group on T? is a compact submodule of Auto(T?, Ap2) with 3 # Id and
H # {1}. The latter condition just means that K does not act freely. Of course,
the T-factor Fix(K) is the trivial o-algebra 9r2.

Notice also that K has a normal subgroup T? which embeds into Autg(T?, A=)
as a closed submodule. Moreover, Fix(T?) = Fix(K). This differs from the classical
situation dealing with compact subgroups in the centralizer of an ergodic dynamical
system. Recall that if we have two compact subgroups L C K C C(T) then
Fix(L) # Fix(K).

(ii) (see [GS, Example 3.8]) Consider the compact Abelian group Y := (Z/27Z)%
and let @ be the Bernoulli shift of Y, ie. (Qy)n = Ynt1. We let (X, pu) =
(Y XY, Ay x A\y) and T := @ x Q. Then T is an ergodic transformation of (X, u).
Let K denote the subgroup of Autg(X, ) generated by the transformations

O(z,y) = (z,x+y) and a(t)(z,y) = (z,y+1), t €Y.

Then K is a compact submodule (with respect to T') isomorphic to Z/2Z x Y. The
stability group H, ,y of K at (z,y) € X is Z/27 generated by the transformation
0 - a(r). Thus the map H : X > (2,y) — H(,,) € €(K) is not constant on any
subset of positive measure in X.

Denote by = the space of probabilities on Autg(X,v). It is Polish when it is
equipped with the x-weak topology, i.e. the smallest topology on = which makes the
maps £ — [ fd§ continuous for all bounded continuous functions f on Auty(X,v).
Let =1 stand for the subspace of G-invariant probabilities and let =%, denote the
subspace of ergodic G-invariant probabilities on Auto(X,v). Then Z1 is a closed
convex subset of = and Z. is the set of extremal points of =p. By [Va], E% is a
Borel subset of =1.

The centralizer C(T) = {R | g® R = R} of T embeds into Z%. as the closed
subset of G-invariant Dirac d-measures. More generally, if £ € =5 and Supp¢ is
finite, say Supp& = {S1,...,Sn}, then TgSiTg_1 = So, (i), Where (g,1) — a,(i) is a

transitive action of G on the finite set {1,...,n}.
Notice that there are two natural continuous operations on Zp: the convolution
x 1 Ep X Er — Zp and an involution * : 2 — Zr given by £*(A4) = £(A71).

Clearly, £* € ES. whenever ¢ € Z%. Let P(E%.) denote the space of all probabilities
9



on Z%. It follows from [Va] that there is a Borel isomorphism (ergodic decomposi-
tion)
m:E2r3&— 7€) € P(ES)
such that £ = [nd(7m(£))(n) and w(§) = 6¢ if £ € ES. Given &, v € E5, the
convolution £ x v does not necessarily belong to =%. We will denote the measure
m(Exv) by Aey.
Given £ € Zp, we let

Fix(§) :={A € B | uy(AASA) =0 for {-a.a. S € Auto(X, p)}.

It is easy to verify that Fix(&) is a factor of T. Notice that Fix(£) depends only on
the support of £. Denote by H the closure of the subgroup generated by Suppé.
Notice that H is G-invariant and Fix(§) = Fix(H). Given a subset A C Ep, we
also let Fix(A) 1= (e Fix(§).

Now for any £ € Zp, we define a measure on (X x X,B x B) by setting

pe(Ax B) = / u(ANSB)dE(S).

Auto (X, p)
Then pe is a self-joining of T'. The ‘map’ A : (z,6) — (z, 0x) conjugates the diagonal
G-action on (X x Auto(X, p), n x &) with (T" x T, e). We encounter here with a
problem that the map under question is not well defined formally—notice that 6z
has no sense. However A is well defined on the underlying o-Boolean algebras and
hence admits a pointwise realization.
Notice that p¢ is ergodic whenever T' is weakly mixing and § € Z%.

Definition 2.4.
(i) We call T' 2-fold near simple if J§(T') = {ue | £ € 25U {p x u},
(ii) We say that T has 2-fold near minimal self-joinings (near MSJy) if T is
2-fold near simple and Supp& C {7} | g € G} for any £ € =5..

Notice that according to this definition each 2-fold near simple action is auto-
matically weakly mixing (see also Remark 2.8 at the end of this section). We also
note that every weakly mixing 2-fold simple action is 2-fold near simple.

Remark 2.5. In case G is countable and discrete, we denote by FC(G) the subset
of elements g whose conjugacy class ¢g* C G is finite. It is clear that FC(G) is a
normal subgroup of G. Then T has near MSJ5 if and only if

5 ={ 2 3 | 9 € FOG) U <
g heg*
where pup, (A X B) .= u(ANTyB), A, B € 8.

Denote by I(T) the smallest closed subgroup of Autg(X, ) which contains the
supports of all £ € E%. Clearly, I(T) is G-invariant (with respect to (2-1)), i.e.
I(T) is a closed submodule of Autg (X, ). Moreover, I(T) D C(T). Let T be 2-fold
near simple. Then T is 2-fold simple if and only if I(T") = C(T).

Let § be a factor of T'. We set

E7(3) == {§ € E7 | Fix(§) O T}
Clearly, 2%.(3§) is a closed subset of E5.. Notice also that Z5(B) = {d1a}. We also
denote by I(T,F) the smallest subgroup of Autg(X, 1) which contains the supports
of all £ € 25(F). Then Fix(25(F)) = Fix(I(T, F)).
The following theorem is an analogue of Veech theorem on factors of 2-fold simple
actions (see [Ve, Theorem 1.2] or [dJR, Theorem 3.1]).
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Theorem 2.6. Let T be 2-fold near simple and let § be a non-trivial factor of T
Then I(T,5§) is a compact submodule of I(T) and § = Fix(I(T,F)).

Proof. 1t is easy to see that I(T,F) is a submodule of I(T"). Consider the ergodic
decomposition of the §-relatively independent product pu xz p of p with itself:

uxwz/ pedr(§).

—e

We used the fact that 7" is 2-fold near simple and that p Xz g % px p since § is non-
trivial. Notice that a subset B € 98 belongs to § if and only if u x5z u(B x B¢) = 0.
The latter is equivalent to pg (B x B¢) = 0 for k-a.a. { € 2. However p¢(Bx B¢) =
0 if and only if B € Fix({). Hence choosing a countable dense in § family B;, we
obtain that x(2%(F)) = 1 and hence

(2-2) pxsn= [ Nz

Clearly, § C Fix(2%(F)). The converse inclusion follows from (2-2). Hence § =
Fix(25(5)). Now we let k := [_. ) €dr(€). Of course, Kk € Zp and Suppk C
=T

I(T,3).
It is well known and easy to check that if SA = A for all A € § then
(1 xgp)o(IdxS)=pxz p.

Hence for any v € E5.(F),
(2-3) [ uxam e (X 8)dn(s) = pxs
Auto(X,u)
On the other hand, it is easy to verify that
/ pe o (Id x .S) dv(S) = presw-
Auto(X,u)

Hence substituting (2-2) into (2-3) we derive that
(2-4) pxsn= [ e ds(é)
E7(3)

for each v € Z5.(F). It is easy to see that { x v € E4(F) whenever &, v € E5.(F).
Hence in the ergodic decomposition £ x v = [ ndX¢ (1), we have A¢ ,(E5(F)) = 1.
Therefore (2-4) implies

X5 /E%(S)/_E(g)u e (n) dr(§) /E%(g)un (/Em) c. m(g)> (n)

By the uniqueness of the ergodic decomposition, we obtain
11



(2-5) = [ devan)
ET(®)
for each v € Z%(§). This yields

%*u:/g*ydn(ﬁ)

_ / / nde., () dr(€)
:/nd()\g,y dﬁ(f))(n)
~ [naxim.

Thus K x v = K for each v € Z%(§). This implies in turn that K x K = K. Then
by [Pal], Suppk is a compact group and k is normalized Haar measure on it. Now
the fact kK x v = K implies that Supp £ contains Supp v for each v € Z%(§). Hence
Suppk = I(T,F). It remains to use the fact that Fix(I(7,§)) = Fix(E%(F)) =
$. O

Corollary 2.7. Let T be free and have near MSJy. Then the map K — Fix(K) is
a one-to-one correspondence between the compact normal subgroups of G and the
non-trivial factors of T.

