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ABSTRACT. The orbit equivalence of type I1Iy ergodic equivalence relations is con-
sidered. We show that it is equivalent to the outer conjugacy problem for the natural
trace-scaling action of a countable dense R-subgroup by automorphisms of the Radon-
Nikodym skew product extensions of these relations. A similar result holds for the
weak equivalence of arbitrary type I1Iy cocycles with values in Abelian groups.

0. INTRODUCTION

In 1973 M. Takesaki made enormous progress in understanding the structure
and classification of von Neumann algebras. He demonstrated that every type I11
factor is isomorphic to the cross product of a type 1., von Neumann algebra by
an R-action scaling the canonical trace [Ta]. Moreover, two type I11 factors are
isomorphic iff the corresponding R-actions are conjugate. This result proved to be
extremely important not only for classification of von Neumann algebras but also for
the orbit equivalence of measured nonsingular actions (for a detailed discussion on
the interplay between ergodic theory and operator algebras we refer to the surveys
[Mo] and [Sc2]). Our objective here is to find a measure theoretical analogue of the
Takesaki theorem.

Given a type 111 ergodic countable transformation group I acting on a standard
probability space (X,Bx, u), we consider the skew product extension I' = {7}, ¢er
of I acting on the product space X x R as

Y(z,y) = (y2,y + log i

If we furnish R with the measure A, dA(t) = exp(—t)dt, then I is infinite measure
preserving. Since the natural R-action V' = {V(¢)}+cr on X x R by translations
along the second coordinate commutes with f, it induces an R-action on the space
of f—ergodic components. This new action is called the associated flow of I'. Notice
that I and V are analogues of the type I1,, algebra and the R-action scaling the
trace respectively in the Takesaki structure theorem. The associated flow is then
the restriction of the flow of weights for the cross product to the center of the type
11, subalgebra.
Let Ry be a countable dense subgroup of R.
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Theorem 0.1. LetI'y,I's be two transformation groups as above acting on standard
probability spaces (X1,Bx,,p1) and (Xa,Bx,, pe) respectively. Then the following
are equivalent:

(i) Ty and 'y are orbit equivalent,

(ii) there is a measure space isomorphism 6 : X7 x R — Xo X R such that
O(T'12) =T20(2) and O(V1(t)z) € ToVa(t)0(2) for a.e. z € X1 X R and each
t <€ Ry.

Remark that the implication (i)==-(ii) is trivial and the condition (ii) implies

(iii) the associated flows of I'; and I'y are conjugate.
In general, the implication (iii)==(i) does not hold. To see this, take for instance
I'y amenable and set I'y := I'y x I's, where I'3 is a Bernoullian—finite measure
preserving—action of a nonamenable group. However, if I'y and I'; are both
amenable then by the Krieger theorem [Kr] (iii) <= (i) and Theorem 0.1 follows.
Hence our result can be regarded as a step toward extending Krieger’s theorem to
the non-amenable case via the ideas embodied in Takesaki’s theorem.

We remark also that Theorem 0.1 is only a partial analogue of the Takesaki’s
theorem since—at this stage—we are unable to settle the following conjecture:

T is orbit equivalent to the action generated by I' and V (Ry).

Clearly, it is true in the amenable case by the Krieger theorem.

Theorem 0.1 can be generalized naturally to the general setup of cocycles with
values in locally compact Abelian groups. We find it more convenient to use orbital
concepts like equivalence relation, orbital cocycle, etc. instead of their dynamical
counterparts: action, dynamical cocycle, etc. respectively. Let GG be a locally
compact second countable Abelian group and Gy C G a countable dense subgroup.

Theorem 0.2. Let R; be an ergodic discrete equivalence relation of infinite type on
a standard probability space (X;,B;, ;) and o; : R; — G a recurrent cocycle with
7(ay) = {0,000}, @ = 1,2. Denote by R;(c;) the a;-skew product extension of R;
and by F; the equivalence relation on X; x G generated by R;(c;) and the Gy-action
by translations along the second coordinate. Then the pairs (R1,a1) and (Ra,as)
are weakly equivalent if and only if there exists a measure space isomorphism 6 :
X1 X G — X9 X G such that the following are satisfied:

(a) (0 x6)F; =F, mod 0,
(b) (9 X 9)(R1(&1)) = RQ(OZQ) mod 0,
(c) the Fi-cocycles a; @ 1 and (ag ® 1) 0 0 are cohomologous.

