MULTIPLE AND POLYNOMIAL RECURRENCE
FOR ABELIAN ACTIONS IN INFINITE MEASURE
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ABSTRACT. We apply the (C, F)-construction from a previous paper of the first
author to produce a number of funny rank one infinite measure preserving actions of
discrete countable Abelian groups G with ‘unusual’ multiple recurrence properties.
In particular, we construct the following for each p € NU {oco}:

(i) ap-recurrent action T' = (Ty) ge such that (if p # co0) no one transformation
Ty is (p + 1)-recurrent for every element g of infinite order,

(ii) an action T' = (Ty)g4eq such that for every finite sequence g1,...,g9» € G
without torsion the transformation Ty, X --- X Ty, is ergodic, p-recurrent
but (if p # oo0) not (p + 1)-recurrent,

(iii) a p-polynomially recurrent (C, F')-transformation which (if p # oo) is not
(p + 1)-recurrent.

oo-recurrence here means multiple recurrence. Moreover, we show that there exists a
(C, F)-transformation which is rigid (and hence multiply recurrent) but not polyno-
mially recurrent. Nevertheless, the subset of polynomially recurrent transformations
is generic in the group of infinite measure preserving transformations endowed with
the weak topology.

0. INTRODUCTION

The first named author introduced in [8] a (C, F')-construction of funny rank one
infinite measure preserving actions of countable discrete Abelian groups (cf. [14]).
It was used to provide examples of such actions with ‘unusual’ i.e. impossible in
the classical probability preserving setting) weak mixing properties. The goal of
the present work is to exhibit new (C, F')-actions with various ‘unusual’ properties
of multiple or polynomial recurrence.

Recall that while elaborating a new proof of Szemerédi’s theorem on arithmetic
progressions, Furnstenberg showed [10] that every probability preserving transfor-
mation is multiply recurrent. This fact was refined later as follows: every such a
transformation is polynomially recurrent [6]. Furthermore, these results were ex-
tended successively to actions of more general groups like Abelian [11] or solvable
ones [15].

Now we review briefly the known results related to multiple recurrence in infi-
nite measure. For consistency of notation co-recurrence below denotes the multiple
recurrence. Eigen, Hajian and Halverson constructed in [9] infinite measure pre-
serving odometers—i.e. infinite counterparts of transformations with pure discrete

1991 Mathematics Subject Classification. Primary 37A40; Secondary 37A25.
This project was supported in part by the NSF under the Collaboration in Basic Science and
Engineering Program, contract No INT-0002341.

Typeset by ApS-TEX



rational spectrum—with every possible index of recurrence. This means that for
any p € NU {oco} there exists an odometer which is p-recurrent but (if p # co) not
(p + 1)-recurrent. Recall that in the probability preserving case, Furnstenberg’s
multiply recurrence theorem is proved differently for the transformations with pure
discrete spectrum and weakly mixing ones. Thus it is of interest to ask if this
theorem is still true for weakly mixing infinite measure preserving transformations.
However, it is not quite clear what is the proper definition of weak mixing in infinite
measure (see a discussion in [8]). We recall the ‘scale’ of weak mixing in infinite
measure where every next notion is strictly stronger than the previous one:

— a transformation 7" has trivial L°°-spectrum.
— T x T is ergodic.
— T is of infinite ergodic index, i.e. T' x --- x T is ergodic for every k.
—_———
k times
— T is power weakly mixing, i.e. T™ x --- xT"* is ergodic for all ny,...,ng #
0.

Aaronson and Nakada showed in [2] that an infinite measure preserving Markov
shift T is p-recurrent if and only if 7' x - -- x T is conservative. It follows from this
H/—/

p times
and [1] that in the class of ergodic Markov shifts infinite ergodic index implies mul-
tiple recurrence. However, in general this is not true. Two counterexamples were
constructed in [4] and [12]. The first one is an infinite ergodic index transformation
which is not 2-recurrent. The second one is a power weakly mixing transformation
which is 3-recurrent but not 16-recurrent. We also mention a ‘positive’ result. It
was shown in [5] that the set of multiply recurrent transformations is generic in the

group of infinite measure preserving ones.

The transformations in [4] and [12] were constructed via the well known geo-
metrical cutting-and-stacking procedure. In the present paper we utilize the more
universal algebraic (C, F')-construction to produce a richer and finer family of coun-
terexamples. Notice that unlike the probability preserving setting neither polyno-
mial recurrence nor multiple recurrence for actions of more general groups than 7Z
have been considered earlier in the literature.

Now we record the main results of this work together with some comments.
Throughout this paper G is a countable discrete Abelian group. We assume that
the subset G, of elements of infinite order is not empty.

— Given p € NU{oo}, there exists a (C, F')-action T' = (1) 4ec such that the
transformation 7T}, is p-recurrent but (if p # oo) not (p + 1)-recurrent for
every g € G, (see Theorems 2.3-2.6).

— Given p € NU {oo}, there exists a p-recurrent (C, F)-action T = (T})4ec
such that (if p # oco) no one transformation T} is (p + 1)-recurrent for all
g € G (see Theorems 3.3).

