ENTROPY THEORY FROM ORBITAL POINT OF VIEW

ALEXANDRE I. DANILENKO

ABSTRACT. Inspired by [RW], we develop an orbital approach to the entropy theory
for actions of countable amenable groups. This is applied to extend—with new
short proofs—the recent results about uniform mixing of actions with completely
positive entropy [RW], Pinsker factors and the relative disjointness problems [GTW],
Abramov-Rokhlin entropy addition formula [ZW], etc. Unlike the cited papers our
work is independent of the standard machinery developed by Ornstein-Weiss [OW] or
Kieffer [Ki]. We do not use non-orbital tools like Rokhlin lemma, Shannon-McMillan
theorem, castle analysis, joining techniques for amenable actions, etc. which play an
essential role in [RW], [ZW] and [GTW].

0. INTRODUCTION

The classical entropy theory was developed for measure preserving transforma-
tions i.e. Z-actions. Afterwards it became clear that a part of this theory can be
lifted to actions of countable amenable groups. For this purpose Ornstein and Weiss
worked out in [OW] a fundamental machinery based on the combinatorial analysis
for such groups (see also [Ki] and [WZ] for an alternative approach). They proved in
particular Rokhlin lemma, Shannon-McMillan theorem, isomorphism theorem for
Bernoullian actions of amenable groups, etc. The principal obstacle for extending
other results of the classical entropy theory for Z-actions to general amenable ac-
tions is lack of a good analogue for the past-algebra of a process because of there is
no a natural “time” order on an amenable group. Thus a problem is to develop an
entropy theory without past. Glasner, Thouvenot and Weiss succeeded this partially
in a recent paper [GTW] on the Pinsker algebras of amenable dynamical systems.
To this end they used the basic machinery from [OW] and a techniques related to
joinings. Another progress was achieved by Rudolph and Weiss in [RW] where they
proved that the actions with completely positive entropy (CPE) are uniformly mix-
ing. Their exposition is also based heavily on [OW] and—rather surprisingly in this
context—on the orbit theory for amenable actions. Being intrigued by the latter
we try to understand better the significance of the orbit theory in their theorem
and in the entropy theory in general.

As it turns out it is possible to develop a purely orbital approach to the entropy
theory for amenable actions which is independent of [OW] and [Ki]. This is the
goal of the present work.

In what follows we provide an informal outline of our paper. The main body of
it consists of two parts. The first one (§2) is more abstract. The objects considered
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here are of orbital nature: a measure preserving discrete equivalence relation R and
a cocycle a of it with values in the transformation group of a Lebesque space. For a
finite partition P, we define an entropy h(c, P) of the “process” («, P) (see Defini-
tion 2.4). The entropy and the Pinsker algebra of o are now determined in a natural
way: h(a) := supp h(a, P) and I(«) := V{P | h(a, P) = 0} (Definitions 2.4, 2.5).
If « is hyperfinite, i.e. there exists a filtration (R,,),>1 of R by type I subrelations,
then h(a, P) = lim,, o0 A(c | Ry, P) (Corollary 2.7). As usual, the sign | stands
for the “restriction”. This approximation result is constantly used in our work.
Next, we demonstrate that the Pinsker algebra of « is invariant under the a-skew
product extension of the “symmetry group” of a (Corollary 2.11). Moreover, if
a is “sufficiently symmetric” then II(«) splits into the product of the entire base
o-algebra and a sub-c-algebra in the fiber (Theorem 2.12). For « recurrent (in
K. Schmidt terminology [Sc]), II(«) is the largest possible which is equivalent to
h(a) = 0 (Theorem 2.13). Next, we use the “measured” index theory of Feldman-
Sutherland-Zimmer [FSZ] to show that given a nested pair of ergodic hyperfinite
subrelations of finite index, then h(a [ §) = ind(R : S) - A(R) (Theorem 2.16).

The second part of the paper (Sections 3-6) is devoted to applications of the
results of §2 to amenable group actions. We first define a “virtual” entropy of a
process (T, P) consisting of an action T of a countable amenable group and a finite
partition P. This is h(a’, P’) for a cocycle o’ of a discrete equivalence relation and
a partition P’ which are associated to (T, P) in some special way (Definition 3.1).
We then show that the virtual entropy equals to the entropy introduced in [Ki] and
[OW] (Theorem 3.3). Being combined with the following two fundamental theorems
of the orbit theory:

(e) the orbit equivalence relation of a measure preserving action of a countable
amenable group is generated by a single transformation [CEFW],
(o) any two ergodic measure preserving transformations are orbit equivalent
[Dy],
the virtual entropy fits well to transfer many of the results of the classical ergodic
theory to general amenable actions. We realize this transfer by means of Corollar-
ies 3.4, 3.7 and Theorem 3.6 and do not use Fglner sequences and Rokhlin lemma
for amenable actions anywhere. It is worthwhile to remark that [CFW] avoids
the use of Rokhlin lemma as well. Thus our approach to the entropy theory for
amenable group actions is completely independent of [OW].

We reprove and extend the main results of [RW], [GTW] and [WZ] eliminating
from their proofs the “non-orbital” tools like Rokhlin lemma, ergodic theorems,
Shannon-McMillan theorem, castle analysis, joining techniques, etc. Since we re-
place them by more “symmetric”, “non-coordinate” orbital techniques, this leads
to shorter proofs. We list these applications as follows (see § 2 for the definitions of
the relative entropy and the Pinsker algebra).

Theorem 0.1. Let T = {Ty}sec be a measure preserving action of a countable
amenable group G on a standard probability space (Y, By,v) and € C By a factor
of T. Suppose that T is €-relatively CPE. Then given a finite partition Q of Y and
€ > 0, there is a finite subset K C G such that

#1FH<\/ Tg‘lQ‘@) — H(QG)’ <e

geF

for any finite subset F' C G with glggl ¢ K forall gy # g2 € F.
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Theorem 0.2. Let € be a factor of a G-action T. Then h(T) = h(T | €)+h(T|€),
where the first term denotes the entropy of the factor-action and the second term
denotes the €-relative entropy.

Theorem 0.3. Let T and U be free actions of countable amenable groups G and
F respectively on (Y,By,v) and € a class-bijective factor of each of these actions.
Suppose that T and U are €-orbit equivalent, i.e. they have the same orbits and for
each g € G and f € F, the subset {y € Y | T,y = Uy} is €-measurable. Then for
each finite partition Q of Y we have h(T,Q|€) = h(U, Q|€).

