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Abstract. It is proved that the groupoid of nonsingular partial isomorphisms of

a Lebesgue space (X, µ) is weakly contractible in a “strong” sense: we present a
contraction path which preserves invariant the subgroupoid of µ-preserving partial

isomorphisms as well as the group of nonsingular transformations of X. Moreover,

let R be an ergodic measured discrete equivalence relation on X. The full group
[R] endowed with the uniform topology is shown to be contractible. For an approxi-

mately finite R of type II or IIIλ, 0 ≤ λ < 1, the normalizer N [R] of R furnished

with the natural Polish topology is established to be homotopically equivalent to the
centralizer of the associated Poincaré flow. These are the measure theoretical ana-

logues of the resent results of S. Popa and M. Takesaki on the topological structure
of the unitary and the automorphism group of a factor.

The topological properties of automorphism groups of a Lebesgue space (X, µ)
have been studied since 1944, when P. Halmos [Ha] introduced two metrizable
topologies on the group Aut0(X, µ) of µ-preserving transformations: the weak dw

and the uniform du. He proved that (Aut0(X, µ), dw) is a Polish group. S. Harada
[Har] showed that it is simply connected and arcwise connected. His result was later
considerably refined by M. Keane [K] who proved the contractibility of Aut0(X, µ)
both in du and dw (see also [D, N]).

A. Ionescu Tulsea [IT] and R. V. Chacon and N. A. Friedman [ChF] extended
the weak and the uniform topology to the group Aut (X, µ) of nonsingular trans-
formations of (X, µ) and generalized the results obtained in [Ha]. However, the
homotopical properties of this group have not been studied so far.

For a detailed exposition of the productive interplay between ergodic theory and
operator algebras we refer to [M, C, S2]. The present work also was stimulated by
a paper [PT] being pertained to operator algebras. In particular, given a countable
group Γ ⊂ Aut (X, µ), then one can consider the full group [Γ] and its normalizer
N [Γ] in Aut (X, µ) which are the measure theoretical analogues of the unitary group
U(M) and the automorphism group Aut (M) of a von Neumann algebra M . Both
groups, [Γ] and N [Γ], are Polish: the first with respect to du, the second with respect
to some metric d defined by T. Hamachi and M. Osikawa [HO]. Further topological
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properties of [Γ] were discovered by S. I. Bezuglyi and V. Ya. Golodets [BG1]. They
proved that ([Γ], du) is simply connected and arcwise connected (even regardless
the countability of Γ). On the other hand it is known that U(M) is contractible
for any properly infinite algebra M as well as for a family of type II1 factors [PT].
Moreover, the homotopical structure of Aut (M) is completely described by S. Popa
and M. Takesaki [PT] for AFD factors of type II and IIIλ, 0 < λ < 1. It seems
natural to obtain the similar results for [Γ] and N [Γ].

In the first section of this paper we study the topological structure of the
groupoid Part (X, µ) of partial isomorphisms of (X, µ). We show that Part (X, µ)
endowed with the “generalized” weak topology is a Polish groupoid. Furthermore,
Part (X, µ) is contractible in a “strong” sense: we provide a contraction path which
preserves invariant both Aut (X, µ) and Aut0(X, µ). So, Aut (X, µ) is also con-
tractible.

In the rest of this paper we prove the statements announced in [Da].
The second section is devoted to the study of homotopical properties of the

Polish full group [Γ]. Note, that [Γ] may be identified with the group of inner
automorphisms of the Γ-orbital measured equivalence relation. We first prove that
[Γ] is contractible if Γ is of type I or II. Then using Krieger’s discrete decomposition
theorems we demonstrate the contractibility of [Γ] actually for any ergodic type III
group Γ (only in III1 case we restrict our consideration to a special class of groups;
approximately finite groups are in this class). As an auxiliary result we describe the
structure of any ergodic III0 transformation group (see also [B]). This generalizes
the Krieger’s theorem for approximately finite groups.

In the final section we investigate the topological structure of N [Γ] for an ap-
proximately finite ergodic group Γ. The main results are as follows. If Γ is of type
II, then N [Γ] is contractible. If Γ is of type IIIλ, 0 < λ < 1, then π1(N [Γ]) = Z.
For a type III0 group Γ the normalizer N [Γ] is homotopically equivalent to the
centralizer of the associated Poincaré flow endowed with the weak topology. Note
that the AFD factors of type III0 were not considered in [PT].