We notice that in infinite measure there is a distinction between p-recurrence of
T as a whole (Definition 3.2) and p-recurrence of every transformation Ty, g € G
(Definition 2.1). We call the latter property individual p-recurrence of T. If the
free rank of GG is one and p = oo then the both concepts are equivalent. However

— If the free rank of G is more than one, then there exists a (C, F')-action
T = (T,)gec which is not 2-recurrent but is individually multiply recurrent.
It is even individually rigid (see Theorem 3.4(i)).
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Next, we are concerned with polynomial recurrence of infinite measure preserving
transformations.

— Given p € NU {oc}, there exists a p-polynomially recurrent (C, F')-trans-
formation which (if p # o0) is not (p + 1)-recurrent (see Theorem 4.3).

— There exists a (C, F')-transformation which is rigid (and hence multiply
recurrent) but not 2-polynomially recurrent (see Theorem 4.2).

— The subset of polynomially recurrent transformations is generic in the group
of infinite measure preserving transformations endowed with the weak topol-
ogy (see Theorem 4.4).

Since polynomial recurrence implies multiple recurrence, we get a new proof of the
fact that the set of multiply recurrent transformations is generic (cf. [5]). The
following our assertion extends and refines a theorem of [12].

— Given p € NU {oo}, there exists a (C, F')-action T = (T})4ec such that for
every finite sequence g1, ..., g, € G, the transformation T,, x --- x T} is
ergodic, p-recurrent but (if p # oo) not (p+ 1)-recurrent (see Theorem 5.5).

Note that every (C, F')-action is a minimal G-action on a locally compact Cantor
set. It is worthwhile to observe that while proving the main results of this paper we
obtain as byproducts topological counterparts of them (see the final § 6 for details).

1. (C, F)-ACTIONS AND RIGIDITY

In this section we recall the (C, F')-construction of funny rank one Abelian actions
as it appeared in [8] (cf. [14]). All the examples of actions that will be presented in
this paper are of that kind. We find necessary and sufficient conditions for a (C, F)-
transformation to be rigid or partially rigid (see Theorem 1.5, Corollary 1.6).

Let T stand for an invertible measure preserving transformation of a o-finite
standard measure space (X, B, u).

Definition 1.1.
(i) If there is a sequence n; — oo such that 7™ — Id weakly then 7" is called
rigid.
(ii) Let 0 < § < 1. Then T is called at least §-partially rigid if there exists a
sequence n; — oo such that
(1-1) liminf u(T™ AN A) > 6u(A)
for every subset A € B of finite measure.

(iii) If T is at least d-partially rigid but not at least e-partially rigid for any € > ¢
then T is called d-partially rigid.

Clearly, T is rigid if and only if it is 1-partially rigid. It was shown recently in [5]
that a generic (nonsingular) transformation of (X, B, u) is rigid both in the weak
and uniform topologies on the transformation group. Observe also that it suffices
to check (1-1) only on a dense subfamily in 8. The following statement is easy and
we omit its proof (cf. [3]).

Lemma 1.2.
) If T is at least 6-partially rigid then T x --- x T is at least 8' -partially rigid
(i) If T is at least §-partially rigi en 18 at leas partially rige

| times

for every | € N.



(ii) If T is at least 6-partially rigid then T (and hence every Cartesian power of
T) is conservative.

(iii) T is at least d-partially rigid if and only if it is at least e-partially rigid for
all e € (0,6).

Now we recall the construction of (C, F')-actions. For an element h € G and a

finite subset F' C G, we set F'(h) := F N (F — h). Two finite subsets C; and Cs of
G are called independent if

(C1 —C1)N(Cy — Cy) ={0}.

Let (C,)22; and (F,)52, be two sequences of finite G-subsets such that Fy = {0}
and for each n > 0 the following properties are satisfied:

(1‘2) Fn—l + Cn C Fna #Cn > 17

(1-3) F,_1 and C,, are independent.

We put X, := F,, X[];~,, Ck, endow X,, with the (compact) product topology and
define a continuous embedding X,, — X, +1 by setting

(fn;cn+17cn—|—27 .. ) = (fn + Cn+1,Cn+2y--- )

Then X; C Xy C.... Let X :=J,, X,, stand for the topological inductive limit of
the sequence X,,. Clearly, X is a locally compact non-compact totally disconnected
metrizable space without isolated points and X, is clopen in X . Assume in addition
that

(1-4) given g € G, there is m € N with g+ F,,_1 + C,, C F,, for all n > m.
Given g € G and n € N, we set
D :=Fu(g)x [[Cx  and R :=D").
Clearly, Dén) and RE,”) are clopen subsets of X,,. Moreover, Dén) C Dénﬂ) and
Rgn) - Rgnﬂ). Define a map Tg(n): Dé,n) — Rgn) by setting
Tg(n)(fnacn-l-l? .. ) = (fn +gvcn+17 s )
Clearly, it is a homeomorphism. Put

Dy = G D{ and R, := [j R{M.
n=1 n=1

Then a homeomorphism T,: D, — R, is well defined by T}, | Dgn) = Tg(n). It follows
from (1-4) that D, = R, = X for each g € G.
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Proposition 1.3 [8].

(i) T =A{T,}gec is a minimal free action of G on X,

(ii) Two points x,y € X are T-orbit equivalent if and only if there are n < m
with © = (2;)i>n, Y = (Yi)i>n € Xy, and x; = y; for alli > m. Furthermore,
y =Tyx for g =35, (Yi — i)

(iii) there is a unique (ergodic) o-finite T-invariant measure on X such that
IU(XU) =1,

(iv) w is finite if and only if

#En
Iim ——— < >
n—oo #C1 - #Cy

(v) T has funny rank one.