Theorem 0.4. Let Ay,2s, & be three factors of a G-action T with € C 241 N As.

(i) If T | YUy is E-relatively CPE and h((T | Az) | €) = 0 then Ay and Ay are
E-relatively independent.

(it) If T | 4 is E-relatively CPE then T | (Uy V ™Ag) is Aa-relatively CPE.

(iii) If Ay and Az are E-relatively independent then II((T | (A vV Ag)) | €) =
(T [ 20) | €) V(T [ %) | €).

(iv) Ay and Ay are E-relatively independent if and only if the E-relative Pinsker
algebras TI((T | A1) | &) and II((T | Aa) | €) are E-relatively independent
and

(T T (2 VA2)) | €) = k(T 1 24) | €) +h((T | 2A2) | €).

Remark that Theorem 0.1 extends the main result of [RW], where it was assumed
additionally that T is free ergodic and € is trivial. Theorem 0.2 is the Abramov-
Rokhlin entropy addition formula for amenable dynamical systems i.e. the main
result of [WZ]. Originally Theorem 0.3 was proved in [RW] in a different way as an
auxiliary statement for their version of Theorem 0.1. Theorem 0.4 extends the main
results of [GTW], where it was assumed that the actions are ergodic. Moreover, (ii)
was proved in [GTW] under an additional condition that 2; and s are €-relatively
independent. As concern to (iv), only the part “if” of this claim was demonstrated
there.

The proof of Theorem 0.1 occupies the final part of Section 3. Sections 4-6
devoted entirely to the proofs of Theorems 0.2-0.4 respectively. A background
material is contained in Section 1.

I would like to thank J.-P. Thouvenot for pointing out a gap in an earlier state-
ment of Theorem 0.4. Originally Theorem 2.13 and Corollary 5.3 were proved in
this paper for regular cocycles only. I thank M. Lemanczyk for his advice to extend
them for arbitrary recurrent cocycles.

1. NOTATION. PRELIMINARIES

Let (X,®Bx, ) be a standard probability space. Throughout this paper we do
not distinguish the objects (like subsets, maps, partitions, etc.) which agree on a
p-conull subset. The trivial sub-o-algebra of B x is denoted by 9x. Let A;,2As
and § be three sub-c-algebra of Bx and pu = [ p,d(p | §)(z) the disintegration of
pover [ §. We say that 2, and 2, are §-relatively independent if

pa (A1 N Az) = pa (A1) pa(A2)  at (u | §)-ae. x

for all subsets A; € 2y and Ay € 2As. Clearly, this implies 2%; N2As C F. The
inclusion can be strict: any two subalgebras 2} C 2; and 21, C 2, are also F-
relatively independent.
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Let Aut(X, u) stand for the group of u-preserving invertible transformations of
X. We endow it with the (Polish) weak topology, i.e. the weakest topology which
makes continuous the following unitary representation:

Aut(X, 1) 37 = Uy € UL*(X, p)),

where U, f = foy~! and the unitary group U(L?*(X, u)) is furnished with the (Pol-
ish) strong operator topology. For a sub-c-algebra € of Bx, denote by Aute (X, 1)
the sub-collection of automorphisms which preserve € invariant. Clearly, Aute (X, p)
is a closed subgroup in Aut(X, u).

Orbital background (see [FM, Sc, GoS]). Let a Borel subset R € X x X be
an equivalence relation. For z € X, we denote by R(z) the R-equivalence class
of z. Following [FM], we say that R is discrete if #R(z) < #Z a.e.. R is mea-
sure preserving if it is generated by a countable subgroup G C Aut(X, ). This
generating subgroup is highly non-unique. R is of type I if #R(x) < oo a.e. or,
equivalently, there is a subset B € Bx with #(BNR(z)) = 1 a.e. Such B is
called an R-fundamental domain. We say that R is countable if #R(z) = oo a.e..
Notice that R (which is measure preserving) is countable if and only if it is con-
servative, i.e. RN (B x B)\ D # 0 for every B € B of positive measure, where D
stands for the diagonal equivalence relation on X. R is hyperfinite if there exists
a sequence R; C Ry C ... of type I subrelations of R with Un R, = R. The
sequence (Ry)y is called a filtration of R. It follows from [Dy] that a measure
preserving discrete equivalence relation is hyperfinite if and only if it is generated
by a single transformation. The orbit equivalence relation of a measure preserving
action of a countable amenable group is hyperfinite [ Zi, CFW]. R is ergodic if every
R-invariant subset belongs to 9Mx. Any two ergodic hyperfinite measure preserving
countable equivalence relations are isomorphic in the natural sense (i.e. there exists
an isomorphism between the measure spaces which intertwines the corresponding
equivalence classes) [Dy].

Everywhere below R is a measure preserving discrete equivalence relation on
(X, Bx,u). Welet

[R] :={~y € Aut(X, ) | (z,y2) € R a.e.},
N[R] :={0 € Aut(X, ) | OR(z) = R(bz) a.e.}

for the full group of R and its normalizer respectively.
Let A be a Polish group. A Borel map «: R — A is called a cocycle if

a(z,2”) = a(z, 2 )a(z,z”)  for all (z,2'), (z',2") € R.
Two cocycles a, f : R — A are cohomologous if there is a Borel map ¢ : X — A
with
oz, 2') = ¢(z)B(x, 2" )p(z) ! for all (x,2") € RN B x B,

where B is a p-conull subset. We write a =4 3.
For a transformation 6 € N[R], we define a cocycle « o 6 by setting

aof(z,z') = a(bz,0x).
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Two cocycles «, 3 : R — A are weakly equivalent if o is cohomologous to 3 o 8 for
a transformation § € N[R]. Clearly, the cohomology and the weak equivalence are
equivalence relations on the set of A-valued cocycles of R.

A cocycle a: R — A is recurrent if for each neighborhood U of the identity 14
in A and a subset B € B of positive measure there exist a subset By € B and a
transformation v € [R] such that the following properties are satisfied: u(By) > 0,
B1U~vB; C B, vz # x and a(x,vx) € U for all z € B;. Notice that if « is recurrent
then R is conservative. Moreover, if R is conservative then every cocycle of R with
values in a compact group is recurrent. One can check easily that the recurrence is
an invariant for the cohomology and the weak equivalence.