We refer the reader to §1 for the definition of the weak equivalence and to §2(just
before the proof of Theorem 2) for the definition of «; ® 1. Remark that R;(a;)
needs not to be of type Il,,. Hence to make the analogy with Takesaki’s theorem
more apparent one needs to replace «; by the double cocycle o; ® p,,, with values
in G x R, where p,, is the Radon-Nikodym cocycle of R;. Then R;(o; ® py,) is
of type I1,. The hypotheses of Theorem 0.2 hold for the double cocycles. For R;
hyperfinite, Theorem 0.2 (with the double cocycles) follows from [BG], where an
appropriate extension of Krieger’s theorem was proved.

Originally the second named author proved Theorem 0.1. After reading his
manuscript the first named author wrote a different (shorter) proof. It works in
the general case (Theorem 0.2) and appears here.



1. PRELIMINARIES

Let R be a discrete (countable) Borel equivalence relation on a standard measure
space (X,B, u) (see [FM]). R is called nonsingular if the R-saturation of every pu-
null subset is also p-null. It is ergodic if every R-saturated subset is either p-null or
p-conull. Tt is well known that every p-nonsingular (ergodic) countable equivalence
relation is generated by a nonsingular (ergodic) action of a countable transformation
group [FM]. R is hyperfinite if it is generated by a single transformation i.e. by a
Z-action). We denote the trivial—diagonal—equivalence relation by D.

A Borel map o : R — G is a cocycle of R if there is a p-conull subset A C X
with

alz,y) + oy, z) = a(z, 2)

for all x,y,z € A with z ~g y ~g 2. Let Kera := {(z,y) € R | a(z,y) = 0}. Tt is
easy to see that Ker a is a subrelation of R. Let I' be a countable transformation
group generating R. The Radon-Nikodym cocycle p, : R — R of R is given by
pulx,yz) = log dfi‘%(x), xre X, yel.

Two cocycles «, B : R — G are cohomologous if there is a u-conull subset A with

a(r,y) = —¢(z) + B(z,y) + 6(y)

for all (z,y) € RN (A x A). We denote this by a ~4 (.

An element g of the one-point compactification G* of G is an essential value of
« if for every neighborhood U of g in G* and every pair of subsets A, B C X of
positive measure, there exists a subset A" C A of positive measure and a measurable
map v : A’ — B such that (z,7yz) € R and a(x,yx) € U for all z € A’. The set of
essential values of « is denoted by 7(a). If 7(p,,) = {0, 00} then R is of type I11.

We associate to a a nonsingular equivalence relation R(a) on the product mea-
sure space (X x G, u X Ag) by setting

(2,9) ~R(a) (@', 9") <= (z,2') e R and ¢’ = g+ a(z,2’).

Here \g stands for a Haar measure on G. « is called transient if R(«) is of type I,
i.e. the corresponding R(«)-orbit partition of X x G is measurable. Otherwise «
is recurrent. If U is a neighborhood of 0 in G such that a(RN (A x A))NU = {0}
for a p-conull subset A then « is called U-lacunary.

Let R; be a nonsingular equivalence relation on a standard probability space
(Xi,Bx,, i) and o; : R; — G a cocycle, i = 1,2. The pairs (R1, 1) and (Ra, az2)
are weakly equivalent if there is a measure space isomorphism 6 : X; — X5 such
that (0 x )R; = R2 mod 0 and «; is cohomologous to the cocycle ay 0 given by

azol(x,y) = a(bz,0y), (z,y) € R.

Let A; C X; be a subset of positive measure. Denote by (R;)4, := R; N (A; x A;)
the induced equivalence relation on (A;,Bx, [ A;,u [ A;). It is well known (see
[Scl], [BG]) that if Ry and Rs are of infinite type (i.e. not of type II;) and the
induced pairs ((R1)a,,@1) and ((R2)a,,a2) are weakly equivalent then (Ry,aq)
and (Rq, ag) are also weakly equivalent.



2. PROOFS OF THE MAIN RESULTS
Here we prove Theorem 0.2 and deduce Theorem 0.1 from it.

Proposition 2.1 (cf. [GS, Proposition 1.2] and [Da2, Proposition 1.6]). Let R be
a hyperfinite ergodic equivalence relation on (X,B,u) and o : R — G a cocycle.
Then for a neighborhood U of O in G, there exists a cocycle 3 of R such that B ~ «,
B(R) C Gy and B(x,y) — alz,y) € U for all (z,y) € R.