Given f € F,, we set [f],, == {z = (2;)i>n € Xy, | z, = f} and call it a cylinder.
Clearly, [f]n = .cc, ., [f +cln+1. The sign | | means the union of disjoint subsets.
Denote by K the family of compact open subsets of X. Then A € K if and only if
A is a finite union of cylinders.

We will use often the following additional property

(1-5) Z(Cl — C;) and C,, — C,, are independent.

<n
Remark 1.4. In this paper, the subsets Fj,, C,, will be constructed inductively. On
the n-th step we will only define C,, explicitly. As for F},, one can take any finite
subset in G which is sufficiently large to satisfy (1-2) and (1-4) and make infinite
the limit in Proposition 1.3(iv).

Theorem 1.5. Let T be the (C, F)-action associated with (Cy,, F,) satisfying (1-2)—
(1-5). For g € G, the transformation Ty is at least §-partially rigid if and only if

there exists a sequence my — oo such that m,g =, gz(") with g(n) cC; —C;
and

Ci(g™ 1
i>n # n
Proof. (=) Since T, is at least J-partially rigid, for any n there exists m, > n
with

1

(1-6) TG [0]n O [0]) = 6(1 = —)u([0]n)-

It follows from the definition of 7" that m,g € > .., (C; — C;). Hence there is a
finite expansion m,g = Zi" _— gz( ") with g( ") € 0y — C; for all i. Since 0], =

|—|cn+1ecn+1 77777 e, €Cy, [en+1+ -+, ]i, and (1-5) holds, we have

77 [0) (0], = N e e,
Cn+1€Cn+1(g£:1)1)7“'7clnecln (gl(Z))
Hence
Tmn 0}, N0 1
1([0]) n



(<=) Repeat the same argument in the opposite direction to get (1-6). Since G
is Abelian, we have

T [l 1 ) 2 61— S)a(f]a)

n

for every f € F,,. It is easy to deduce from this inequality that

1
liminf u(T,""ANA) > 6(1 — —)u(A)
71— 00 n
for all A € 9B of finite measure. This means that T} is at least §(1 — +)-partially
rigid for every n. By Lemma 1.2(iii), T} is at least d-partially rigid. O

Corollary 1.6. Let g € G.
(i) If .
limsup max w >0
i—oo O0#FmEZ #07,
then T, is at least d-partially rigid.
(i) If #C, < M for all n and a transformation T, is 0-partially rigid then

M-1
§< ML,

Proof. We observe that every g € G belongs to F,, — F), eventually. This follows
from (1-2) and (1-4). Then (1-3) implies that g ¢ C,, — C,, eventually for every
g # 0. Thus if C;, (mgg) # 0 for a sequence i, — oo then my — oco. The statement
of (i) follows.

(ii) is obvious. O

2. ON “INDIVIDUAL” MULTIPLE RECURRENCE OF (C, F')-ACTIONS

We begin this section by recalling the basic concepts of p-recurrence and multiple
recurrence. Then we construct (C, F')-actions T = (T})4ec of Abelian groups such
that the transformations T, (with ¢ of infinite order) have any prescribed “index”
of recurrency (Theorems 2.3, 2.5, 2.6). Some necessary and sufficient conditions for
p-recurrence are presented in Remark 2.4. They are given in terms of C,, and are
very easy to check. The word “individual” from the name of the section means that
we examine the recurrence properties of every T, separately. On the contrary, in
the next section we are concerned with the (multiple) recurrence of T as a whole.

Definition 2.1.

(i) Let p be a positive integer. A transformation T of a o-finite measure space
(X, B, u) is called p-recurrent if for every subset B € B of positive measure
there exists a positive integer k such that u(BNT-*BN---NT~*B) > 0.

(ii) If T is p-recurrent for any p > 0, then it is called multiply recurrent.

It is easy to see that 7' is 1-recurrent if and only if it is conservative. Clearly, if T’
is rigid then it is multiply recurrent. By the Furnstenberg theorem [10], every finite
measure preserving transformation is multiply recurrent. The situation is different
in infinite measure (see [9], [2], [12]). We note that only Z-actions are considered in
these papers. We produce here new examples of infinite measure preserving actions
of arbitrary countable discrete Abelian groups.

The following lemma is rather standard and therefore we omit its proof.
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Lemma 2.2. Let § be a dense subfamily in B and 0 < § < 1. If for every B € §
of finite measure there exists k > 0 such that u(BNT-*BN---NT~* B) > 6u(B)
then T is p-recurrent.

Denote by Goo = {gn | n =1,2,...} the subset of G-elements of infinite order.