Let (Y, 9By, v) be another standard probability space and A embedded continu-
ously in Aut(Y,v). Given a cocycle a: R — A, we associate a measure preserving
discrete equivalence relation R(c) on (X x Y, u x v) by setting (z,y) ~g () (@', y")
if (z,2") € R and vy = a(a’,x)y. Then a one-to-one group homomorphism [R] >
¥ Yo € [R(a)] is well defined via the formula

Yoz, y) = (vr, a(yz, 2)y), (z,9) € X x Y.

The transformation 7, is called the a-skew product extension of vv. The equivalence
relation R(«) is called the a-skew product extension of R.

Entropic concepts (see [Ki, Ol, OW]). Let G be a countable amenable group.
Denote by Fin(G) the set of finite G-subsets. Given K € Fin(G) and € > 0, a
subset F' € Fin(G) is called [K, €]-invariant if

#{ge F|KgCF} > (1—¢€)#F.

Let ®[K, €] stand for the collection of [K, ¢]-invariant subsets. Since G is amenable,
the collection is non-empty. Moreover,

@[Kl,Gl] M @[K2,€2] D) (I)[Kl U K27mil’l(61,62)].

Hence the family {®[K,¢] | K € Fin(G), € > 0} is a base of a filter ®, which is
called the amening filter on G.

Let T = {T,}4ec be a free ergodic measure preserving action of G on (Y, By, v)
and @ a finite partition of Y. A T-invariant sub-c-algebra € of 9By is called a
factor of T. The restriction of T to (&, v | €) will be denoted by T | €.

The €E-relative entropy of the process (T, Q) is

(1-1) hT,Q|€) = inf{#lFH( \V Tg‘lQ’€> ’F € Fin(G)}.

geF
Theorem 1.1 (cf. [Ol, RW]). h(T,Q|€) = limg #H(\/geF T, 'Ql€).

It follows, in particular, that h(7T, Q|€) = lim; . ﬁH(VgEFT; T, 'Q|¢€) for each
Fglner sequence (F});>1 in G.

Throughout this paper we use another—independent of [Ki, Ol, OW, RW]—
definition for the €-relative entropy. In fact, we need Theorem 1.1 only in the
proof of Theorem 3.3 just to show that the two definitions are equivalent. However,
for completeness we demonstrate Theorem 1.1 in Appendix. Our proof is a slight
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modification of the argument from [O]] and does not depend on the machinery from
[OW2].
The E-relative entropy of T is

hT'|€) = sup{h(T,Q|€) | Q C By}
and the E-relative Pinsker algebra of T is
I(T|¢) = v{Q C By | h(T,Q[€) = 0}.

If II(T | €) = € then T is called €-relatively CPE. We shall write h(T) and II(T)
instead of h(T' |9y ) and II(T'|My) respectively.

Class-bijective factors (see also [Da3, §1]). We say that a T-factor € is class-
bijective if for a measurable map f : Y — R with ¢ = f~(Bg), we have that f
is one-to-one on the T-orbits. Clearly if the factor-action T [ € is free then € is
class-bijective.

Given a cocycle 3 of the T-orbit equivalence relation with values in Aut(Z, k),
denote by 77 = {(T,)s}g4ec the B-skew product extension of 7. Then By @ Ny
is a class-bijective factor of T%. Conversely, if € is a class-bijective factor of an
ergodic action T then T is isomorphic to a skew product extension of T' | €.

2. ENTROPY AND PINSKER ALGEBRA FOR A COCYCLE OF A
DISCRETE MEASURE PRESERVING EQUIVALENCE RELATION

Given € > 0 and two type I subrelations 7 and S of R, we write 7 C, S if there
is a subset A C X, u(A) > 1 — ¢, such that

#{x' € S(z) | T(2") C S(x)} > (1 — )#S(x) for z € A.

Replacing, if necessary, A by (J,., S(x) we may (and will) assume that A is S-
invariant. Let Ag :={z € A| T (x) C S(z)}. The following lemma is obvious.

Lemma 2.1. The subset Ay is T -invariant, u(Ag) > 1 — 2e and #(S(x) N Ag) >
(1 — e)#S(x) for each x € Ay.
Lemma 2.2. Let R be hyperfinite and (Ry)n>1 a filtration of R. Given € > 0 and

a countable subset I' C [R] with #(T'z) < oo a.e., then for each sufficiently large n
there is an R, -invariant subset A,,, u(A,) > 1 — €, with

#{2' € Rp(z) | T2’ C Ru(z)} > (1 — €)#Rn(z) at every x € A,,.

Proof. Given f € L'(X,u) and a subrelation S C R, we denote by E(f | S) the
conditional expectation of f with respect to the o-algebra of S-invariant subsets.

We first find M > 0 and a subset B, u(B) > 1 — €2, such that Tz C Ry () for
all x € B. Clearly, E(1p | R,) — E(1p | R) as n — oo. Next, E(15|R) > 0 and
Jx E(1p|R) dp = p(B) > 1 — €*. Hence there is N > M such that for each n > N
there exists A, C X , u(A,) > 1 —¢, with

#(Rn(z) N B)

Without loss of generality we may assume that A, is R,-invariant. For each x € A,
and ' € Ry, (z) N B, we have I't! C Rp(2') = Ry(x) C Rp(z). O

E(lg | Ry)(z) = >1—¢ at all z € A,,.
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Corollary 2.3. Given € > 0 and a type I subrelation S of R, then S C. R, for
all sufficiently large n.

Let (Y,By,v) be a standard probability space, & a sub-o-algebra of By, « :
R — Aute(Y,v) a cocycle and P a finite partition of (X x Y, u x v). We consider
P as a measurable field (P;),cx of finite Y-partitions, where P, = PN ({2} x Y).

Definition 2.4. For a type I subrelation S of R, we set

(2-1) h(S,a, P|€) ::/X#Sl(:c)H< \/ a(z2)P.
z'€S(x)

and define the &-relative entropy of (o, P) as
h(a, P|€) := inf{h(S,a, P|€) | S is a type I subrelation of R}
and the &-relative entropy of « as
h(a|€) := sup{h(e, P|€) | P is a finite partition of X x Y'}.
We write h(c, P) and h(o) instead of h(a, P|9y) and h(a|MNy) respectively.
Definition 2.5. By the &-relative Pinsker algebra of o we mean
II(«|€) := V{P C Bx @ By | h(a, P|&) = 0}.

Of course II(a|€) D Bx @ €. If I(|€) = Bx @ € then « is called E-relatively
CPE.

We shall exploit constantly the following two properties of the integrand in (2-1):
it is S-invariant and less than log(#P).

Proposition 2.6. If 7 C. S then h(S, o, P|€) < h(T, o, P|€) 4 3elog(#P).