We prove the above statements in pure measure theoretical setting without use
of the modular theory, which was the fundamental tool in [PT]. Moreover, unlike
[PT], we do not use the Michael’s selection principle, and all of required continuous
cross-sections are constructed in an explicit way.

Note, that the problem of the contractibility of N [Γ] for a type III1 group Γ
remains unsolved in spite of the announcement [Da], since there was an error in the
earlier proof.

I am grateful to V. Ya. Golodets for drawing my attention to the paper [PT]; he
also suggested to obtain measure theoretical analogues of those results. I thank the
participants of the Kharkov Seminar on Ergodic Theory and Operator Algebras for
helpful discussion of the work.

1. The topological structure of Aut (X, µ) and Part (X, µ)

Let (X, B, µ) be a Lebesgue space; we suppose that µ is nonatomic and σ-finite.
We fix a map [0, µ(X)] 3 s → X(s) ∈ B with

(i)
⋃

sX(s) = X, and X(s) ⊂ X(t) if s < t;
(ii) µ(X(s)) = s for all s.
For a subset A ∈ B, µ(A) > 0, consider the function φ : [0, µ(A)] → R+ given
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by
φ(s) = min{t ∈ R+ | µ(A ∩X(t)) = s}.

Put A(s) = A∩X(φ(s)). Then
⋃

sA(s) = A, A(s) ⊂ A(t) if s < t, and µ(A(s)) = s
for all s ∈ [0, µ(A)]. The family {A(s)}s will be called the µ-continuous decompo-
sition of A. The continuity means that µ(An(sn)4A(s)) → 0 if µ(An4A) → 0 and
sn → s as n →∞.

We let

Part (X, µ) = {θ | θ is an invertible, nonsingular map from a measurable

subset Dom (θ) onto a measurable subset Im (θ)},
Part0(X, µ) = {θ ∈ Part (X, µ) | θ preserves µ},
Aut (X, µ) = {θ ∈ Part (X, µ) | Dom (θ) = Im (θ) = X},
Aut0(X, µ) = Part0(X, µ) ∩Aut (X, µ).

Note, that we identify any two objects (such as measurable sets, maps, partitions,
ets.) which are equal almost everywhere.

We shall suppose below that µ(X) = 1. Denote by B1(H) the unit ball of
the algebra of all bounded linear operators of the Hilbert space H = L2(X, µ).
It is known that B1(H) endowed with the ∗-strong operator topology is a Polish
∗-semigroup. The set of all projectors

P(H) = {P ∈ B1(H) | P = P ∗, P 2 = P}

as well as the set of all partial isometries

Iso (H) = {U ∈ B1(H) | UU∗ ∈ P(H)}

are closed subsets of B1(H). Note that Iso (H) is a groupoid if we set

Iso(2)(H) = {(U, V ) ∈ Iso (H)× Iso (H) | U∗U = V V ∗}

and define the multiplication by

Iso(2)(H) 3 (U, V ) 7→ UV ∈ Iso (H)

The unit space of this groupoid is P(H); the right and the left unit of an element
U ∈ Iso (H) is U∗U and UU∗ respectively; the inversion map is the ∗-conjugation.
Moreover, Iso(2)(H) and P(H) are closed subsets of Iso (H) × Iso (H) and Iso (H)
respectively; and all of the groupoid operations are continuous. So, Iso (H) is a
Polish groupoid (see [R]). We let

P+(H) = {PA | A ∈ B},

where PA is the projector on the subspace of functions which are vanish outside A.
The Boolean algebra P+(H) is a closed subset of P(H). It is well known that

{P ∈ P(H) | PPA = PAP for all A ∈ B} = P+(H).
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We set

Iso+(H) = {U ∈ Iso (H) | UP+(H)U∗ ⊂ P+(H), U1 ∈ H+},

where H+ = L2
+(X, µ) is the closed cone of almost everywhere nonnegative func-

tions. It is obvious that Iso+(H) is a closed subgroupoid of Iso (H).
For a partial isomorphism θ ∈ Part (X, µ) the function