Theorem 2.3. Let p > 0 and C, = {0,kngn,2kngn, - -, Pkngn} with k, being
large enough to satisfy (1-3) and (1-5). Denote by T = (Ty)4ec the associated
(C, F)-action (see Remark 1.4). Then for every g € Go, the transformation T, is
p-recurrent but not (p+ 1)-recurrent. (It is easy to see that Ty, is multiply recurrent
for every g ¢ Goo-)

Proof. Take g € G. We first prove that T} is p-recurrent. Notice that the ring K of
compact open subsets of X is dense in B. Every subset B € I can be represented
as B = i, cplfln for some n. Take m > n such that g, is a multiple of g.
Clearly,

[f]n = | ] [f + Cog1 + -+ + Conlim

Cn+1 ecn+17---7cm eCm

for each f € F;,. Put

B = || [f +ens1 4+ cmolm

[f]nCBvcn+1€Cn+17~~7cm—1ec7n—1
Then B’ C B and u(B') = I%,u(B). Moreover,

Tikmgm [f + Cn+1 R cm—l]m = [f + Cn+1 + -+ epm_1+ kagm]m

and hence T, 4, B’ C B for alli =0,...,p. Since gy, is a multiple of g, it follows
from Lemma 2.2 that T} is p-recurrent.

Now let us prove that Ty is not (p 4+ 1)-recurrent. Actually, suppose that the
contrary holds. Then there exists z(® € X, and m > 0 such that ijgx(o) =z ¢

Xoforall j=1,....p+1 Let 29 = (29)2 with 2 € C; for all i > 0 and
j=0,...,p+ 1. It follows from the definition of T" that Z;’il(:c(-ﬁl) — .%’Z(])) = mg,

7

j=0,...,p. Let n be the smallest integer such that Z?zl(a:gl) — :1:(-0)) =mg. We

deduce from (1-5) that

Hence a:,(lo),:c,(zl), e ,x%p 1 s an arithmetic progression in C), of length p + 2, a

contradiction. O

It is easy to deduce from Corollary 1.6 that T} is pp partially rigid for every

P
g€ Gy
Remark 2.4. Slightly modifying the above proof we can establish the following more
general facts:
(i) Let T be a (C, F)-action and g € G. If
oy s #(Ca(m9) (1Co(2mg) 11+ 01 Co(pmg)
n—oo O0#mEZ #C),
then T} is p-recurrent.
(ii) Let T be a (C, F')-action and (1-5) hold. If C,, does not contain any arith-
metic progression of length p+ 1 then T} is not p-recurrent for any g € G.

>0

The following statement is an analogue of Theorem 2.3 for multiple recurrence.
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Theorem 2.5. Let (gn)n>0 be as above and C, := {0,kngn,2kngn, ..., nkngn}
with k,, large so that (1-3) is satisfied. Denote by (Ty)gec the associated (C, F')-
action. Then for every g € G, the transformation Ty is rigid and hence multiply
recurrent.

Proof. Apply Corollary 1.6(1). O
We can also produce non-rigid multiply recurrent transformations.

Theorem 2.6. Let

Cy := {0, kngn» 2kngn, - - - s knGny (Mkn)2Gns - - -, (Nkn)"gn },

with k,, chosen exactly as in Theorem 2.5. Denote by (Ty)4ec the corresponding
(C, F)-action. Then for every g € G, the transformation Ty is multiply recurrent
but not rigid.

Proof. The multiple recurrence follows from Remark 2.4(i). To show that T} is not
rigid we apply Theorem 1.5. Actually,

#Cn(9) _ #C (kngn) n 1

max = = — = —,
2

0#g€C,—C,  #C, #C), 2n

It follows from Theorem 1.5 that if T} is at least d-partially rigid then § < % By
Lemma 1.2(iii), T} is not rigid. O

It is easy to deduce from Corollary 1.6(i) that 7}, is indeed 0.5-partially rigid
(provided that k,, is chosen so that (1-5) holds in addition to (1-3)).

3. MULTIPLE RECURRENCE OF ABELIAN ACTIONS

We investigate here multiple recurrence of actions of countable discrete Abelian
groups G. For every p > 0, we construct an infinite measure preserving (C, F)-
action of G which is p-recurrent but not (p + 1)-recurrent. Examples of multiply
recurrent actions are also given. Next, we demonstrate a difference between the
p-recurrence and the “individual” p-recurrence (see §2) of infinite actions. We
also show that a similar gap between the multiple recurrence and the “individual”
multiple recurrence is a specific property of actions of the higher free rank groups.

Recall that a family ey, ..., e; € G is Z-independent if the homomorphism ZF >
(n1,...,nk) — nieq +--- + ngep € G is one-to-one. If such a family exists we say
that the free rank of GG is greater than k — 1.

Lemma 3.1. Let eq,...,e, be a Z-independent family in G. Then there exists
a map (pseudonorm) G > g — ||g|| € Ry such that the following properties are
satisfied:

(1) llg1 + g2l < llgrll + llg2l| for all g1, 92 € G,

(ii) [|ig]l = 1||g|| for all g € G andl € Z.

(iii) |lgl| = 0 if and only if g is a torsion,

(iv) ||le; + kej|| = max(|l|, |k|) for alli,j=1,...,n and k,l € Z.

Proof. Let H stand for the periodic part of G. Then the quotient group G/H is
torsion free. Hence there is a group embedding o of G/H into @, -, Q (see [13]).
8



It follows from the assumptions of the lemma that a(e; + H),...,a(e, + H) are
independent vectors in @, . ; Q. Take a norm |.| on @, Q such that

lla(e; + H) + ka(e; + H)| = max(|{], |k|)
for alli,7 =1,...,n and k,l € Z and define ||.|| on G by setting
gl := leg + H)I.
0J

Definition 2.1 extends naturally to actions of Abelian groups as follows.