Proof. In view of Theorem 2.6, we only need to show that the map under question
is one-to-one. This follows from the fact that K acts freely (since T is free). [

In [Da3], for any infinite countable sum G of finite groups, we constructed an
uncountable family of mixing rank-one free G-actions which have near MSJ, (in
fact, near MSJ of any order). Thus Corollary 2.7 provides a description of the
factors of such actions. Notice that the classical Veech theorem is not applicable in
this situation if G is non-commutative since no one free G-action is 2-fold simple.

Remark 2.8. It seems natural to to extend Definition 2.4 to non-weakly mixing
actions T as follows: T is 2-fold near simple if J§(T) C {pe | £ € 2%}. Then
taking § := 91 and repeating the proof of Theorem 2.6 almost verbally we obtain
that I(T,MN) = I(T) =: K is compact and Fix(K) = 9. If G is Abelian then
we obtain that the closure of {T, | ¢ € G} in Auto(X,p) is a compact Abelian
group, say H. Hence without loss of generality we may assume that the following
holds: (X,u) = (H,Ay), there exists a continuous homomorphism ¢ : G — H
whose range is dense in H and T,h = ¢(g)h for all g € G and h € H. It follows
that T is 2-fold simple and hence H = K. However, if G is not Abelian then
the situation is not so clear for us. By Proposition 2.2, T' is a twisted isometric
extension of the trivial one-point G-action. This means that (X, u) = (H\K, Ag\ )
and T, (Hk) = H f(g)o4(k), where

— H C K is a closed subgroup without nontrivial G-normal subgroups,
— G 3¢9~ 0, € Auty(K) is a continuous homomorphism and
— f : G — K is a Borel (and hence continuous) skew homomorphism, i.e.

f(g291) = f(92)04,(f(g1)) for all g1, g2 € G.
12



In other words, 7" is an algebraic (homogeneous) factor of the affine G-action T on
(K, Ak) given by Tgk = f(g)o4(k). However, not every such action is 2-fold near
simple. (They can be Bernoullian.) We do not know a ‘good’ criterium of simplicity
for algebraic factors of affine actions of non-Abelain locally compact groups. That
is why we included the assumption of weak mixing into Definition 2.4.

3. HIGHER ORDER NEAR SIMPLICITY AND NEAR MSJ

In this section we define the properties of near simplicity and near MSJ of higher
orders (Definition 3.1). They extend the corresponding properties of simplicity and
MSJ of higher order from [dJR]. As in [dJR], we investigate whether these properties
are inherited by co-compact subactions (Proposition 3.2), factors (Propositions 3.4,
3.6) and compact group extensions (Proposition 3.2).

As above, T is an ergodic G-action on (X,B, ). For [ > 0, we denote by A’
the I-th Cartesian power of the G-module Auto(X, u). Let E1,; and =%, stand for
the space of G-invariant and ergodic G-invariant (respectively) probabilities on A’
Given a measure £ € =p; and a partition P of {1,...,{}, we define a measure ¢ p
on (X!, B by setting

pe.p(Ay X - X Aj) = /Al 11 u(ﬂsm) de(Sy, ..., S)).

peP 1EP

It is easy to see that pue p € Ji(T'). Let Py denotes the trivial partition. Then
every ‘marginal’ extension (X', y¢ p,, T™")) — (X, u, T) splits into the direct product
(X, 1, T) x (A, €, 0) — (X, u, T), where T™) denotes the direct product of I copies
of T and e denotes the G-action determined by the module structure on A'. The
converse to the splitting isomorphism under question is given by

X xA's (2,8,...,8) — (Siz,...,Sz) € X\

If P is not trivial, we select a subset Q C {1,...,l} which meets every atom of
P exactly once. Then the ‘marginal’ extension (Xl,,u;}r’p,T(l)) — (X, p, T)? splits
into the direct product (X,u,T)%? x (AL € 0) — (X, u, T)?. We leave the exact
formula for the splitting isomorphism to the reader.

Definition 3.1.
(i) We say that T is I-fold near simple if

JE(T) ={pe,p | § € ETy, Pis a partition of {1,...,[}}.

(ii) We say that T is near simple if T is I-fold near simple for any [ > 1.
(iii) If T is I-fold near simple (near simple) and I(T) C {T, | g € G} then we
say that T has near MSJ; (near MSJ).

Notice that in case | = 2 this definition of 2-fold near simplicity looks a bit
different—more symmetric—from what we defined in Section 2. However the two
definitions are equivalent since the following equivariant map

m: A% 35 (S1,8:) — S71S, € A

takes =% 5 onto =% and pg p, = peor—1 for each § € E7.,. Notice also that if 7' is
[-fold near simple then it is [-fold simple if and only if I(T") = C(T).
Let H be a co-compact normal subgroup in G. Denote by s : H\G — G a Borel
cross-section of the natural projection G — H\G.
13



Proposition 3.2. Let T be weakly mizing. Then T is l-fold near simple if and
only if the H-subaction T' | H := (Ty)g4en is l-fold near simple. Moreover,

st { [ nosOarne)|ne St
H\G

and hence I(T)=1(T | H).

Proof. Suppose first that T' is [-fold near simple. Let v € Jf(T [ H). Then the
measure U := fH\G vo Ts’(éz) dAm\q(t) is T®-invariant and ergodic by Lemma 1.1.

Since the marginals of v o Ts((lz) are all equal to u for any t € H\G, it follows that
v € JP(T). Since T is l-fold near simple, there exist a measure { € =7, and a
partition P of {1,...,l} with ¥ = p¢ p. By Lemma 1.1, there exists a measure
1 € E%,4, such that £ = fH\Gn o 5(t) dA g\ (t). Hence

pe,p = / Pnos(t),P AN\ (t) = / o, P © Ts(é,)f) dAm\a(1).
H\G H\G

Since H is normal, it follows from Lemma 1.1 and the uniqueness of the ergodic
decomposition that v = ;04 p for some g € G. Hence T' | H is [-fold near simple.

Conversely, if T' [ H is [-fold near simple then by Lemma 1.1, any measure
A € JP(T) can be written as A\ = fi,, p for some 1 € =%, and a partition P of
{1,...,1}. It remains to notice that fi, p = pzp. O

We apply these results to simple actions. Notice that the “only if” part of the
following corollary was established, in fact, in [dJR, Theorem 6.1].

Corollary 3.3. Let T be weakly mixing. Then T 1is l-fold simple if and only if
T | H is l-fold simple plus C(T) = C(T | H).

Proof. We first notice that
C(T)cC(TIH)CI(T|H)=IT)>C(T).

Now, if T is I-fold simple then I(T") = C(T') and hence C(T) =C(T | H) = I(T |
H). Hence T' | H is I-fold simple. The converse is established in a similar way. O

Let § be a factor of T. We let Auto(§) := {S € Auto(X, n) | ST = §}. Clearly,
Auto(F) is a closed subgroup in Auto(X, ). Moreover, let Auto(F, x| §) denote
the automorphism group of the quotient space (X, §, 1 [ §). The restriction map

Auto(F) 25— S| F € Auto(F, 1 1 5)

is a G-equivariant homomorphism. Given a measure 77 on Auty(F), we denote by
n | § the image of 1 under this homomorphism.

Proposition 3.4. Let T be l-fold near simple and let § = Fix(K) for a compact
submodule K C Auto(X,pn). If K is normal in I(T) then § is l-fold near simple
and 25 ={§ [ § | for all§ € 7}, Hence I(F) = I(T) | §.

Proof. We first consider the case [ = 2. Given any ¢ € =5, we have SKS™! = K for
each S € Supp ¢ C I(T) by the assumption on K. Hence Supp & C Auty(F) and the
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restriction & [ § is well defined. Moreover, (u [ §)erg = pe | (§®F) € J5(F). On
the other hand, take any v € JS(§), v # pu [ § x p [ §. It is a standard fact of the
joining theory that there exists p € JF(T) with v =p | (§®F) (p is a component
in the ergodic decomposition of the relatively independent extension of v). Since T
is 2-fold near simple and p # i x p, we obtain that p = ¢ for some £ € =Z%. Hence
v= (4| F)erg- Thus § is 2-fold near simple and Z§ = {£ [ § | for all § € Z7.}.
Now consider the case | > 2. Then for any v € J(§), one can find a measure
p € JE(T) such that p | %' = v. Hence p = p¢ p for some & € E%, and a partition
P of {1,...,1}. We note that such £ is not unique. For each p € P, we put
Jp = minzepi. Since (e, Sidi) = p1(Nie, Sj_plSZ-AZ-), there exists & € 2%, such
that g p = Me,P and the marginals of £ onto the j,-coordinate is d1q for each p € P.
Now it is easy to see that the marginals of £ onto any other coordinate belong to =5,
Hence we deduce from the first part of the proof that Supp& C Aut(g)'. Hence
v=ypgpl T = (u S)ETS@,P' This implies that § is [-fold near simple. [J

The above result yields the ‘if” part of [dJR, Corollary 3.6]:

Corollary 3.5. If T isl-fold simple and K is a compact normal subgroup in C(T')
then the factor § := Fix(K) of T is also l-fold simple. Moreover, C(T) C Auty(§)
and C(T'[§)=C(T) I .