Proof. Let Ay be the subset from Lemma 2.1. We define two maps f,g: 49 — R
by setting

€> du(x),

1
f(z) = H( \/  a(z )P e)
#(S(x) N Ao) €8 (x)n Ao
1
z)i=—7—H alz, 2" )Py QE).
o) i= s (I,E\!@) (2,
Since Ag is 7-invariant, for each © € Ag there are x4, ...,z € X with S(z)NAg =

|_|f:1 7 (x;). The sign | | denotes the union of disjoint subsets. It follows that

1 !
= ISy = 2 9

=1 x' €T (x;)

1
= IEwnay 2 9

ZGS(I)OAO
=E(g| SN (Ap x Ay))(z).
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n(S,a, P|€) </AO (f (x)H< \  a(z,2)Py @))du(m)-l—elog(#P)

' €S (x)\ Ao

< / E(g| SN (Ap x Ag))du + 2¢log(#P)
Ao

gdp + 2¢log(#P)

I
\

Ao
hT,a, P|€) + 3elog(#P). O

The simplest application of this is that h(S,a, P|€) < H(P | Bx ® €).
Corollary 2.7. Let R be hyperfinite and (R,)n>1 o filtration of R. Then the
sequence h(Rp,a, P|€) converges to h(a, P|€) as n — oc.

Proof. We deduce from Proposition 2.6 that h(R,,a, P|€) decreases and hence
converges to some a > h(«, P|€). The opposite inequality follows from Corollary 2.3
and Proposition 2.6. O

Proposition 2.8. Let 0 be a transformation from N[R] and (b X — Aute(Y,v)
a Borel map. Define two finite partitions P' = (PL)zex and (P))zex of X XY by
setting Pl := ¢(x) 1P, and P! := Py-1,. The following pmpertzes are satisfied:
(i) For a cocycle B : R — Aute(Y,v) given by 8 ~4 a, we have h(§, P|€) =
h(a, P'|€).
(ii)) h(a o8, P|€) = h(a, P"|€).

Proof. Let S be a type I subrelation of R. Then

w018 = [ gt ( Vot )ot) " P Yduta)

z’'eS(x)
1
= ——H a(z, o Pg’c,>d,u T
= h(S,a, P'|€)
and (i) follows.

To prove (ii), we let 7 := (6 x 0)S. It is clear that 7 is a type I subrelation of
R and 7 (z) = 0S(6~1z) for all z € X. Hence

h(S,aoQ,P|Q‘3):/X#Sl($)H( \/ a(6x,02)P, )du()

z'€S(x)

:/X#S(;IZ)H( V  az6a) x/)du()

0z’ €T (z)
1
= H( a(z,2") Z”,)dp(z)
/X #T(Z) z'E\'Y[(z)
— W(T,a, P"|€).

Since the map & — 7 is a bijection on the set of type I R-subrelations, (ii)
follows. O
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Corollary 2.9. Let two cocycles «, 5 : R — Aute(Y,v) are cohomologous or weakly
equivalent. The following properties are satisfied:

(i) h(al€) = h(]€).
(ii) If a is €-relatively CPE then (3 so is.

Definition 2.10 ([DaG], [Dal]). A transformation § € N[R] is called compatible
with « if a0 8 is cohomologous to a.

Every transformation v € [R] is compatible with a—set ¢(z) := a(yz, z), z € X.
We let N
D(R,a) =10 | 08 =4 a},

where 6, is a p X v-preserving transformation of X x Y, defined by 04(z,y) =
(0x, p(x)y). Tt is a routine to verify that D(R,«) is a subgroup of N[R(«)].

Corollary 2.11. The &-relative Pinsker algebra of a is ﬁ(’R, a)-invariant.

Proof. Let a0 a2y . It is easy to verify that (0,P), = ¢(0~1x)Py-1, for all
z € X. ;From Proposition 2.8 we deduce that

h(a7 9¢P|€) = h(a © 9) (¢(x)Pm)meX‘€) = h(a7P|€)

Hence P € II(a|€) if and only if 4P € II(a|€). O

The following statement is an orbital counterpart of [RW, Theorem 4.10]. Here
we adapt their proof.

Theorem 2.12. If there exists an ergodic countable subgroup I' of a-compatible
transformations such that a0y = a for all v € T' then II(a|€) = Bx @ § for a
sub-c-algebra § O € of By .

Proof. Denote by §, the restriction of II(a|€) onto {z} x Y, z € X. It is well
known that the space X of sub-o-algebras of By is Polish and the map X > =z —
S+ € X is measurable. It follows from our assumption on « and Corollary 2.11 that
(v x id)§ = § and hence §,,; = §, p-a.e. for each v € I'. By the ergodicity of I’
there exists § € ¥ with §, = § a.e. Since II(«a|&) D Bx @ Ny, we deduce that
II(a|€) =Bx @F. Clearly, § D €. O

Theorem 2.13. If « is recurrent then h(a|€) =0, i.e. II(a|€) = Bx @ By.
To prove this theorem we need two auxiliary lemmas.

Lemma 2.14 [GS, Proposition 1.1, Da2, Lemma 1.5]. Let A be a Polish group, S a
hyperfinite discrete equivalence relation on (X,B, u) and o, : S — A two cocycles.
For a filtration (Sy)n>1 of S, consider two sequences of Borel maps ay, b, : X — A
such that a(x,y) = an(2)a,(y)~t and B(z,y) = by (2)b,(y)~t for all (z,y) € S,.
If an(x)by(x) ™1 converges a.e. to a map ¢ : X — A asn — oo then a =~y f.

Lemma 2.15. Let A be a Polish group and o : R — A a recurrent cocycle. Then
there exist a hyperfinite conservative subrelation S C R and a a-cohomologous
cocycle B : R — A such that 5(S) = 14.

Proof (cf. [Da2, Proposition 1.8], [GoS, Proposition 1.2]). Let (W), be a funda-
mental system of symmetric neighborhoods of 14 such that W, 1 W, 11 Wy 1 C W,
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for all n. Since « is recurrent, we apply a standard exhaustion argument to con-
struct a sequence of Borel sets (F},)p>0 such that Fy D Fy D --- and p(F,) =27"
and a sequence of Borel isomorphisms ¢, : F,,_1 \ F,, — F,, such that (z,t,z) € R
and a(z,t,z) € W,. We define inductively Borel maps T, : X — F), by setting

x for x € F,,,
Thx = .
tnln—1---17 otherwise.