Definition 3.2. Let G be a countable discrete infinite Abelian group and T =
(Ty)gec @ measure preserving action of G on a o-finite measure space (X, B, u).

(i) Given a positive integer p > 0, the action T is called p-recurrent if for every
subset B € B of positive measure and every ¢1,...,g, € G, there exists a
positive integer k such that p(B N Ty, BN---NTky, B) > 0.

(ii) If T is p-recurrent for any p > 0, then it is called multiply recurrent.

Clearly, T is 1-recurrent if and only if it is conservative. Every finite measure
preserving G-action is multiply recurrent [11]. However in infinite measure we
demonstrate the following

Theorem 3.3.

(i) Given p > 0, there exists a p-recurrent (C, F')-action T such that no one
transformation T, is (p + 1)-recurrent, g € Go. (Hence T is not (p + 1)-
recurrent.)

(ii) There exists a multiply recurrent (C, F')-action.

Proof. (i) We call a finite sequence g = (g1,...,9p) € (Go)? admissible if g; — g; €
Goo foralli # j. Let {g™ | n € N} stand for the (enumerated) family of admissible

elements g(") = (g%n), e ,g;(,n)). Now we set

Cr = {0, kg™, ... kngi™}

with k,, being large enough to satisfy (1-3) and (1-5). Let T' = {7} },c¢ stand for
the associated (C, F')-action (see Remark 1.4).

It is clear how to modify the proof of Theorem 2.3 to establish that T is p-
recurrent. Notice that it suffices to check the inequality from Definition 3.2 on the
admissible sequences only.

By Remark 2.4(ii), T} is not (p + 1)-recurrent for every g € G.

(ii) can be proved in a similar way. O

Notice that Theorem 3.3(i) is stronger than Theorem 2.3. Actually, if T is p-
recurrent then so is T, for every g € G. We will show in Theorem 3.4 that the
converse does not hold. Now let us compare Theorem 3.3(ii) with Theorem 2.5.
It is easy to see that in case G = Z, T is multiply recurrent if and only if so is
T1. Moreover, T7 is multiply recurrent if and only if so is T;, for every 0 # n € Z.
Thus the multiple recurrence is equivalent to the “individual” multiply recurrence.
The same holds for G = Q or any other group of free rank one. Hence for such
groups the statements of Theorems 3.3(ii) and 2.5 are equivalent. However we will

demonstrate that this is no longer true for the groups of higher free rank.
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Theorem 3.4.
(i) Let the free rank of G be greater than one, {e1,e2} a Z-independent family

in G and ||.|| the corresponding pseudonorm on G from Lemma 3.1. Let C,,
be like that in Theorem 2.5 but k, chosen in such a way that the following
condition
(3-1) IFI < 0.1lgnll for all f €Y (Ci —Cy)
<n

holds (in addition to (1-3)). Denote by T' = {T,}4ec the associated (C, F)-
action. Then for every g € G, the transformation T, is rigid (and hence
multiple recurrent) but T is not 2-recurrent.

(ii) Let G be arbitrary, ey € Go and ||.|| the corresponding pseudonorm on G
from Lemma 3.1. Given p > 0, let C,, be like that in Theorem 2.3 but k,
chosen in such a way that the following condition

gn
1| < ==t "“ orall f €Y (C;—C;)

p <n
holds (in addition to (1-3)). Denote by T' = {T,}4ec the associated (C, F)-
action. Then for every g € G, the transformation T, is p-recurrent and not
(p + 1)-recurrent while T is not 2-recurrent.

Proof. (i) We only need to check that 7' is not 2-recurrent. Actually, if 7" is 2-
recurrent, then there exist z© € X, and m > 0 such that z@) := Tmejx(o) e Xp

for j =1,2. Let 1) = (mz(-j));’il with mg‘j) € C;. Then there is [ > 0 with
l
6 o) ey, =12

i=1
Without loss of generality we may assume that 33(1) (0) # 0. We denote f; :=
Sisi(@” — "), Then

(3-2) 29— 2 —me; + f5, j=1,2.

Notice that C; — a:l( ) is an arithmetic progression. Every element of it is a multiple
of g;. Hence we deduce from Lemma 3.1(ii) that
() _ .(0)
loi = I ¢ g gr j— 1,2,
9]

It follows from (3-1), (3-2) and Lemma 3.1 that

=P m g
A= gl = Tl
||$(2)—$(0)H

P l l P m
@2 = g = g £ 0-1

for some 0 < ¢q1,92 € N, ¢ # 0. Hence g1 = ¢g2. This implies a:l(g) — xl(o) =

:l:(xl(l) - xl(o)). It follows from this and (3-2) that me; + mes = fo + fi. By
Lemma 3.1(iv), m < || f1|| + || f2l|- Applying (3-1) we obtain

0.9<q — 01<|| H<01+0L
g1

a contradiction.
(ii) Use a similar idea to show that Xo N Tye, Xo N Topme, Xo = 0 for any m >
0. O
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4. POLYNOMIAL RECURRENCE

In this section we are concerned with the polynomial recurrence of (C,F)-
transformations. For simplicity, we only consider the case G = Z. However, the
interested reader may extend the results to general Abelian groups. Clearly, polyno-
mial recurrence implies multiple recurrence. We show however that the converse is
not true. We also construct, for any p > 0, a transformation which is p-polynomially
recurrent but not (p + 1)-recurrent. Finally, we prove that the set of polynomially
recurrent transformations is generic in the group Autg (X, u) of pu-preserving trans-
formations furnished with the weak topology.