It was also shown in [dJR, Corollary 3.6] that if 7" is simple and K a non-normal
compact subgroup of C(T") then the factor Fix(K') of T' is not simple. We will show
that this factor is not even near simple.

Proposition 3.6. Let T' be weakly mixing and 2-fold simple. Let K be a non-
normal compact subgroup of C(T). Then the factor § := Fix(K) is not 2-fold near
simple.

Proof. We will prove this by contradiction. Suppose that § is 2-fold near simple.
Take any transformation R € C(T) such that RKR~! # K. Then either

(i) prl FOF) = (u!F)x (kT or
(ii) there exists a measure & € =5 such that ug [ (F®F) = (u [ §)e-
We first show that (i) is impossible. Indeed, the diagram

(BB, ug) —— FOF,ur [FOT)

distall l
(B,p) @ nl3)

commutes. Hence the extension (B® B, ur) — (F, ¢ [ §) is distal as a composition
of two distal extensions. It follows that its ‘subextension’ (F® §,ur [ §®F) —
(§, 1 | §) is also distal. Hence if (i) holds then we deduce that the factor § is
distal. Since T is a compact group extension of §, it follows that T is distal, a
contradiction. Thus (ii) holds and therefore

w(AN RB) :/ w(ANSB)dE(S)
Auto (F,ulT)
for all A, B € §. It follows immediately that £ is a Dirac 6-measure supported at a
transformation R € Auto(F,p [ §). Hence R € C(T | §) and R = R | §. Therefore
R € Auty(§) and we have RKR™! = K by [dJR, Corollary 3.3], a contradiction. [
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Our next aim is to investigate near simplicity of weakly mixing compact group
extensions of actions with near MSJ. We first state an auxiliary lemma. Let K be a
compact second countable group and « : G x X — K a Borel cocycle of T'. Denote
by T the corresponding group extension of T'. For k € K, let R, : X x K — X x K
denote the right translation by k along K.

Lemma 3.7. Let A and p be two ergodic T*-invariant measures on X x K. If the
projection. of X and p onto X are both equal to p then there is k € K such that
A=poRy.

Proof. By [Zi, Corollary 3.8], there exists a closed subgroup H C K, a Borel map
a: X — K and a Borel cocycle 3 : G x X — H such that
a(T,z)a(g,x)a(z)™! = B(g,z) at p-a.e. z for every g € G

and the G-action T” on the space (X x H,u x Ag) is ergodic. We define a map
A: X x K — X x K by setting A(z, k) := (z,a(x)k). Then ATFA™! = Tf for
all g € G. The measure \* := Ao A~! is TP-invariant and ergodic. Since the
map X x K > (z,k) — Hk € H\G is A\*-a.e. invariant under 77, there exists
k € K with \*(X x Hk™!) = 1. Hence A\* o Ri(X x H) = 1. Now it follows from
a version of Furstenberg’s lemma on the relatively unique ergodicity of compact
group extensions (see [dJR, Lemma 5.1]) that A* o Ry = u X Ag. In a similar way,
p* o R = pux Ay for some k' € K. It remains to notice that A commutes with Ry
forany t € K. O

Suppose now that 7' is effective, i.e. the homomorphism G' 3 g — T, € A is
one-to-one. It was shown in the proof of Proposition 3.4 that for each [-fold near
simple G-action T,

JP(T) = {pe,p | € € ES,; with Supp& C I(T)!, P is a partition of {1,...,1}}.
Hence if T has near MSJ; and v = p¢ p, we may assume without loss of generality
that ¢ is supported on the sub-G-module {T}, x --- x Ty, | g1,...,q1 € G} C A"
Denote by &% the image of £ under the map adjoint to the following G-module
homomorphism

Tgy X - X Ty > TS x - x TS € Auto(X x K, i x A ).
This homomorphism is well defined since T is effective. Since £ is ergodic, it fol-
lows that {* € 27 ;. We also observe that =7. ; is a K I_space if we define the
corresponding K'-action by setting

§O (/{:1, ey k’l)(Al X X Al) = f(R];lAl X e X R,;llAl)
Proposition 3.8. Let T be effective and have near MSJ;. If T is weakly mixing

then T is l-fold near simple. Moreover,
Efay; =160 h|§ € EF, with Supp§ C{T, | g € GY and h € K'}.

Proof. Take any A € J£(T®). Denote by A the projection of A onto X!. Then
X € JH(T). Since T has near MSJ;, A = p¢ p for some measure & € ET, with

Supp¢ C {T, | g € G} and a partition P of {1,...,l}. It was noticed above that
the measure £ is well defined and {* € Z%. ;. The weak mixing of T implies

that (u x Ag)¢a p € JE(Ta). The marginal of (u X Mg )ea p onto X! is pe p. Hence
by Lemma 3.7, there exist k1, ...,k € K with (u X Ag)ea po (R, X+ X Ry,) = A
It remains to notice that (4 x A )eo, po(Ry, X« -X Riy) = (WX AK )eao(ky,... k), p- O
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Corollary 3.9 [dJR, Theorem 5.4|. Let T be effective and have MSJ;. If T* is
weakly mizing then T l-fold simple. Moreover, C(T%) is generated by {Tg' | g €
C(G)} and {Ry | k € K}.

4. A TYPICAL TRANSFORMATION IS NOT 2-FOLD NEAR SIMPLE

This section is devoted entirely to a proof of the fact that the 2-fold near simple
transformations form a meager subset in Autg(X, ) (Theorem 4.9).

Let Y and Z be two Polish spaces and let f : Y — Z be a continuous map.
We denote by LocDen(f) the set of locally dense points in Y. Recall that a point
y €Y is called locally dense (with respect to f) if each neighborhood of y is dense
in some neighborhood of f(y) [Ki].

Lemma 4.1. Let LocDen(f) be dense in' Y. Then the following holds:

(i) For any non-meager subset A C'Y, the image f(A) is non-meager in Z.

(ii) If Y’ is a non-meager Gs in'Y then LocDen(f [ Y') # 0. Hence if Y’ is
non-empty and open (or is a dense Gs) then LocDen(f [ Y') is dense in
Y’

Proof. (i) was shown in [Ki] and [Agl].

(ii) If LocDen(f | Y') = () then for any y € Y’ there exists a neighborhood
U(y) C Y’ such that f(U(y)) is nowhere dense in Z. Since Y is second countable
in the induced topology, we can find a countable family U(y, ), n € N, which covers
the whole Y'. It follows that f(Y’) = U,, f(U(y»n)) is meager. This contradicts
to (i). The second claim of (ii) follows from the first one and the following simple
observations:

— each non-empty open subset in Y’ is non-meager in Y,
— if Y C Y’ then LocDen(f | Y") C LocDen(f [ Y’). (Note that this fact is
true even without the assumption on the denseness of LocDen(f).) O

We state the following statement about ‘functorial’ properties of LocDen(f)
without proof since it is obvious.

Lemma 4.2.
(i) If o : Y — Y is a homeomorphism pushing down to Z, i.e. fop =1 o f
for a homeomorphism 1 of Z then LocDen(f) is invariant under ¢.
(ii) More generally, let Y' be another Polish space and let f' :'Y' — Z and
g:Y =Y’ be continuous maps such that f = f'og. Then g(LocDen(f)) C
LocDen(f').