Then we let S, := {(z,y) | Thz = Tny}. Clearly, S CS2 C -+ C R, #S,(z) =27
for a.e. =z € X and F,, is an S,-fundamental domain. Hence the equivalence
relation S := J,, S is hyperfinite and countable (i.e. conservative). To complete
the proof it is sufficient to show that « restricted to S is a coboundary. Notice that
a(z,y) = a(z, Tyx)a(y, Tyy)~* for all (z,y) € S, and

a(x, Tnyrx) = o, Tnyk—12) 0T k—12, tns kT k—1)
€ a(x, Thir—12)Wnik
C- - Calx, Tnx)Wyi1Wihio - Wik
C a(z, Tyz)W,.

It remains to apply Lemma 2.14 with a,(z) := a(z, Tyz) and by (z) :==14. O

Proof of Theorem 2.13. By Lemma 2.15, there exist a hyperfinite countable subrela-
tion § C R and an a-compatible cocycle 5 : R — Aute (Y, v) such that 5(S) = Idy.
If follows from Corollary 2.9 that h(«|&) = h(5|€). Moreover, for each finite par-
tition P of X X Y, we have

h(B, P|€) < inf{h(T, 3, P|€) | T is a type I subrelation of S}

and
log #P

mingex #7 ()

Since 7 is hyperfinite and countable, vrai min,ex #S,(z) — oo for any filtration
(Sn)n of S. Hence h(8, P|€) = 0 which implies A(3|€) =0. O

MT,B,P|€) = /X #%@H(Pm)du(x) <

Let R be ergodic. Then for each subrelation § in R, there exists n € NU {oo}
such that a.e. R-class consists of n different S-classes [FSZ]. This number is called
the indezx of S in R. We denote it by ind(R : S).

Theorem 2.16. Let R be hyperfinite and S an ergodic R-subrelation of finite
index. Then h((a | S)|€) = ind(R : S) - h(a|€), where o | S stands for the
restriction of a to S.

Proof. It follows from [F'SZ] that there exist an ergodic subrelation 7 in S and two
nested finite subgroups H C G in N[7T] such that:

(o) GN[T) = {1d},

(o) H contains no nontrivial normal subgroups of G,

(o) R is generated by 7 and G,

(o) S is generated by 7 and H,

(o) ind(R : 8) = #G/#H.



ENTROPY THEORY FROM ORBITAL POINT OF VIEW 11

Via the standard outer conjugacy trick one can find a filtration (7,),>1 of 7 such
that G C (,, N[7,]. Denote by R, (resp. S,) the equivalence relation generated
by 7, and G (resp. H). Then (R,)y is a filtration of R and (S,), is a filtration
of §. For a finite partition P of X x Y, we let PY := V. ea Yo1P and PH =
\/ﬂ{EH v21P. Recall that v, is the a-skew product extension of + (see §1). Since

|—|'y€G VT (x) = Uryeg T, (yr) = Ru(x), we have #R,,(v) = #G#7T,(z) and

\/ afz, 2"\ PS = \/ a(mw’)\/a(x'ﬁx')PW/: \/ a(z, )P,

z' €Ty, (x) ' €Ty (x) veG 2ER(T)

for a.e. x € X. Hence

G _ 1 / G
WTa Pole) = [ X (x)H(xle\T/(I)au,x)Px/)dmx)

mef ( V a(w,z>Pz>du(x)

zERn (x)

=#G - h(R,,a, P|€).
It follows that h(a [ 7, P¢|€) = #G - h(a, P|€). From this we deduce that

h((a | T)|€) = sup{h(a | T, P|€) | P is a finite partition of X x Y’}
= sup{h(a | T,PY|€) | P is a finite partition of X x Y}
= #G - h(a|€).

In a similar way, h((a | 7)|€) = #H - h((a [ S)|€). Hence h((a | S)|€) =
z—gh(a&), as desired. O

Definition 2.17. The fiber entropy of « is
hap (@) := sup{h(a, Mx ® Q|€) | Q is a finite Y-partition}.

We write hgp (o) instead of hap(o|9y).
Lemma 2.18. hg,(a|€) = h(a|€).

Proof. Tt is easy to verify that
h(a|€) = sup{h(a, P ® Q|€) | P, Q are finite partitions of X and Y respectively}.
For a type I subrelation S of R, we have

h(S,a,(P@Ny)V(Nx @ Q) | €) =h(S,a,Nx @ Q|€)

and hence h(o, P ® Q|€) = h(a,Nx ® Q|€). O
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3. RELATIVELY CPE-ACTIONS ARE UNIFORMLY RELATIVELY MIXING

In this section our main goal is to prove Theorem 0.1 without the basic machin-
ery developed in [OW]. For this we first provide a new definition for the relative
entropy of a process which is well suited for the techniques from §2. We shall show
that this definition is equivalent to the standard one given in §1. An important
Theorem 3.6 establishes a connection of the orbital concept h(a, P|€) with the
classical conditional entropy of a transformation (i.e. Z-action).

Everywhere below G is a countable amenable group and Gx X 3 (g, z) — gz € X
a free G-action which generates R. It follows that R is hyperfinite and conservative.
Given a type I subrelation & C R, let a subset B C X be an S-fundamental
domain. Then there is a measurable map B 3> z — G, € Fin(G) such that
Gyr = S(r) and hence X = || .5 G,z. Since Fin(G) is countable, we obtain
that X = | |;|l,cq, 9Bi for a countable family G; € Fin(G) and a decomposition
B = ||, B; with G,z = S(z) at all x € B;. We shall write S ~ (B;,G;). Of course

h(S, o, P|€) = ZZ/ = (,\/ o(z,2)P, )du()

i geG; z’'€S(x)

72/ ( a(z, g) Py

Definition 3.1. Let T be an action of G on (Y,By,v), € a factor of T and Q a
finite partition of Y. We define the virtual €-relative entropy of the process (T, Q)
as ?L(T,Q|@) = h(Br,Nx ® Q|¢), where B : R — Aute(Y,v) is a cocycle given
by Br(gz,x) = Ty.

Since there are plenty of free G-actions generating R, the cocycle [Br is not
determined uniquely by (7,Q). Hence we need to verify that h(T,Q|€) is well
defined.

Proposition 3.2. Let {Uy}gec and {U,}yec be two free G-actions on (X, Bx, )
such that {Ugz | g € G} = {Uyz | g € G} = R(x) for a.e. x € X. Define two
cocycles 3,3 : R — Aute(Y,v) by setting

(3-1)

ez) dp(z)

B(Ugz,x) = B'(Uyz,z) =T,, g€G, € X.