Dom (θ) 3 x 7→ dµ ◦ θ

dµ
(x) ∈ R

is well defined. We extend it to the whole X by setting
dµ ◦ θ

dµ
(x) = 0 for all

x /∈ Dom (θ). So, the linear bounded operator Uθ of H given by

(Uθf)(x) = f(θx)

√
dµ ◦ θ

dµ
(x), x ∈ X,

is well defined. It is obvious that Uθ belongs to Iso (H) and U∗θ Uθ = PDom(θ),
UθU

∗
θ = PIm (θ). We shall show that the one-to-one groupoid antiisomorphism

Part (X, µ) 3 θ 7→ Uθ ∈ Iso+(H)

is onto. Actually let U ∈ Iso+(H) with U∗U = PA and UU∗ = PB for some
measurable subsets A, B ∈ B. Notice that either µ(A) > 0 and µ(B) > 0 or µ(A) =
µ(B) = 0. Then U induces an isomorphism of the Boolean algebra generated by
(A,B � A,µ � A) onto that generated by (B,B � B,µ � B). By the property of
Lebesgue spaces we have that U = MfUθ for some θ ∈ Part (X, µ) with Dom (θ) =
A and Im θ = B, where Mf is the multiplication operator, f ∈ L∞(X, µ), and
|f(x)| = 1 for almost all x ∈ A. Since U1 ∈ H+, f(x) = 1 almost everywhere on A.
Hence U = Uθ. So we may identify Part (X, µ) with Iso+(H). Since Iso+(H) is a
closed subgroupoid of Iso (H), it follows that Part (X, µ) is a Polish groupoid. This
topology on Part (X, µ) will be called weak and denoted by dw since its restriction
to Aut (X, µ) is the well known weak topology introduced in [Ha, IT]. Note that
Aut (X, µ) corresponds to the stability group of the identity operator (as an element
of Iso+(H)). Hence we identify it with

U+(H) = {U ∈ U(H) | UP+(H)U∗ = P+(H), U1 ∈ H+}.

(both in algebraic and topological aspects), where U(H) is the unitary group in H.

Proposition 1.1. (i) dw is unaffected if we replace µ by an equivalent measure;
(ii) dw is induced by the family of pseudometrics:

p−(θ1, θ2) =
∥∥∥∥ dµ ◦ θ−1

1

dµ
(.)− dµ ◦ θ−1

2

dµ
(.)

∥∥∥∥
1

and

pA(θ1, θ2) = µ
(
θ1(A ∩Dom (θ1))4θ2(A ∩Dom (θ2))

)
, A ∈ B,

for θ1, θ2 ∈ Part (X, µ).

Proof. The corresponding statements for Aut (X, µ) were proved in [Ha, IT, HO].
In our case one should apply a similar argument. �

It is known that Aut0(X, µ) is contractible [K]. We shall prove the following
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Theorem 1.2. The groupoid Part0(X, µ) furnished with the weak topology is con-
tractible in such a way that there exists a continuous map

σ : [0, 1]× Part0(X, µ) 3 (t, θ) 7→ σt(θ) ∈ Part0(X, µ)

with the properties
(i) σ0(θ) = θ, σ1(θ) = id|X ,
(ii) σt(Aut0(X, µ)) ⊂ Aut0(X, µ) for each t ∈ [0, 1].

Proof. For a partial isomorphism θ ∈ Part0(X, µ) we set

Y = Dom (θ), A = Y ∩ Im (θ), B = {x ∈ Y | θx ∈ A},
D = Y −B, C = Y −A, E = X − Y.

We also denote u = µ(C) = µ(D), v = µ(Y ). Let ζ be the (unique) partial
isomorphism which is determined by the conditions: Dom (ζ) = D, Im (ζ) = C,
and ζD(t) = C(t) for every t ∈ [0, u]. Remind that {C(t)}t, {D(t)}t are the
µ-continuous decompositons of C and D respectively. Then we define a partial
isomorphism θ̃ with Dom (θ̃) = Im (θ̃) = Y by

θ̃x =
{

θx, for x ∈ B

ζx, for x ∈ D.