Given a subset A C Y x Z and a point z € Z, we denote by A[z] the cross-
section of A over z, i.e. Alz] := {y € Y | (y,2) € A}. Let K be a compact
second countable group. We denote by M(X, K) the group of measurable maps
from X to K. It is well known that M(X, K) is a Polish group when endowed
with the topology of convergence in measure. Given ¢ € M(X, K), we denote by
Ty € Auto(X x K, X Ag) the skew product extension of T via ¢, i.e. Ty(z, k) =
(T'z, p(x)k). The following well known facts will be crucial in the proof of the main
results of this section.

Lemma 4.3. If T be an ergodic transformation of (X, B, u) then

(i) the subset {¢p € M(X,K) | Ty is ergodic} is a dense Gs in M(X, K);
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(ii) for any ¢ € M(X, K), the subset {a™' - ¢p-aoT |a € M(X,K)}—i.e. the
cohomology class of ¢p—is dense in M(X, K).

We introduce the following notation.

E = {T € Auty(X, pn) | T is ergodic},
Q3 :={S € Auto(X, p) | S* =1d},
Q3 :={5 € Q| p({z e X[ Sz =u1}) =0},
Qecom := {(T,S) € Auto(X, pu) x Q3 | TS = ST},
Qom = Qeom N (Auto(X, p) x 23),

Qax == {(T,5) € Auto(X, u) x Q3 | T(Fix(S)) = Fix(S5)},
Oy = Qe N (Auto (X, p) x Q3).

(We recall that Fix(S) C 9B denotes the sub-o-algebra of subsets fixed by S.) All
these spaces endowed with the corresponding induced topologies are Polish since:

(4-1) € is a dense G in Autg(X, p);
(4-2) 23 is a dense Gy in Q3 which, in turn, is closed in Autg (X, p);
Qcom and Qg are closed in Auto (X, p) x Q3.

Let 7 : Qcom — Autg(X, 1) denote the marginal projection (7, S) — T.
Lemma 4.4. There exists (T,S) € LocDen(rw | QF,,,) such that T is ergodic.

com

Proof. It was shown in [Agl] that LocDen(r) is dense in Qc¢om. By (4-1) and (4-2),
the subsets 7=1(€) and 7~ 1(E)NQY,,, are Gs in Qeom. If 771(E) is not dense in Qeom
then 7= (Auto(X, 1) \ €) is not meager. However this contradicts to Lemma 4.1(i)
and (4-1). Notice that

&) C

com

L (Auto (X, p) x {Id}).

It follows that 7=1(£) Nz, ,, is non-meager since it is dense in the non-empty open
subset Qcom \ (Auto(X, p) x {Id}) of Qcom. Applying Lemma 4.1(ii), we conclude
that

0 # LocDen(r | (77 1(€) N Q}

com

)) € LocDen(rw | Q). O

com

Now we let F3 := {Fix(S) | S € 93} and endow it with the quotient—Polish—
topology with respect to the map Q% 3 S — Fix(S) € F3. We also set

Qg = (T 5) € Auto(X, p) x F5 [ T(F) = §}-

Clearly, Qi is a closed subset of Autg(X, ) x Fs. Hence it is Polish. We fix a
sub-o-algebra §o € F3. Denote by Aut(Fo) the subgroup of those transformations
of X that preserve §( invariant.

Lemma 4.5. If R € Auty(§o) is ergodic then its conjugacy class in Auty(Fo) is
dense.

Proof. Without loss of generality we may assume that there exists a standard prob-
ability space (Y, By, v) such that (X,u) = (Y x Z/3Z,v X Az;3z) and o = By ®
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Mz /3z. Moreover, for each transformation R € Autg(Fo), there exist T € Auto (Y, v)
and o € M(Y,33) such that

—~

R(y,i) = T5(y,1) == (Ty, o (y)(@)).

Furthermore, the map Auty(Fo) > T, (T,o) € Auto(Y,v) x M(Y,X3) is a
topological group isomorphism. The multiplication law in this semidirect product
is given by

(T,0) - (Q,7) :=(TQ,00Q - 7).

Clearly, if R = T, then T is ergodic. Now it remains to make use of Lemma 4.3(ii)
and the classical fact that the conjugacy class of T in Autg(Y,v) is dense. O

Let 7" : Q% — Auto(X, 1) denote the marginal projection (7, §) — T
Proposition 4.6. LocDen(7’) is dense in Q.

Proof. We first show that there exists (T, §) € LocDen(n’) such that T is ergodic.
Consider the following continuous maps

Q5. 2 (T,8)—»Te& and

o Qf, 2 (T,S) — (T,Fix(S)) € Q.
Since " [ Q¥ ., =7 [ Q... it follows from Lemma 4.4 (see also the last phrase in
the proof of Lemma 4.1) that LocDen(7”) contains a point (T',.S) with T" ergodic.
Since 7’ o f' = 7", we derive from Lemma 4.2(ii) that (7', Fix(S)) € LocDen(7’), as
claimed.
Next we observe that Qf* is a topological Aut (X, u)-space, if we set

Re(T,3):= (RTR™ ', R())

for all R € Auto(X,p) and (7,F) € Qff. Since 7’ is Auto(X, u)-equivariant,
it follows from Lemma 4.2(i) that the subset LocDen(7’) is Aut(X, p)-invariant.
On the other hand, the other marginal projection Q¥ > (1.,F) — § € F3 is
also Autg(X, p)-equivariant while Fj3 is just a single Auty(X, p)-orbit. This clar-
ifies the fiber structure of LocDen(n’): for any pair §,§ € F3, the cross-sections
LocDen(7’)[§] and LocDen(7")[§’] are conjugate in Auto(X,u). To prove the
proposition, it suffices to show that LocDen(7")[§o] is dense in Auty(Fo). Since
LocDen(7")[§o] contains an ergodic transformation and is invariant under conjuga-
tion by any element of Auty(Jo), it remains to apply Lemma 4.5. O

Proposition 4.7. There exists a dense Gs-subset @ C Auto(Fo) consisting of non-
2-fold near simple transformations.

Proof. Below we use the notation from the proof of Lemma 4.5. Let 6 € >3 denotes
the flip, i.e. 0(i) = —i for all ¢ € Z/3Z. Since the map

Auto(Y,v) x M(Y,%23) 2 (T,0) — Ty € Autp(Y X X3, X Ay,)
is continuous, it follows from (4-1) that the subset

(4-3) Q= {T; | T, and Ty, are both ergodic}
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is a G in Auto(Fo). (Do not confuse the compact group extension T, of T with
the isometric extension 7, of T.) In view of (4-1) and Lemma 4.3(i), we deduce
from Kuratowski-Ulam theorem [Ku] that 2 is residual (= dense) in Autg(Fo)-

It remains to show that each i € Q is non-2-fold near simple. To this end we
first notice that if T, is ergodic then

—~

(4-4) {Vel,) |V ITo=1d} = {ld}.

This fact follows, for instance, from [DaL, Proposition 2.5]. We now define two
transformations @ and S of (X,B, u) by setting

Q(x,i) = (z,—1) and S(x,i) = (z,i+1).

Since T, ({z, Sz, S%x}) = {T,x, STz, S?T,x}, it follows that T, ({Sy,S%y}) =
{ST,y,S?T,y}. Therefore the measure

p = 0.5(1s + jig2) = 0.5/ 5y X (355 + 0s2y) i)
X

is a 2-fold self-joining of T; If p is not ergodic then p = 0.5(p; + p2) for some
p1, P2 € Jg(ﬁ) with p; L po. Since the marginal projections (X x X, p) — (X, )
are 2-to-one and p; L po, it follows that p; and ps are both one-to-one. Hence
there are transformations Ry # Ry € C’(i) such that p; = ug,, @+ = 1,2. Since the
graph of R; is contained in the union of the graphs of S and S?, we obtain that

—~

R; | (By ® MNgz/3z) = Id. This contradicts to (4-4). Thus, p € J§(T,). Since p
is not off-diagonal and p # p x pu, it follows that 1/”; is not 2-fold simple. Hence
if T,, is 2-fold near simple then there are transformations V; # Vo € Auto(X, )

such that p = 0.5(vy, + 1vy), T,iT = Vo and T,VoT, = V;. We observe
that V;z = Sz at a.a. z for some measurable maps b; : X — {1,2}. Moreover,
{bi(z),b2(x)} = {1,2} and hence by(x) = —bi(z) mod 3, i.e. Vo = V1. We
also observe that QV1Q~! = V4. Hence V; commutes with Qﬁ = Tg\g . Since Vp |
(By ®Nyz/3z) = 1d, it follows from (4-3) and (4-4) that Vi = Id, a contradiction. [

Now we state a 0-1 law from [GIK].