Then h(B,MNx ® Q|€) = h(3',Nx ® Q|€).

Proof. Denote by S the equivalence relation on (X x X, u x u) generated by the
diagonal G-action {U, x U;}geg. Clearly, S is measure preserving and hyperfinite.
Let ay,ay : R — Aut(X, p) and Br : S — Aute(Y,v) be cocycles defined by

ay (U, x) := Uy,
ay (Ugz, x) == Uy,
Br(Ugz, Uz’ x,2") =T,
for all g € G, z,2’ € X. Tt is easy to see that S = R(ay/) = ocR(ay)o, where

o: X xX — X x X is the flip, i.e. o(z,2’) = (2/,2) (we refer the reader to
§1 for the definition of the skew product extensions R(ay+) and R(«y)). Hence
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if (Rp)n>1 is a filtration of R then (R,(ay/))n>1 and (R, (ay)o)p>1 are two
filtrations of S. It is easily verified that
h(Rn(aw), Br, Mxxx @ Q|€) = h(Ry, 3, Nx @ Q|€),
h(oRn(av)o, Br, Nx xx @ Q|€) = h(Rn, 3, Nx @ Q|€).

Passing to the limit we obtain

h(Br, Nxxx ® Q€) = h(F,Nx ® Q[€). O

Theorem 3.3.

(i) h(T,Q|€) = h(T,Q|e),
(ii) h(T|€) = h(Br|€).

Proof. (i) By Theorem 1.1, for each € > 0, there exists €/, 0 < € < ¢, and a finite

subset K C G with
1 -1
_— Q _ TQQ‘E
‘#1 < ‘) " )’
€F

g
for every [K,¢'|-invariant subset F C G. Let (R,)n,>1 be a filtration of R and
R, ~ (B n), E" ). By Lemma 2.2, for each sufficiently large n there is a subset
A, C X, u( n) >1—¢, with

(3-2) #{r' e Ro(z) | K’ CRu(2)} > (1 — €)#Ry(2) at all z € A,,.

Since A, is Ry-invariant (by Lemma 2.2), A, = | |,c, G ™ for some subset
J C N and a family of measurable subsets C(n) C B(”) with M(C(n)) > 0. We
deduce from (3-2) that Gin) is [K, €']-invariant for each ¢ € J. Hence

h(Ron, Br, Nx ® Q|€) :/ +/X\A

XLV

JjeJ

g‘lQ’€> du(x) + € log(#Q)

G
= (R(T, Q|€) £ €)u(Ay) + elog(#Q).

Passing to the limit we obtain E(T Q|€) := h(fr, Nx @ Q|€) = h(T, Q|€).
(ii) follows from (i) and Lemma 2.18. [

Remark that Theorem 3.3(i) provides once more proof of the fact that the virtual
¢-relative entropy is well defined.

Corollary 3.4. If the centralizer C(G) of the G-action in Aut(X,u) is ergodic
then II(Or|€) = Bx Q II(T|€). Hence Pr is E-relatively CPE if and only if T so
is. (Recall that G is embedded into [R] C Aut(X, u).)

Proof. Since C(G) C N[R] and SBr(yz,vgz) = Br(z,gz) a.e. for each v € C(G)
and g € G at a.e. x € X, it follows from Theorem 2.12 that II(fr|€) = Bx @ F for
a sub-g-algebra § C By . Hence a finite Y-partition @ is §-measurable if and only
if Nx ®Q is II(Br|E)-measurable, i.e. when h(8r,MNx @ Q|€) = 0. By Theorem 3.3
the last is equivalent to (T, Q|€) =0, i.e. Q is II(T|€)-measurable. O
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Corollary 3.5 (Entropy of a subgroup action). Let H be a subgroup of finite
indez in G. Then h(T'(H)|€) = #(G/H)h(T|€), where T(H) ={T,}gecn-

Proof. Let R be generated by a Bernoullian G-action. Denote by S the H-orbit

subrelation. Then R is hyperfinite, S is ergodic and ind(R : S) = #(G/H). Let

Or : R — Aute(Y, v) be the cocycle determined in Definition 3.1. By Theorem 2.16,
B((Br 1 8)|€) = ind(R : ) - h(Br]€)

and we deduce from Theorem 3.3 that h(T(H)|€) = #(G/H) - h(T|€). O

Theorem 3.6. Let~y be a transformation generating R and vy, stand for the a-skew
product extension of y. Then h(a, P|€) = h(Ya, P | Bx ® €).

Proof. Let ¢ be an ergodic transformation on a standard probability space (Z, k)
with the pure point 2-adic rational spectrum. Denote by S the (§ X )-orbit equiv-
alence relation on Z x X. Let 0 : Z x X — X x Z stand for the flip. We have that
S = o0 'R(B)o for the cocycle 3 : R — Aut(Z, k) given by (y"z,x) = 6", n € Z.
Since R is conservative, vy is aperiodic and hence 3 is well defined.
Now we define a cocycle 1 ® a: S — Aute (Y, v) by setting
1®a((z,2), (2, 2") = a(z, ).
If (Ry)n>1 is a filtration of R then (67'R,,(8)0),>1 is a filtration of S. Hence

h(1® o, Nz @ P|€) = lim h(c™'R,(B)0,1® a, Nz @ P|€)
= lim h(R,,a, P|€) = h(a, P|€).

n—oo

On the other hand, it follows from the assumptions on 4 that there is a sequence
A; C Ay C ... of measurable subsets of Z such that Z = L]ZQ:L(; ! 5t A,, for each
n > 1. Hence Z x X = L]?:gl(é x 7)¢ (A, x X). Notice that x(A,) = 27". Denote
by S, the type I subrelation of S such that

Sn~ (A x X, {(6xy) |i=0,...2" —1}).
Clearly S C S, C ... and |J,, S, = S. Since

h(l®a,MNz @ P|€) = nh—>n;o h(Sn,1® a, Nz ® P|€),

we deduce from (3-1) that

2" -1
h(Sn, 1 ® a, Nz @ P|€) = / H( \ a(z,y'z)Py, €> dp(z)dp(x)
A, xX i=0
1 2" -1 '
= /X 2nH< \/ a(z,y'z)Pyig @)du(z)
i=0

2" —1

1 —i
- 2nH(\_/O va P’%X@;e).