Let P:={q € QJt] | ¢(Z) C Z and q(0) = 0}.

Definition 4.1. Let T be a measure preserving transformation of (X, B, u).
(i) T is called p-polynomially recurrent if for every ¢i,...,qp € P and B € B
of positive measure there exists n € N with

w(BNTHMBA...AT%MRB) > (.

(ii) If T is p-polynomially recurrent for every p € N then it is called polynomially
recurrent.

We first show that in infinite measure there are multiply recurrent (even rigid!)
transformations which are not polynomially recurrent.

Theorem 4.2. Let C,, := {0,ky,2k,, ..., k2}, where k, is large so that (1-3) is
satisfied and, in addition,

(4-1) > k) <01k,
<n

Denote by T = (Ty)nez the associated (C,F)-action. Then Ty is rigid but not
2-polynomaially recurrent.

Proof. If XoNT; ™ X ﬂTl_m3X0 # () for some m > 0 then there exist [ and I’ such
that

! 1 0
(4-2) Zi:l(xg ) - wg )) =1m,
=m

S (@ = 2l”) = m?

with 1) € ¢, xl(l) + xl(o) and xl(?) # xl(,o). It follows from (4-1), (4-2) and the

i

definition of C,, that
0.9k, <m?® < 1.1k7.

This implies
{ 0.9%k} < 1.1k7,
0.9k < 1.13k¢

which is incompatible with (4-1). Hence T} is not 2-polynomially recurrent. By
Corollary 1.6(i), Ty is rigid. O

Now we provide examples of ergodic transformations with all possible “indices”
of polynomial recurrence.

11



Theorem 4.3.

(i) For every p > 0, there exists a (C, F)-transformation which is p-polyno-
mially recurrent but not (p + 1)-recurrent.
(ii) There exists a (C, F)-transformation which is polynomially recurrent.

Proof. We will prove only the second claim. The first one can be demonstrated in
a similar way.

We consider pairs (p,q) with p € N, ¢ = (q1,...,¢p) € PP, ¢; # 0 and ¢; # q;
whenever ¢ # j. Let (pn,q,,) be a sequence of such pairs where every possible pair

occurs infinitely often. Let g,, = (qgn), ey q,(,:)). We put

Cro = 10,01 (kn), -, a2 (k) },

where k,, is large enough to satisfy (1-3). Denote by T the associated (C, F')-action
of Z. A slight modification of the proof of Theorem 2.3 is only needed to show that
the transformation 7} is polynomially recurrent. We leave this to the reader.
Remark that T} enjoys the following property (cf. Lemma 2.2) which is stronger
than polynomial recurrence: given p > 0, a subset B € B of finite measure and
polynomials qi, ..., g, € P then there exist infinitely many k > 0 with

B)
BATr®MpA...Are®p) > 4B

0J

We endow the group Auto(X, ) with the weak topology. Recall that a sequence
@y, of p-preserving transformations converges weakly to QQ € Aut(X, p) if and only
if W(QLBAQB) — 0 as n — oo for every subset B € B of finite measure.

Theorem 4.4. The subset 'H of polynomially recurrent transformations is generic
in Auty(X, ), i.e. contains a dense Gy.

Proof. For (¢q1,...,qp) € PP, we set
Alqi,...,qp) :={T € Auto(X, p) | there exists n; — oo such that
B)
liminf y(BATH 0B A... AT gy > B
i )2 31 1)
for every B € B, u(B) < oo}.

We also set A = ﬂ;ozl ﬂ(qhm’qp)epp A(qi,-..,qp). Clearly, A C H. Fix a dense
countable family (B;):2; in B with u(B;) < oo for each i. Since

Aaa)=NN N U ﬂ{TEAutO(X,,u)’

t=1k>3p M=1n>M i=1

ATT™B A AT By s (1 1\ B,
w(B;NTH"M B, N---NT?®"™B;) > (2(p+1) k),u(Bl)}

and the map Auto(X,pu) > T — u(B;NTHMB;N--.NT%™ B;) € R is continuous,
it follows that A(q1,...,qp) and hence A is a G5. Next, we observe that A is
not empty. Actually, the ergodic transformation constructed in Theorem 4.3(ii)
belongs to A if we choose (B;); = K. Observe also that if a transformation T € A
then the entire conjugacy class of T' is contained in A. Now it suffices to apply |7,
Theorem 7] which states that the conjugacy class of every ergodic transformation
is dense in Auto(X,p). O

12



5. POWER WEAK MIXING AND MULTIPLE (AND POLYNOMIAL) RECURRENCE

In this section we construct new examples of (C, F')-actions. Unlike those that
have already appeared in this paper these actions have “strong” weak mixing prop-
erties. Namely, for each group G and p > 0, we provide a power weakly mixing
(C, F)-action of G such that every transformation Ty, g € G, is p-recurrent but
not (p + 1)-recurrent (Theorem 5.5).

We first observe that the (C, F')-construction is well suited to control the Carte-
sian powers of the actions.