Lemma 4.8. If an analytic subset of Auto(X, p) is Auto(X, p)-invariant then it
1s either meager or residual.

Denote by N' C Autg(X, i) the subset of non-2-fold near simple transformations
of (X,B, u). It is clear that N is Autg(X, u)-invariant. Now we will prove the main
result of this section.

Theorem 4.9. N is residual.

Proof. Since the smallest Autg (X, p)-invariant subset containing a given analytic

subset is again analytic, it suffices to show that A/ contains a non-meager analytic

subset (and apply Lemma 4.8). As we noted in the prof of Proposition 4.6, F3 is

a homogeneous Autg(X, p)-space homeomorphic to Autg(X, x)/Aute(Fo). Hence

there exists a Borel cross-section map F3 > § — Rz € Auto(X,pu) such that

Rz(§o) = & for all §. Hence this map is continuous on a dense Gs-subset F} C Fs.
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Notice that the subset Q' := {(T,§) | § € F3} is a G5 in QfL. Moreover, it is
residual (=dense) since the marginal projection (7),§) +— § is open. (The latter
follows from the fact that this projection is equivariant and §3 is a homogeneous
Auto (X, u)-space.) On the other hand, Q' is homeomorphic to the direct product
Auty(§o) x F% via the map @ : (7,F) — (RngRg,S). Now we deduce from
Proposition 4.7 that ®~1(Q x §%) is a dense G5 in Q5% (the subset  was defined in
Proposition 4.7). Hence by Lemma 4.1(i) and Proposition 4.6, 7/(®~1(Q x §3)) is
non-meager. It remains to notice that every transformation T € 7'(®~1(Q x F%))

is conjugate to some transformation from 2 (by the definition of 7’ and ®). Hence
T € N by Proposition 4.7. [0

5. NON-SIMPLE NEAR SIMPLE TRANSFORMATIONS

Our purpose in this section is to construct transformations which are near simple
but not 2-fold simple.

Let T be an ergodic transformation of (X,, ). The corresponding Z-action
Z > mn+— T € Auto(X,p) will be also denoted by T. Fix a prime p > 2. Let
M(X,Z/pZ) stand for the group of measurable maps from X to Z/pZ. As in the
previous section, for each ¢ € M(X,Z/pZ), we denote by T}, the skew product
extension of T' via ¢. We also define an ‘adjoint to T3’ transformation T; of the
same measure space (X x Z/pZ, it X Az /pz) as follows:

Ty(w,i) = (Tw, d(x) — i).

It is easy to verify that 1/’;2 = (T%)gor—4. Recall that a cocycle ¢ of T is called
ergodic if Ty is ergodic. If the transformation 72 is ergodic then for a residual
subset of functions ¢ € M(X,Z/pZ), the T?-cocycle ¢ x poT : X — (Z/pZ)? is
ergodic [Dal]. Hence the T?-cocycle ¢ o T — ¢ : X — 7Z/pZ is also ergodic. Thus

—~2 —
we have proved the following: if T2 is ergodic then T}, (and hence T}) is ergodic
for a residual subset of ¢ € M(X,Z/pZ).

—~2 —
Lemma 5.1. If T is weakly mizing then the transformation Ty (and hence Ty) is
weakly mizing for a residual subset of ¢ € M(X,Z/pZ).

Proof. Let ¢ belong to a residual subset of M(X,Z/pZ) such that the T?-cocycle
¢poT — ¢ is ergodic. If the transformation Téon ¢ 1s not weakly mixing then there
exists ¢ € T \ {1}, a group character x : Z/pZ — T and a map f € M(X,T)
such that x o (¢poT — @) = ¢- f- foT?. Tt follows that ¢ = go T -G, where
g:=x0¢-f-foT € M(X,T). However this contradicts to the weak mixing of
T. O

We need an auxiliary statement which follows from [dJR, Theorem 5.4 and Re-
mark on p. 551] (cf. Corollary 3.9).

Lemma 5.2. Let a transformation T be [-fold simple. If K is a compact group
and ¢ : X — K a cocycle of T' such that

(1) Ty is weakly mizing and
(ii) any transformation S € C(T') lifts to some S € C(Ty)
then Ty is also l-fold simple and the group C(Ty) is generated by all S.

Now we state the main result of this section.
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Theorem 5.3. Let a transformation T have MSJ;. Then for a residual subset of
¢ € M(X,Z/pZ), the transformation Ty is I-fold near simple but not 2-fold simple.

Moreover, C’(ﬁ) = {ﬁn |n€Z}.

—2
Proof. Take any ¢ € M(X,Z/pZ) with T;, being weakly mixing. Such a ¢ exists
by Lemma 5.1. Notice that T? is 2-fold simple and C(T?) = {T™ | n € Z} by

— —~2
Corollary 3.3. Since T lifts to T, € C(T} ), we can apply Lemma 5.2 to deduce that
T, is I-fold simple and the group C(T} ) is generated by T and a transformation
S of (X x (Z/pZ),n) given by S(x,i) = (z,i+ 1), where & := p X Az/pz. Notice
: _ 1 B e
that S? =1d, S’ #1d for 0 < j < p and T,ST, = S~'. Hence = = {&:@nsj |
n€Z, 0<j<p} Now we derive from Proposition 3.2 that

E%; = {0.5(5ﬁnsj —I—(S,f;nsj ol)|neZ, 0<j<p}
= {0.5(571;115]» +5@ns,j) |neZ, 0<j<p/2}.

Since E% contains not only Dirac d-measures, the transformation T; is not 2-fold

simple. [

Notice that I(T;) = {ﬁnSj IneZ, 0<j<p}. Hence K := {57 |0<j<p}
is the only compact submodule of I (ﬁ) Hence by Theorem 2.6, Fix(K) = Bx ®
Ny,/pz is the only non-trivial factor of ﬁ . It is p-to-one. We notice also that for any
self-joining v € J§ (ﬁ) \{z x i1}, the two marginal extensions (T; X T;, v) — (ﬁ, )
are either one-to-one or 2-to-one. It follows that every ergodic joining of ﬁ (except
for the product i x fi) is isometric over the marginals. Hence i’; is 2-fold QS if
I=2orT,is QSifl > 2 by [Ry2].

We note that T; has a simple factor B x ®Nyz,/37. In the following section we will

make use of a more elaborated technique to construct a near simple transformation
without simple factors.

6. A NEAR SIMPLE QS TRANSFORMATION
WHICH IS DISJOINT WITH ALL SIMPLE MAPS

In this section we construct a near simple QS transformation which is disjoint
from any simple map. We also show that this transformation is not prime and that
it has no prime factors (Theorem 6.9).

We start by reminding the (C, F')-construction of funny rank-one actions (see
[Da2], [Da3], [DaS] and [dJ] for details). Let G be a countable group. Given a
finite subset F' C G, we denote by Ap the probability equidistributed on F. Now
let (Fp)n>0 and (Cy)n,>1 be two sequences of finite subsets in G such that the
following are satisfied:

(6_1) Fy = {0}7 #Cn > 1,

(6-2) FuChi1 C Fopn,

(6-3) Fo,enNE,d =0forallc+#c € Cpyi,
F,

(6-4) lim i

nto HCy - #Cy
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We put X,, := F,, XxCp11 X Cjyo X - -+ and define a map i,, : X;, — X,,4+1 by setting

in(fn7dn+1adn+27 .- ) = (fndn+17dn+27 cee )

In view of (6-1), X, endowed with the infinite product topology is a compact
Cantor space. It follows from (6-2) and (6-3) that i, is well defined and it is a
topological embedding of X, into X, ;1. Denote by X the topological inductive
limit of the sequence (X,,i,)5% ;. In the sequel we will suppress the canonical
embedding maps and just write X = (J,,~, X» with Xo C X; C ---. Clearly, X
is a locally compact Polish totally disconnected space without isolated points. We
define a finite measure u,, on X, by setting

o = 0 (A, X AC,y X ACh s X o0 ),
where «,, is a positive coefficient such that

#Fn+1
ap =1 and apqq: an#Fn#C’n—i—l'
The latter ‘matching’ condition yields that 11 [ X;, = pu,. Hence there exists a
unique o-finite measure p on the standard Borel o-algebra B of X generated by
the topology such that p [ X,, = pp,. In particular, u(X,) = a,, for all n > 0. It is
easy to check that u(X) < oo if and only if (6-4) holds. After a normalization (i.e.
by an appropriate change of ag) we may assume that p(X) = 1. Suppose also that
the following is satisfied:

(6-5) for any g € G, there exists m > 0 with gF,,C,,11 C F,41 for all n > m.