Proof. Since R is hyperfinite, we may assume without loss of generality that X =
(Z/2Z)N, Bx is the product Borel structure on X and R is the tail equivalence
relation on X, i.e. two points z = (z,),y = (yn) of X are R-equivalent if x,, = y,
eventually. Let 7 be the left shift map on X:

m(z1,T2,...) = (T2, T3,...).

By [Go, §1, Theorem 2] and [Scl, Theorem 9.1], there is a sequence of Borel maps
an : X — G such that

a(z,y) = (an(7"z) — an(7"y)).

Take a sequence (Uy,),>0 of symmetrical neighborhoods of 0 in G such that U, +
Up CUp-1,Up+Uy C U and (N, U, = {0}. There are Borel maps b, : X — Gy
such that b,(z) — a,(x) € U, for all z € X. We define a cocycle § : R — G by
setting

B(x,y) := D (bn(7"x) = bu(7"y)).

Clearly, B(R) C Gg. Next, for each N € N we have

Y (bu(r"z) = ap(7"w) = bu(7"y) + an(x"y))

N N
CZ(Un—Un)CZUn71CUo+U()CU.

n=1 n=1

Hence a(x,y)—B(x,y) € U for all (z,y) € R. We define a Borel map ¢ : X — G by
setting ¢(z) := Y o~ (by(7"x) — a,(7"x)). It is easy to see that ¢ is well defined.

Clearly, a ~4 8. U

Corollary 2.2. If « is lacunary then there exists a lacunary cocycle 3 such that
~a and B(R) C Gy.

Denote by 7 the orbit equivalence relation for the natural Gg-action on (G, Ag)
by translations. Clearly, 7 is ergodic and hyperfinite. Recall the notation from the
statement of Theorem 0.2. The equivalence relation on (X; X G, u; X Ag) generated
by Ri(a;) and D ® 7 is denoted by F;. Clearly, it is ergodic. The cocycle a; ® 1
of F; is defined by

a; @ (2, 9), (¢, ")) = ai(x,2").
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Proof of Theorem 0.2. The part “only if” is obvious. In what follows we prove the
converse.
Since T(a;) = {0, 00}, it follows from [Sc, Theorem 7.22] that there are:

— a measure space projection m; of (X;,Bx,, i;) onto a standard probability
space (Y;, By,, v;),

— an (ergodic) v;-nonsingular equivalence relation Q; on Y; such that (m; X
mi)Ri = Q; mod 0,

— a transient lacunary cocycle g; : @Q; — G such that the cocycle «; := 3; om;
is cohomologous to a;.

Since f; is transient, Ker ; is a type I subrelation of Q;. Passing, if necessary, to
the (Ker §;)-ergodic decomposition we may assume without loss of generality that
Ker (3; is trivial. Since 3; is transient and G is Abelian, Q is hyperfinite by [FHM,
Corollary 7.11]. Hence we may apply Corollary 2.2 to the pair (Q, ().

Let S; := Kerq;. Since q; is cohomologous to «;, it is also recurrent. Hence
S, is conservative, i.e. the corresponding conditional measures on the S;-ergodic
components are non-atomic. Therefore these components are isomorphic as measure
spaces to a standard probability space (Z;,B z,, k;) with x; non-atomic.

Summarizing the above we may assume that the following are satisfied:

(1) (Xl,,ul) = (Zz X Y;‘,/{i X I/i).

(2) mi(zi,y:) = y; for all (z;,y;) € X;.

(3) m; is the S;-ergodic decomposition of X;.

(4) There is a neighborhood U of 0 in G such that 3; is U-lacunary.
(5) Bi(Q) € Go.