Observation 5.1. For a (C, F)-action T' = (T})4ecc associated with (C),)p>0 and
(F)n>0, consider its r-fold Cartesian product 7)) = (T((;) 97,))(91 ,,,,, gr)eGr, Where

It is easy to see that T(") is just the (C, F)-action associated with (C7),~o and
(E7)n>0. The upper indices mean the r-fold Cartesian product. Notice that
(CT)n>0 and (F)),>0 enjoy (1-2)—(1-4) since (Cy)n>0 and (F),)n>0 do. Moreover,
if (Cp)n>0 satisfies (1-5) then so does (C7)n>o-
The following lemma follows easily from [8, Lemma 2.4]

Lemma 5.2. LetT be a (C, F)-action and § : G — R a map with 3, 6(g) < 1
Take g € Goo. If for anyn > 0 and f, f' € F, there exist N € Z and A C [f], such
that p(A) > 6(f' — flu([fln) and TN A C [f'],, then T, is ergodic.

For the reader’s convenience we first illustrate the idea incorporated in the proof
of the main result of §5 on the following—somewhat simpler—statement.

Proposition 5.3.

(i) Given p > 0, there exists a (C, F')-action T such that for each g € G, the
transformation T, is of infinite ergodic index, p-recurrent but not (p + 1)-
recurrent.

(ii) There exists a (C, F)-action T' such that for each g € G, the transforma-
tion T, 1s of infinite ergodic index and multiply recurrent.

Proof. (i) According to Remark 1.4, we are only to define C,,, n € N. Suppose that
on the n-th step we already have F,,_1. Let F,,_1 — F,,_1 = {fi(n_l) li=1,...,k}
with fl("_l) = 0. We select integers dy,d1,...,d; in such a way that dy = 0 and
% > 6(fi),i=1,...,k, where d :== dy +--- +dj and 6 : G — R’ a map from
Lemma 5.2. Recall that G is enumerated as {g,, | n € N}. Take any pseudonorm
|.]| on G satisfying (i)—(iii) from Lemma 3.1. Now we put

Ai = {(gngn + £ V)5 =0,...,p}, i=1,...,k and
k  di++di—1

|_| |_| (hs,ngn + Az)a

i=1s=do++di—1
13
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where ¢, and h,,, are integers such that the following properties are satisfied

#C,, = (p+ 1)d,

(5-1) ma {||||f||||'fan1 Fo_1,0#ceC, C}g%l

(5-2) .U{ ||||f:||r|
(5-3) max { el

e,d € (Cp—Co)\ (A —Ai)} N (%,31)) =

CL,CZ/ EAi—Ai,CL#O} §p+01

Notice that (5-1) implies (1-3). Hence the corresponding (C, F')-action T" of G is
well defined.
It is easy to calculate that

limsup max #(Cn(mg) N Cn(2mg) N---NCy (pmg)) 4(0)
n—oo O0#MEZ #Cn p+ 1

Hence T, is p-recurrent by Remark 2.4(i). Let us prove that it is not (p + 1)-
recurrent. To achieve this we can not utilize Remark 2.4(ii) any longer, since (1-5)
does not hold for C),. Thus we have to argue in a different way. If T, were (p + 1)-
recurrent, then there exist 2 € Xy and m > 0 with ngx(o) =: z(1) € X, and

T(p+1)mgx(0) =: z(P*tD) ¢ X,. Let z(® = (mz(-s))f;il with mgs) €eC;,s=0,1,p+ 1.
Denote by n the smallest integer such that

@ =)+ @ — 2l) = smg, s =1,p+1.

<n

It follows from (5-1) that 2 — 2 £0and

. 0.1
) — 2] (1 n ?) _ smlgl

for s =1,p+ 1. Hence

||x(p+1) )”

n 0.3
(5-4) E %O)H = (p +1)(1i?) —p+1=+0.6.

From (5-2) we deduce that o IE(O), 2 — 2l € A;— A, for some i € {1,...,k}.
But then (5-4) contradicts (5-3).

Now let us demonstrate that T, is ergodic. For n > 0 and f, f' € F,, let m > n
be a positive integer such that g,, is a power of g. Since 0 € [, Cy, it follows
that F,, C F,,_1 and hence F,, — F,, C F,,_1 — F,,_1. Therefore [’ — f = fi(m_l)
for some i. We set

dite-tdi—1

A= |_| I_l [f +Cng1 + -

cnt+1€CHh11,..,cm—1€CH 1 s=do+-+d;i_1

+ Cim— 1+hsmgm+Qng+f
14
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Clearly, A C [f], and
pd) 1 di
p(lfln)  p+1d p+1

o(f = f).

Moreover,

qumgm [f + Cn+1 +tCmo1 + hs m9m + dmdm + f(m 1)]

— [f/+cn+1 + -+ Cma +hs,mgm]m [f/]m

Thus we deduce from Lemma 5.2 that T}, is ergodic.
In view of Observation 5.1, only a slight modification of the above argument is
needed to show that the transformation Ty, x - -- x Ty is ergodic for every r > 1.

m

r times
(ii) is easier than (i). To define C,, now we need only to satisfy (1-3) instead of

(5-1)—(5-3). However p is no longer fixed. It runs over N. [J

Remark 5.4. Let T be any (C, F')-action of G. Slightly modifying the above proof
of the ergodicity we can establish a more general fact: if

#Cn(f +myg)

lim sup max min >0

n—oo MEZ fEF, _1—F,_1 #Cn : 6(f) -

then T, is ergodic.
Now we are ready to prove

Theorem 5.5.
(i) Given p > 0, there exists a (C, F)-action T' of G such that for every finite
sequence gi,...,0r € Goo, the transformation T, x --- x T, s ergodic,

p-recurrent but not (p + 1)-recurrent.