For such n, take any x € X,, C X and write the expansion = = (f,, Cha1, Cnt2,---)
with f,, € F,, and ¢4 € Chyy, @ > 0. Then we let

Tox = (gfnCntisCnt2,...) € Xpny1 C X,

It follows from (6-5) that T, is a well defined homeomorphism of X. Moreover,
T,Ty =Tyy, ie. T :=(T,)4ec is a topological action of G on X.

Definition 6.1. We call (X,B, u,T) the (C, F)-action of G associated to the se-
quence (Fy,, Cp11)5%, (cf. [dJ], [Da2], [Da3], [DaS]).

We list without proof several properties of 7. They can be verified easily by the
reader (see also [Da2| and [DaS]).

— T is a minimal uniquely ergodic (i.e. strictly ergodic) free action of G.

— Two points = (fn,Cng1,Cny2,-..) and ' = (f,, ¢ 1,6 00,...) € Xy
are T-orbit equivalent if and only if ¢; = ¢ eventually (i.e. for all large
enough 7). Moreover, ' = T,z if and only if

/ /

= lim f'c - c et et oL
g i 00 fn n+1 n+i-n+1 n—|—1fn
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For each A C F,, we let [A],, :={z = (fn,cn+1,-..) € Xp | fn € A} and call it an
n-cylinder. The following holds:

[A], N [B], = [AN BJ,, and [A],, U[B], =[AU B|,,
A= | [Adus.

ceChni1
T,[A], = [gA], if gA C F,,
p([Aclntr) = #Clnﬂu
1([Aln) = p(Xn) AR, (4).

([4],) for amy ¢ € Cy1,

Moreover, for each measurable subset B C X,

(6-6) lim min ,u(BA | ] Ta[O]n) = 0.

n—oo ACF,
a€A

This means that 7" has funny rank one (see [Fe| for the case of Z-actions and [So]
for the general case).
Now we will construct a special (C, F')-action to obtain a transformation disjoint

from all simple ones. Let G,, := @, Z/3Z. From now on for every n, we fix
an embedding G, 2 g — (0,9) € G,41. Then G := |, , G, is isomorphic to

@D;-, Z/3Z. We will consider two infinite countable groups
H: =Gy xZ and G := Gsx X 7.
Recall that the multiplication in G is given by
(h,n)(k,m) == (h+ (—=1)"k,n +m).
Notice that
(h,n)(k,m)(h,n)"" = ((-1)"k + h — (=1)™h, m).

It follows that FC(G) = G X 27 with #¢* < 2 for every g € G (see Remark 2.5 for
the definitions). Moreover, the center C(G) of G is {0} x2Z. Given a > 0, we denote
by I[a] the symmetric interval {m € Z | |m| < a}. We also set I [a] := I[a] U {a}.
Let (r,,)o2, be an increasing sequence of positive integers such that

(6-7) lim n*/r, = 0.

n—oo
Below—just after Lemma 6.2—one more restriction on the growth of ()52, will
be imposed. We define recurrently two other sequences (a,)2>, and (a,)52, by
setting

ag=a0 =1, apy1:=0a,(2r, — 1), apy1:=ans1 + (2n+ 1)a,.
For each n € N, we let

H, =Gy x I[ry], F, := Gy x Ii[ay], Fp =G, x I.[a,] and

Sp = Gp X I [(2n — 1)an—1].
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We also consider a homomorphism ¢, : H — G,,+1 X Z C G given by

dn(ist) i= (3,0, ..,0,2ant).
——

n times
We then have
(6-8) S,CF,  F,S,=8,F,CF,cCQaG,
(6-9) Fopr= || Fagn(h)= | | ¢n(h)F, and
heH, heH,
(6-10) So= || Facidnoa(h).

hEGl XI[’I’L]

Now fix a sequence €, — 0 as n — oo. For any two finite sets A, B and a map
¢ : A — B, the probability ﬁ Y aca96(a) on B will be denoted by dist,cad(a).
Given two measures £, p on a finite set B, we let ||k — pl[1 := >, g [5(b) — p(b)].

Lemma 6.2. If r, is sufficiently large then there exists a map s, : H, — S, such
that for any & > n~2r,,

||diStt€{0}X[[5](Sn(ht), Sn(h/t), Sn(h,/t)) — )\Sn X )\Sn X )\Sn ||1 < €p

whenever h # h' # h" € H,, with {h,h' "} - ({0} x I[d]) C H,,.

The notation h # h’ # h” means that h,h',h’" are pairwise different. A ‘two-
dimensional’ version of this lemma (i.e. with A and A’ only and without h”) was
established in [dJ]. Only a slight modification of that proof is needed to prove the
‘three-dimensional’ Lemma 6.2 (cf. Lemma 2.3 from [Da3]). We leave this to the
reader as an exercise.

From now on we will assume that r,, is large so that the conclusion of Lemma 6.2
is satisfied. For every n € N, we fix a map s, whose existence is asserted in the
lemma. Without loss of generality we may assume that the following boundary
condition holds

(6-11) Sp(tyrny —1) = s (i, —rp + 1) =0 for all i € Gy.

Now we can define a map ¢,,+1 : H,, — F, 41 by setting ¢, +1(h) := s, (h)pn(h). Wi
also put Cp41 := cpy1(H,,). It is easy to derive from (6-8) and (6-9) that (6-1)—(6- )
are satisfied for the sequence (F),, Cp4+1)52 . Moreover,

#Fn+1 _ 2an+1 _ 'd_n -1 + (2ﬂ — 1)571,1 —1 4 2n —1 ‘
HFE#Chi1 2a,2r,—1) a, an, 2r,—1 — 1

From this and (6-7) we deduce that (6-4) holds. Moreover, (6-11) implies (6-5).
Thus the conditions (6-1)—(6-5) are all satisfied for (F,,Cpy1)02,. Hence we
can consider the associated (C, F')-action T' of G on a standard probability space
(X, B, ).
We state an auxiliary lemma.
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Lemma 6.3. Let f = f'¢n_1(h) with f' € Fy_y and h € H.
(i) Then we have

ﬁn_lqﬁn_l(h -Gy xIn—-1])C fS, C l:;n_lczﬁn_l(h -G1 x I[n+1]) and hence

#(f S0\ Fno1dn-a(h-Gix I[n 1)) _ 4
#S,, ~—2n—1

(ii) If, in addition, fS, C F), then

#(AC, N [Sy) _ 10
#Sn - )\Fn—l(A) n

for any subset A C F,,_.

Proof. (i) We have
FSn = f'bn_1(R)Fy_16n_1(G1 x I[n]) = f' Ep_16n_1(h -Gy x I[n]).

Since f’n_lfn_l C |—|\i|§1 ﬁn_lgbn_l(o, i), there exists a partition of f’n_l into sub-
sets A;, |i| <1, such that f'A; C ﬁn_1¢n_1(0,z') for any 7. Therefore

fSn = |_1 FlAidn—1(0,—1)¢n-1((0,3) - h - G1 x I[n]).

It remains to notice that | |, f'A;¢n—1(0, —i) = F, 1.
(ii) If S, C F, then the subset K := h -Gy x I|n — 1] is contained in H,,_1.
Therefore

#(ACn N fSn) . ZhEanl #(Asnfl(h)qbnfl(h) N ﬁn71¢n71(K)) + 2n4—1
B #(Asp_1(h)) 3
-5

keK
_ _#A #Fan #E#F. 3
#Fn—l #ﬁn—l #Sn n
1> #In—-1] 3

=ML&MOiE-Tﬁm—iE.D

To describe the 2-fold self-joinings of the transformation T{g 1) we first need to
establish that T{ 1) is ergodic. We will show more:

Proposition 6.4. The transformation T\ 2) (and hence T(g 1)) is weakly mizing.