Next we notice that the properties (a)—(c) hold if we replace «; by a;, i = 1,2.
Hence by (c) there is a measurable map ¢ : X; x G — G such that

Let V be a neighborhood of 0 in G with V-V C U. Take a Borel subset A; C X; xG
of positive measure and an element g € G with ¢(A;) C g+ V. Then it follows
from (2-1) that

(2-2) (g ®1)o—a;®1eU everywhere on (F1)a4, -
Since Ker (a; ® 1) =S; ® 7 by (4), we deduce from (a) and (2-2) that
(2-3) Ox0)((S1®T)a,) =(S2®7T)a,,

where As := 0A;. The property (b) with &; instead of «; yields

(2-4) (0 x 0)(Ri(a1)a,) = (Ra(az2))a,-

Since (S; ® 7;) N Ri(a;) = S; @ D, we deduce from (2-3) and (2-4) that
(0 x 0)(S1®D)a,) = (S2®D)a4,.

Hence 6 intertwines (S; ® D) 4,-ergodic components with (Sz ® D) 4,-ergodic com-

ponents. We set B; := {(y;,g9) € Vi x G | k({2 | (zi,vi,9) € A;}) > 0}, i = 1,2.

Then there is a measure space isomorphism 1 : By — By such that the diagram
Al L A2

(2_5) 7|'Y1><Gl lﬂygxc

B1—>BQ
s
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commutes, where Ty, « is the natural projection onto Y; x G, 7 = 1,2. Of course,
(Ty,xa X Ty, xc)(Si®@T)=DRT.

Then it follows from (2-3) and (2-5) that
WOxN(DeT)g,)=(DRT)s,.

Hence 9 intertwines (D ® 7)) p,-ergodic components with (D ® 7) g,-ergodic com-
ponents. Weset C; :={g €Y | \a¢({g € G | (y,9) € A;}) > 0}. It is easy to see
that the natural projection 7y, : B; 3 (y,g) — y € C; is just the (D® 7T ) p,-ergodic
decomposition. Hence there exists a measure space isomorphism v : C; — C5 such
that the diagram

BlLBQ

(2-6) ™ | [

C1—>CQ
¥

commutes. We deduce from (2-5) and (2-6) that 6 has the following form:

(2-7) 0(z,y,t) = (Gt (2), ¥(y), 7y (1)) for a.e. (z,y,t) € Ay,

where (Cy.t)(y,t)en, and (7y)yec, are measurable fields of measure space isomor-
phisms between the corresponding fibers of A; and As. Without loss of generality
we may assume that (2-7) holds everywhere on A;. Take gg € G in such a way
that the subset Eq := {(21,41) € X1 | (#1,¥1,90) € A1} is of positive measure and
define a map n: E; — n(E;) C X3 by setting

77(217 yl) = (Cyl,go (21)7 w(yl))

Clearly, n : E1 — E5 is a nonsingular isomorphism, where Fy := n(FE7). We claim
that (n x n)((R1)g,) = (R2)g,. Actually, for (z,y) and (2/,y’) from E;, we have

(z,y) ~=r, (2,Y) <= (2,4,90) ~r.@n (&Y, 90+ BW.y))

(5)
— (Zvyag()) ~F (Zlaylng)

<~ 9(272/790) ~Fa ‘9(2/7?/;90)
= n(z,9) ~r, 1(,Y)

as desired. Moreover,

a on((2,9), (2, 9)) = (a2 ®1) 0 6((2, ¥, to), (z', ¥/, to))

L 62, t0) + (@ © 1) (2, 9. o), (2113, 10)) + B2, ¥ to)

= _¢0(Z>y) + 621((2,3/), (Zlay/)) + ¢0(Z/7y/)’
where ¢o(z,y) := ¢(z,y,t0). Thus the pairs ((R1)g,,®1) and ((R2)g,,q2) are

weakly equivalent. Since R; and Ro are both of infinite type, the pairs (R1,aq)
and (Raq, ag) are also weakly equivalent. [J



Proof of Theorem 0.1. Let R; be the orbit equivalence for I';, G := R, Gy := Ry
and o; := p,,. It is obvious that then I'; and I'y are orbit equivalent iff the pairs
(R1,a1) and (Rq,az) are weakly equivalent. Since R; is of type I1ly, we have
(o) = {0,00}. It is well known that the Radon-Nikodym cocycle of an ergodic
equivalence relation is never transient [Sc2]. Moreover, p,, ® 1 is just the Radon-
Nikodym cocycle for F;,—recall that we furnish X x G with the product measure
i x Ar. Hence (c) follows immediately from (a). Notice that the condition (ii)
of Theorem 0.1 is equivalent to (a) plus (b). Therefore Theorem 0.1 follows from
Theorem 0.2. [J
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