(ii) There exists a (C,F)-action T of G such that for every finite sequence
91, 9r € Goo, the transformation Ty, x --- X Ty is ergodic and multiply
recurrent.

Proof. Part (i) is similar to that of Proposition 5.3(i). We only define (C),)n>0.
Let us enumerate all finite sequences of elements from Goo: ¢, ¢®),.... Let
g™ = (g%n), o ,gl( )) and F,,_1 — F,_1 = {fi(n_l) |i=1,...,k} with f(n Y=o,
Select dy,dy, ..., d; exactly as in the proof of Proposition 5. 3 Now we put

Ay = {J(qngﬁn) + Y j=0,...,p},
k di+--+d;—1

|_||_| L] (harng™ + Ai),

t=1i=1s=do+--+d;_1

where ¢,, and hg ¢, are integers such that the following properties are satisfied

#Cn = (p + 1)lnda

maX{HfH feFr, 1—F, 1,0#ceC, C’} E,
]| p
U U{ ” H (C —Cy )\(Ai,t - Ai,t)} N <3ip,3p) = (Z),

i=1t=1

. {na'u

1<i<k,1<t<l,

a,a' € Ajy — Aiy,a # O} <p-+0.1.
15



Denote by T the associated (C, F')-action of G. For f = (f1,..., fr) € F)_1, we let
6-(f) :==9(f1) - 0(fr). Then we have

#Cr((mg1,...,mg.))N---NCr((pmg,...,pmg,)) - 5(0)"

limsup max

n—oo O0#mMEZ #Cﬁ > (p_|_1)r7nr
c 1

lim sup max min #Cn(f + (mga, ..., mgr) > '

n—oo MEL fE€Fn-1=Fn1 #C0-(f) (p+1)rrr

It follows from Remark 2.4(i) and Remark 5.4 that T,, x --- x T} is p-recurrent
and ergodic respectively.

Since the Cartesian product of a non-(p + 1)-recurrent transformation with any
transformation is not (p + 1)-recurrent, it only remains to show that T, is not
(p+ 1)-recurrent for every g € Go. To this end just repeat the corresponding part
of the proof of Proposition 5.3 almost verbatim.

(ii) It is easy to verify that for the (C, F')-actions T" from [8, Theorem 2.13], the
ergodic transformation T, x --- x Ty is multiply recurrent. [

Remark 5.6. The interested reader may refine Theorem 5.5 by replacing the p-
recurrence and multiply recurrence properties with p-polynomial recurrence and
polynomial recurrence respectively. Another way to improve this theorem is to
arrange p-recurrence and multiply recurrence for the “whole action” T(of G,
r> 1.

6. ON TOPOLOGICAL RECURRENCE

In this section we discuss topological counterparts of the results from §2-5.

Definition 6.1 (cf. 2.1).

(i) Let p be a positive integer. A homeomorphism 7" of a topological space X
is called topologically p-recurrent if for every nonempty open subset O C X
there exists a positive integer k such that

(6-1) onT*on...nT7*0 £ 0.

(ii) If T is topologically p-recurrent for any p > 0, then it is called topologically
multiply recurrent.

Clearly, it suffices to check (6-1) only on a base of the topology. In a similar way
one can state topological analogues of Definitions 3.2 and 4.1, i.e. the concepts of
topological p-polynomial recurrence and p-recurrence of a topological action of G.

Recall that every (C, F')-action is a minimal free action of G on a locally compact
Cantor set. Analyzing the proofs of the results from §2-5 we can get immediately
topological counterparts for most of them. Actually, when establishing (measure
theoretical) p-recurrence and ergodicity we worked only with the cylinders. Every
cylinder is of positive measure and the ring of cylinders form a base of the topology.
Next, while checking the lack of (p+ 1)-recurrence we were only to show that some
intersections of subsets are of measure zero. However we proved indeed the stronger
fact that these intersections are empty. That is exactly what we need to establish
the lack of topological (p + 1)-recurrence.

Thus, as a byproduct of the proofs of Theorems 2.3 and 2.5 we may record the
following statement.
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Theorem 6.2.

(i) Let T be the (C, F)-action from Theorem 2.3. Then for every g € G, the

transformation T, is topologically p-recurrent but not topologically (p + 1)-
recurrent.

(ii) Let T be the (C, F)-action from Theorem 2.5. Then for every g € G, the

transformation Ty is topologically multiply recurrent.

In a similar way we can also ‘topologize’ Theorems 3.3, 3.4, 4.2, 4.3, 5.5. In
doing so, we have to replace the terms “rigid” and “ergodic” in the statements of
these theorems with “topologically multiply recurrent” and “topologically transi-
tive” respectively. Recall that a homeomorphism is topologically transitive if the
orbit of every nonempty open set is dense.
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