Proof. Let hg := (0,1) € H and g,, := ¢, (ho). Since g, = (0,2)%, it suffices to

show that the sequence (g,,)5% is mizing for T, i.e.

lim p(Ty, DN D) = p(D)pu(D")
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for every pair of measurable subsets D, D’ C X. Take any A, B C F,,. Notice that
gn € C(Q) for all n € N. Hence

gnAcni1(h) = Asy(h)dn(hoh) = As,(h)s, (hoh)  cpp1(hoh)

whenever h, hoh € H,,. We set F| .= F,, N F,,S,S,, A’ == ANEF! B :=BnNEF],
H! := H, N (hy'H,). Then

M(Tgn [A]n N [B]n) = ,LL(Tgn [A/]n N [B'] ) + QM([F \F/] )
= > w(Ty, [Aeng1(h)lngr N [B']n) +0(1)

heH,
= ‘e ! — #_I—I’/?J o
= 3 M e (e 118 (1= 25 ) +o)
= Y p([Asn(h)sn(hoh) " enga (hoh)]ni1 N [B')n) +0(1)
heH!
= Z p([(A'50(R) 50 (hoh) ™" N B')ept1(hoh)]ns1) + (1)
heH!,
h)sn(hoh)~' N B'],) +0(1)
i Z 0
(A5, (h)sn(hoh) ™' N B u(X,) +09(1)
heH’
H; heZH/ Ar, ( )N B's, (hoh)) +0(1),
= Y Ap, (Asn(h) N Bsp(hoh)) + (1)
’I’L heH/

where 0(1) means (here and below) a sequence that goes to 0 and that does not
depend on the choice of A,B C F),. Let &, := distpen: (sn(h), sn(hoh)). Notice
that

1
b =3 Z dist_p ctap —1(5n(ist), sn(i,t +1)).
i€Gy
It follows from Lemma 6.2 that ||, — As, X Ag, |1 < €,. We define a function
f: S, xS, — R by setting f(v,w) := A\p, (Av N Bw). Then

#H, > Ap, (Asn(h) N Bs, (hoh) /fdgn_/fd As, X As.) £ en.

n hEH/

Thus we obtain
(6-12) (T}, [Aln O [Bln) = /S A (401 Bu) dAs, (1) dhs, () + 5(0).

Now we take A := A*C,, and B := B*(C,, for some subsets A*, B* C F,,_1. Then
the integral in the righthand side of (6-12) equals to the sum

#(acy(h)S, Nbey(W)S, N Ey)
(6-13) E g 5 )
a€A* beB* h,h/€H, (#:50 ) # F
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It follows from the definition of ¢,, and Lemma 6.3(i) that
acn(h)Sn Nben (W) Sn C Fru—1¢n_1(h-Gy x I[n+1]) N Fy_1¢n_1 (K -Gy x I[n+1]).

Hence ac,,(h)S, Nbc,(R')S, # 0 only if h=1 € Gy x I[2n + 1]. If the latter is
satisfied we say that h and h' are partners. Denote by P(h) the set of partners of
h from H,_;. Clearly, #P(h) < 12n + 3. Therefore we deduce from (6-12), (6-13)
and Lemma 6.3(i) that

1(Ty, [A -1 N [B"]n-1)
h)Sn N en(R)S, N E,) + 252

=L +5(1)
anA* beZB* he;n 1 h’eZP(h) (##:5n)*# Fn
_ #AHDB (#F,_1)2#H,_1 - (12n+ 3) - 4#S,,
=@, e (S Fn - 20— 1) +o(1)
“Ap (APAg (BY)0, £ TIN50y,

#5n

where 6,, is a positive number. Substituting A* = B* = F,,_; and passing to the
limit, we obtain that #,, — 1 as n — oco. Hence

(6-14) (T, [A"]n—1 N [B]n-1) = p([A"]n—1)p([B"]n-1) +0(1).

Since 0(1) does not depend on the choice of A* and B* inside F),_1, it follows
from (6-6) and (6-14) that (g,)52; is mixing for 7. O

Remark 6.5. It is possible to show that T(g 1) is mixing. However it is not our
purpose in this paper.

Our next task is to describe all ergodic 2-fold self-joinings of T{,1). Given (g,7) €
G, we let (g,i)* := (0,1)(g,1)(0,1)™" = (=g, 7).

Theorem 6.6. J5(T(01)) = {3(pr, + pr.) | k € GYU{p x pu}.

Proof. Take any joining v € J§(T(o1)). Let I, := I[n"%ay], J, := I[n"?ry,] and
o, := I, + 2a,J,. We first notice that (®,,)52, is a Fglner sequence in Z. Since

an n 20,7y - an (21, + 1) 205,41
n? n? n? (n+1)2’

it follows that ®,, C I,,41 + I,4+1 and hence |J _; @y, C Ijpy1 + L41. This implies
that

n

#<q>n+1 - <I>m> < 34#®,,, for every n € N,

m=1

i.e. Shulman’s condition [Li] is satisfied for (®,,)52 ;. By [Li], the pointwise ergodic
theorem holds along (®,,)2 ; for any ergodic transformation. Hence

(6-15) > x0(T,n@)xp (Tio,na') — v(D x D')

€D,

#q>
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as n — oo at v-a.a. (z,2') € X x X for all cylinders D, D’ C X. We call such
(z,2") a generic point for (T(o,1) X T(0,1), V). Fix one of them. Then z,2" € X,, for
all sufficiently large n and we have the following expansions

xr = (fn,cn+1(hn),cn+2(hn+1), .. .,),
= (f'rll7cn+1(hr,n)7cn—|—2(h;l+1), .. .,)

with f,, f, € F, and h;,h} € H;, i >n. Welet H, = Gy x I[(1 —n~2)r,] C H,.
Then #H, /#H, > 1—n"2 Since the marginals of v are both equal to u, by
Borel-Cantelli lemma we may assume without loss of generality that h,, h,, € H,,
for all sufficiently large n. This implies, in turn, that

fat1 = facngi(hn) € F wOn(H, ) C Gryr X I [(2r,(1 = n72) = 1)ay)],
and, similarly, f/ ., € Gpy1 x I1[(2r,(1 —n™2) — 1)a,]. Notice that given g € ®,,,

we have (0,g9) = (0,b)¢,(0,t) for some uniquely determined b € I,, and t € J,.
Moreover, ¢,,(0,t) € C(G). Furthermore, (0,t)h,, € H,. We also claim that

(6'16) (07 b)fnSnSn C Fn

if n is large enough. To verify this, it suffices to show that

1 ~ ~ .
F + 2’/"n 1 (1 — m)an_l + 4nan_1 < Qp, l.e€.

or (1 _ ﬁ) bdn < (2r 4 — 1) <1 - %)

The latter inequality, in turn, is equivalent to

1 1 1
1+dn— — <21 | ——5 — — |
n n

which follows from (6-7). Hence

(0, 9) fasn(hn)dn(hn) = deny1((0,t)hy,) and

(0,9) frsn(hy)bn(hy,) = d'enta((0,t)hy,),
where d := (0,b) fn5n(hn)sn((0,)h,) " " and d' := (0,b) f;,5n(h,)5n ((0,t)hy,) " be-
long to F, by (6-16). Now take any B, B’ C F,,_1 and set A := BC,, C F,, and
A’ := B'C,, Cc F,,. We have

#{g € D | (T Trogpa”) € [Aln x [A,}

#P,
1 #{teJ,|de A, d € A’}
- #n bel, #Jn
#I > &(ATH0,D) frsn(hn) x x A"7H0,b) . s (KL)),
bel,
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where &, := distie g, (5,((0,1)hn), sn((0,2)R])).

We consider separately two cases. Suppose first that h,, = h] for all n greater
than some N. Then it is easy to deduce from Lemma 6.2 that ||&, — All1 < €,
where A is the probability equidistributed on the diagonal of S,, x S,,. Moreover,
Fafl Tt = fnfan T =tk for all n > N. Then (0,b)k(0,b)~" = k or (0,b)k(0,b)~* =
k* if b € I,, is even or odd respectively. This yields

Y 6alATH0,6) fasn(hn) x A771(0,6) s (h,)

bel,

#I

ATH0,0) fusn(hy) N A TH0,6) fhsu(ha)) £ €n

#I bel,
1 #(AN(0,0) fn [ (0,0) LA N (0,b) frn5n (B )Sn)
- #1n bel, 7S
! #(ANEA N(0,2b) frsn(hn)Sy)
N #1n 2bel, #Sn

S H(ANEA (0,20 + 1) fr$n(hn)Sn)
# n #5Sn,
2b+1€l,

+e,

Notice that (0,2b) f,5n(hn)Sn C Fy, by (6-16). Since k € FyFx*, it follows that

#(D \ kj_anfl) i
AN

We now set B := B'Nk~1F,_;. Then Lemma 6.3(ii) yields

#(Bcn N kB/Cn N (0’ 2b)fn3n(hn)5n)
#5n
_ #((B N kB)Cn ;(;,); Qb)fnsn(hn)sn) +5(1)
= \p,_ (BNkB)+0(1)
p(BNkBl, 1) |
(X0 ) +0(1)
= u([Bln—1 N Ty[B']n-1) +0(1).