Hence h(1 ® a, Mz ® P|€) = h(Ya, P | Bx ® €). O
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Corollary 3.7. h(a|€) = h(74|Bx @ €) and H(a|€) = (v, | Bx @ €). Hence «
is E-relatively CPE if and only if Yo is (Bx & €)-relatively CPE.

The above two statements (3.6 and 3.7) will be extended later in the general
setup of amenable group actions.

Recall a concept from [RW]. Given two finite subsets K and F of G, we say that
Fis K-spread if g1g; ' ¢ K for any g, # g2 € F.

Theorem 3.8 (cf. [RW, Theorem 2.12]). Let « be €-relatively CPE. Given € > 0,
then there exists a finite subset K in G such that for each finite K-spread subset
FCQaG,

< €.
1

1
H#FH< \/ a(x, gz)Pyy
geF

QE> - # > H(Pyal€)

geF

Proof. Let v be a generator of R. Since #R(x) = oo a.e., v acts freely. Given
x € X, we define a linear order >, on R(z) by setting v >, w if v = y"w for some
n > 0. By Corollary 3.7, 74 is (Bx ® €)-relatively CPE. Since (,,, ;= Yo "P C
II(7y,) (see [RoS]) and II(v,) C II(74|Bx ® €) = Bx @ €, it follows that

ﬂ(\/ %"PV(‘Bx@@)) =By ®CE

m NM>m

and therefore H(P, | \/,s,, a(x,y'z)Pyi, V €) — H(P,|€) a.e. as m — oo. Hence
for some n > 0 there is a subset B, u(B) > 1 — €2/2 with

H <P$

\/ ax, 2 )Py V (’3) > H(P,|€) — elog(#P) for all z € B.

’ n
T 2y

Choose K €Fin(G) “large” so that {vyz,...,v"z} € Kz for all z from a subset
A C X with u(A) > 1—€2/2.

Now given a K-spread subset F' € Fin(G), we furnish F' x X with the product
of the counting measure on F' and g on X. Then the measure of the subset

{(g,x) e Fx X |gxr € ANB} = U{g}xg_l(AﬁB)
geF

is greater than (1 —e?)#F. From this and Fubini theorem we deduce that there is a
subset C C X, u(C) > 1 —¢, and a measurable map C' > z — F,, C F with #F, >
(1—¢)#F and Fyo C ANB for all x € C. Since F (and hence F);) is K-spread, for
any two (distinct) points v and w of F,x we have w ¢ Kv D {vyv,...,y"v}. Thus
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if w >4 v then w >, y"v. Hence for x € C,

H(\/ a(z, gz) Py, Q‘S) > H( \/ a(z,z") Py (’3)
geF z'eF,x

= Z H(ax ') Py \/ a(m,z)PZ\/QE>
' eEF,x Fpx3z2>,a'

> Z H(Px, (x',z)PZ\/(’f)
x'€EF,x

> (H (Pz/le)—elog(#P))
x'eF,x

> Y H(Pw|€) — (#F + #(F \ F,))log(#P)
z'eFx

> Y " H(Pya|€) — #F - 2€log(#P).
geEF

On the other hand, H(V cpa(x,92)Pys|€) < 37 g H(Pyz|€) for each z € X,
and we conclude immediately that

/‘ <€F (@, gz) Pya

€) - X (Pl (o)

geF

< / 2log(#P)dp + 2elog(#P) < 4elog(#P).
x\C

This is equivalent to the statement of the theorem. [

Proof of Theorem 0.1. Let us assume that R is generated by a Bernoullian G-action.
Then R is ergodic, G acts freely and its centralizer is ergodic. We define a cocycle
Br : R — Aute(Y,v) like in Definition 3.1. By Corollary 3.4, O is €-relatively
CPE. It remains to apply Theorem 3.8 with o := By and P :=Nx ® Q. O
4. ABRAMOV-ROKHLIN ENTROPY ADDITION FORMULA
Let t € Aut(X,Bx,n). Given two t-factors 2 C §F and two finite X-partitions
P and @, it follows from the classical Pinsker formula that

h(t, PV Q) = h(t, Q) + h(t, P2V Q™),

where Q> =V, t'Q. First taking the supremum over all §-measurable @ and
then over all arbitrary P, we obtain

(4-1) h(t[4) = h((t | §)[A) + h(t[T).
Proof of Theorem 0.2. Let R be generated by a free G-action and a transformation
~ stand for an—aperiodic—generator of R. We define two cocycles o : R —

Aut(Y,v | €) and fr : R — Aut(Y, v) by setting

a(gm,x) = Tq f @, ﬁT(gx,x) = Tq
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for all zx € X, g € G. Tt follows from Theorems 3.3(ii), 3.6 and (4-1) that
MT) = h(Br) = h(yp, |Bx ® Ny)
=h((vpr [ Bx @ €)|Bx @Ny) +h(ys,[Bx @ €)
=h(7a|Bx ® Ny) + h(ys,|Bx ® €)
h(al%x ®@Ny) + h(Br[Bx @ €)
R(T | &)+ h(T]€). O

5. FACTOR ORBIT EQUIVALENT ACTIONS HAVE THE SAME RELATIVE ENTROPY

In this section we prove Theorem 0.3. Moreover, as promised, we extend Theo-
rem 3.6 and Corollary 3.7 to actions of arbitrary countable amenable groups.
Let (Z,%B 7, k) be a standard probability space and § a sub-c-algebra of B .

Theorem 5.1. Let T be an action of G on (Y,v) and 8 a cocycle of the T-orbit
equivalence relation with values in Autz(Z, k). Then

h(B, P|§) = h(T°, P | By @ §)
for each finite partition P of Y X Z.

Proof. Assume that R is the orbit equivalence relation of a free G-action like in § 3,
4. We define three cocycles fr : R — Aut(Y,v), 5/ : R — Aut(Y x Z,v x k) and
1® 0 :R(a) — Aut(Z, k) by setting

ﬂT(Ql‘,l’) = Tgv ﬂ’(gz,x) = (Tg)57 (1 ® ﬂ)((gIaTgy)a (l‘,y)) = B(Tgy7y)
forallz € X,y € Y,g € G. Let v be a generator of R with h(y) < co. It is routine
to verify that vg = (78, )10 We deduce from Theorems 3.3, 3.6 that

h(TP,P|By @F) =h(f, Nx @P | By @)

e
h(vg, Nx @ P | Bx @ By QF)
= h(
= h(

(’YﬁT)1®ﬁ7mX®P|%XXY®S)

Corollary 5.2. h(B8|3) = MT?|By @F) and T(B|F) = T(T? | By @F). Hence 3
is §-relatively CPE if and only if T? is (By @ §)-relatively CPE.