In a similar way,

H(BC, N k*B'Chy 1(0,2b + 1) 50 (hn ) Sn)
#Sn

Therefore it follows from (6-15) that

= p([Bln-1 NTk[B']n-1) +0(1).
V([Bln-1 % [B'ln-1) = ;(uTk([B]n—l X [B'ln-1) + b1y ([Bln-1 X [Bln-1) +0(1).

Then we deduce from (6-6) that v = 3 (ur, + pry. )-
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Now consider the second case, where h,, # h] for infinitely many, say bad n. It
follows from Lemma 6.2 that ||, — Ag, X Ag, || < €, for all such n. Hence

an H(0,0) frsn (n) ¢ A'7(0,0) fhisn (7))

bel,

#I

> A5, (ATH0,0) fusn(ha)) s, (A (0,0) 150 (h1)) £ e

bel,

I

Now we derive from Lemma 6.3(ii) and (6-16) that

#(Aﬁ (Oab)fnsn(hn)sn) —Ap (B) 4 E

)\Sn(A_l(()»b)fnsn(hn)) = #S n— n

and, in a similar way, Ag, (A'~(0,b) ! s,(h")) = Ap,_, (B') + 10 Hence

V([Bln-1 X [Bln-1) = p([Bln-1)p([B']n-1) + (1)

provided that n is bad. It remains to note that (6-6) holds along any subsequence,
in particular along the subsequence of bad n. Hence v = p x p. U

Proposition 6.7. T 1) is 3-fold PID.

Sketch of the proof. Let a joining v € J5(T(0,1)) be pairwise independent. We need
to show that v = p x u x u. To this end we will follow the same road as in the
proof of Theorem 6.6. Fix a generic point (x,z’,2") for (To,1) X T(0,1) X T(0,1),V)-
Then z, 2, 2" € X, for all sufficiently large n. Without loss of generality we may
assume that

Tr = (fn;Cn+1(hn),Cn+2(hn+1), .. .,),
x,:(f;wcn—l—1<h;1) Cn—|— ( ,/n_|_1),...,)7
2" = (f o1 (BL), cnga (1) )

with f,, f, f// € F,, and h;,hi,h € H,, i > n. Now take any B, B’,B" C F,_,

and set A := BC,,,A’ := B'C,,,A” := B"C,,. Then as in the proof of Theorem 6.5

we have

#9 € B0 | T Tio.0) s Tiop)2”) € [Aln x [A, x [4"].}

(6-17) o

Y (AT x AT x AT,

bel,

#I

(0,0) frsn(hy,), d” = (0,0) f/sn(hy) and &, :=

where d := (0,0) frnsn(hy), d' =
JhL), s ((O,t)h;{)). Next, given m > 0,

n)
distie g, (sn((0,t)hy), sn((0,t

X p({(y,y) € Xon X X | ys # yj for all i > m}) 0 #CF — #C,
$( X)) (X a
) -0,

; A
1>m

—H(

>m

1
#H,;
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where (y;)i>m and (y;)i>m are the ‘coordinates’ of y and y' € X,;, = F;, X Cppq1 X
Ciny2 X -+ - respectively. Since v-a.e. point is generic for T(q 1) x T(g,1) X T{0,1) and
v is pairwise independent, we can select the generic point (z,z’,2z") in such a way
that h; # hl # h} for all i > n whenever n is large enough. Therefore it follows
from Lemma 6.2 that ||§; — Ag, X Ag, X Ag,|| < ¢; for all i > n. Now we derive from
(6-17) and Lemma 6.3 that

V([Bln1 X [B'ln-1 % [B"]n-1) = p([Bln-1) u([Bln-1)1([B"]n-1) + (1)

This implies that v = p x p x . O

The following important result generalizing [dJR, Theorem 4.2, Corollary 4.3]
and [Thl, Theorem 6, Corollary 4] was established in [dJL2, Proposition 7].

Lemma 6.8. Let R and S be weakly mizing transformations. Assume that R is DS
and S is simple. Then R and S are disjoint if and only if they have no non-trivial
common factors.

Now we state the main results of this section.

Theorem 6.9.

(i) T(o,2) is simple and C(T(0,2)) = {Ty | g € G}.

(ii) Tio,1) is near simple, QS but not 2-fold simple. Moreover, I(T(o,1)) = {1y |

(iii) T{o,1) and T(o,2) have the same family of factors. The map K +— Fix(K)
yields a one-to-one correspondence between the finite subgroups K C G
and the non-trivial factors of T( 1) (and T(o2)).

(iv) Tio,1) and T(p,2y have no prime factors.

(v) For any non-trivial factor § of T(g 1), the restriction of Ty 1) to § is near
simple but not 2-fold simple and the restriction of T(g 2) to § is simple.

(vi) The action of the subgroup G is weakly mixing.

vii) Ty 1) 18 disjoint from all simple transformations.

(0,1) J
(viii) T(o,1) is disjoint from any distal extension of any simple transformation.

Proof. (i) It follows from Theorem 6.6 and Proposition 3.2 that T{g ) is 2-fold
simple and C(T(0,2)) = {Ty | g € G}. By Proposition 6.7 and Corollary 1.2, T{g 2
is 3-fold PID. Hence this transformation is 3-fold simple (see Section 1). Therefore
T(0,2) is simple by [GIHR].

(ii) Since T\ 2y is simple by (i), it follows from Proposition 3.2 that T{q 1) is near
simple and I(T(g,1)) = I(T(0,2)) = C(T(0,2)). Since T{g 2y is simple, it is PID. Hence
T(0,1) is PID by Corollary 1.2. It follows directly from Theorem 6.6 that T(g ) is
2-fold QS (and hence QS) and non-2-fold simple.

(iii) follows from (i), (ii), Veech theorem ([Ve], [dJR]), Theorem 2.6 and the
simple observation that every finite subgroup of G is normal and is contained in
G

(iv) follows immediately from (iii).

(v) We only need to show that T(g 1) [ § is not 2-fold simple since the other
assertions of (v) follow from (i)—(iii), Proposition 3.4 and Corollary 3.5. If § =
Fix(K) then there exists n > 0 such that K C G,, C G&. Then for any g € G \Gn,
the measure 0.5(pr, + pr,.) | §®F is an ergodic 2-fold self-joining of T{g 1) [ §. It
is easy to see that this self-joining is 2-to-one over its marginals.
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(vi) Let § denote the sub-o-algebra of subsets fixed by (7,)gec.,. Then § is a
factor of Tg,1y. Now it follows from (iii) that § is trivial. Hence the action of G
is ergodic. Since it commutes with the weakly mixing transformation T{g ), this
action is also weakly mixing.

(vii) Let S be a simple transformation. If S has pure point spectrum then it is
disjoint with T{g 1) since the latter is weakly mixing. Hence it remains to consider
the case where S is weakly mixing. By (ii), T(o,1) is DS. Therefore if T{o ) and
S are not disjoint then they have a non-trivial ‘common’ factor § by Lemma 6.8.
Since § is a factor of .S, it follows from Corollary 3.5 and Proposition 3.6 that either
S | § is simple or S [ § is not 2-fold near simple. However this contradicts to (v)
because S [ § is isomorphic to T(g 1) [ §-

(viii) follows from (vii) and [Fu]. O

7. SOME QUESTIONS

We list here several open problem related to near simple and DS actions.

(1) For which [ > 1, [-fold near simplicity of G implies (I + 1)-fold near simplic-
ity? This question is especially interesting in particular cases when G = R
and G =Z.

(2) Whether any [-fold near simple action is {-fold DS?

(3) Whether the subsets of 2-fold QS and 2-fold DS transformations are meager
in Auto(X, p)?

I hope to consider these problems in a future paper.
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