From this and Theorems 0.2 and 2.13 we deduce
Corollary 5.3. If (3 is recurrent then h(T?) = h(T).

Corollary 5.4. Let T and U be actions of countable amenable groups G and F
respectively on (Y,v). Suppose that they have the same orbits, i.e. generate the
same equivalence relation, say S. Then for each cocycle B: S — Autz(Z, k) and a
finite partition P of Y x Z, we have

WTP, P | By ®F)=h(U’,P|By ®F),
where T? and UP are the (B-skew product extensions of T and U respectively.
Proof of Theorem 0.3. Since € is class-bijective, each of the actions T and U is iso-
morphic to a skew-product extension of the factor-action. Moreover, since T and U
are €-orbit equivalent, the factor-actions have the same orbits and the correspond-

ing extending cocycles are identical. Hence we may apply Corollary 5.4 (with §
trivial). O
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6. RELATIVE INDEPENDENCE, PINSKER ALGEBRAS AND
ENTROPY ADDITION FORMULA FOR AMENABLE ACTIONS

Our purpose here is to prove Theorem 0.4.

Lemma 6.1. Let vy be a transformation of (X, Bx,p) and B1,Bo, § three factors
of v with § C B1 N Ba.
(i) If v | By is §-relatively CPE and h(vy | B2 | §) = 0 then B1 and By are
§-relatively independent.
(ii) If v | B1 is F-relatively CPE then v | (B1 V Ba) is Bo-relatively CPE.
(iii) If B1 and By are F-relatively independent then II(y [ (B1 V Ba) | §) =
I(y [ B [ §) VIIy [ B2 | F).
(iv) B1 and By are F-relatively independent if and only if the Pinsker factors
(v [ B1 | ) and II(y | Bz | §) are F-relatively independent and

Ry [ (B1VB2)|F)=h(y]B1|F)+h(y]B2]3).

Proof. (i) This is a relative version of the disjointness theorem of Pinsker [Ro,
§13.2]. It can be demonstrated in the same way as there. We remark also that (i)
follows from (iv).

(ii) and (iii) follows easily from the relative Rokhlin-Sinai theorem about equiv-
alence of the CPE-property and the K-property.

(iv) An absolute version—for § trivial—was proved in [Be]. The relative version
can be demonstrated in a similar way. Remark that the ergodicity assumption in
[Be] is not essential and can be omitted. O

Proof of Theorem 0.4. Let G x X 5 (g,x) — gx € X be a Bernoullian action of
G on (X, p) and R its orbit equivalence relation. We let 3 = 2; V s and define
four cocycles Br, (1, B2, B3 of R by setting

ﬂT(gx7x):Tg7 ﬁl(gx7x):Tg rmlv 7’21773

Let a transformation 7 generate R. It is clear that vg, = v5, | (Bx @A),
i=1,...,3.

(i) By Corollary 3.4, Theorem 3.3(ii) and the assumptions of the theorem, (;
is &-relatively CPE and h(B2 | €) = 0. It follows from Corollary 3.7 that the
transformation ~g, is (Bx ® €)-relatively CPE and h(yg, | Bx @ €) = 0. We
deduce from Lemma 6.1(i) that Bx ® A; and Bx ® Az are (Bx @ €)-relatively
independent. It follows that 2, and 2, are &-relatively independent. Remark also
that (i) follows from (iv).

(ii) Since v, is Bx @ E-relatively CPE, we deduce from Lemma 6.1(ii) that vz,
is (Bx @ Az)-relatively CPE. It follows from Corollaries 3.4 and 3.7 that T' [ 3 is
As-relatively CPE.

(iii) We deduce from Corollaries 3.4, 3.7 and Lemma 6.1(iii) that

By @IT [ (A1 VRA2) [ €) =TI(yp,[Bx @ €)
= (s Bx ® €) VII(ys|Bx ® €)
=BxQINT 12 | €)V(Bx (T [ Az | €))
=Bx @ (IIT [ | €) VIIT | A | €)).

(iv) is proved via the same trick with 3.4, 3.7 and 6.1(iv). O
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APPENDIX: PROOF OF THEOREM 1.1

We define a function f : Fin(G) — R by setting f(A) = H(\/,cx Ty ' P|€).
Clearly,

(A-1) f(Ag) = f(A),
(A-2) f(AUB) + f(ANB) < f(A) + f(B),
(A-3) f(A) < #A-H(P|€)

for all A, B € Fin(G) and g € G. It is enough to prove that

— f(4) _
(A-4) hén ry (T, P|€).

The inequality “>” in (A-4) is obvious. To prove “<” we demonstrate first that f
is subadditive, i.e. if 14 = >, a;14; for some A, A; € Fin(G) and positive a; then

(A-5) f(A) < Z a; f(4Ay).

Enumerate the atoms of the partition of A generated by (A,); and denote by K;
the union of the first ¢ atoms. Then

V=Ko CK G- CK,=A

for some n € N. Moreover, it is easy to see that if (K; \ K;—1) N A; # 0 for some
i,7 then K; = K;_1 U (4, N K;). It follows from this and (A2) that

(A-6) FUG) = f(KG-1) < f(K N Aj) — f(Ki—1 N Ay).

Select elements k; € K; \ K;—1,7=1,...,n. Then

= Z(Z alej(ki)> (f(K;) = f(Ki-1))
=Dy 37 L, (k) (F(E) = F(Ki)
(A-6) n
< Doy 3 L, (R (FU N A7) = f(Kimi 0 Ay)
= Zajf(AJ))

as desired.
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Next, given € > 0, we select B € Fin(G) such that % < h(T,P|€) + €. In

view of (A-1) we may assume without loss of generality that B 5 1. Take any
A € §[B,€]. Since 14 = #% ZBQQA#A 1Bgna, we have

(A-5) 1
< #B Z f(BgnA)
BgnNA#0D
1 1
ey Z f(BgﬂA)‘f‘% Z f(BgnA)
BgCcA BgnNA#0Q,
BggZ A

(A-1)
(Aé_g) #{gc A|BgC AYf(B)+#{g| BgnA#0,Bg ¢ AYH(P|€).

Hence

% < (1= ¢)f(B) + e#B- H(P|€) < (1 - ¢)(h(T, P|€) +¢) + e#B - H(P|€).

This implies Timg L4} < h(T, P|€). O
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