It is straightforward that the map

Part0(X, µ) 3 θ 7→ θ̃ ∈ Part0(X, µ)

is continuous. Since θ̃ is a measure preserving automorphism of the finite measure
space (Y µ � Y ), it generates for each t ∈ [0, v] the induced automorphism θ̃t of the
space (Y (v − t), µ � Y (v − t)). Now we set

Dom (σt(θ)) =
{

Y, for t ∈ [0, v]
Y ∪ E(t− v), for t ∈ (v, 1]

and define

σt(θ)x =
{

θ̃tx, for x ∈ Y (v − t)
x, for x ∈ Y − Y (v − t)

if t ∈ [0, v];

σt(θ)x = x for all x ∈ Dom (σt(θ)) if t ∈ (v, 1].

It is routine to check that σ is the desired map. �

Without loss in generality, we may assume that X is the unit interval [0, 1] and
µ the Lebesgue measure. We shall use the notation

M = {f ∈ L1(X, µ) | ‖f‖1 ≤ 1, f(x) ≥ 0 for a.a. x},
N = {f ∈ L1(X, µ) | ‖f‖1 = 1, f(x) > 0 for a.a. x}.
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For a function f ∈ M we set Supp(f) = {x ∈ X | f(x) > 0} and s(f)x =∫ x

0
f(t) dµ(t). It is easy to see that s(f) is a partial isomorphism with Dom (s(f)) =

Supp(f) and Im (s(f)) = [0, ‖f‖1] with

dµ ◦ s(f)
dµ

= f,
dµ ◦ s(f)−1

dµ
(x) = 1/f(s(f)−1x)

for all x ∈ Im (s(f)) = Dom (s(f)−1).
We define now a metric m on M by

m(f1, f2) = ‖f1 − f2‖1 +
∥∥∥∥ dµ ◦ s(f1)−1

dµ
− dµ ◦ s(f2)−1

dµ

∥∥∥∥
1

,

for f1, f2 ∈ M. Then M endowed with m is a Polish space and N is its closed
subset. We put

M ? Part0(X, µ) = {(f, ζ) ∈M× Part0(X, µ) | Im (ζ) = [0, ‖f‖1]}

Then M ? Part0(X, µ) is a closed subset of M× Part0(X, µ).

Theorem 1.3. (i)There is a homeomorphism from Part (X, µ) onto M ?
Part0(X, µ) which takes Aut (X, µ) (respectively Part0(X, µ)) onto N ×Aut0(X, µ)
(respectively {1} × Part0(X, µ));

(ii) Part (X, µ) is contractible in such a way that there exists a continuous map

σ̂ : [0, 1]× Part (X, µ) 3 (t, θ) 7→ σ̂t(θ) ∈ Part (X, µ)

with the properties: σ̂0(θ) = θ, σ̂1(θ) = id|X , and

σ̂t(Aut (X, µ)) ⊂ Aut (X, µ)

σ̂t(Part0(X, µ)) ⊂ Part0(X, µ)
for each t ∈ [0, 1].

Proof. (i) Consider two maps π, s given by

π : Part0(X, µ) 3 θ 7→ π(θ) =
dµ ◦ θ

dµ
∈M,

s :M3 f 7→ s(f) ∈ Part0(X, µ)

A routine verification shows that both of them are continuous. Moreover, the
following properties are satisfied:

π ◦ s = id, π(ζθ) = π(θ),

s(π(θ))θ−1 ∈ Part0(X, µ), Im (s(π(θ))θ−1) = [0, ‖π(θ)‖1]

for all θ ∈ Part (X, µ), ζ ∈ Part0(X, µ) with Im (θ) = Dom (ζ). So, the map

Part0(X, µ) 3 θ 7→ (π(θ), s(π(θ))θ−1) ∈M

is a homeomorphism as desired.
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(ii) The indicator of a set B ∈ B will be denoted by IB . Note, that the space
M endowed with m is contractible. Moreover, it is not difficult to construct a
continuous map

σ̃ : [0, 1]×M 3 (t, f) 7→ σ̃t(f) ∈M

with the following properties: σ̃0(f) = f, σ̃1(f) = IX ,

‖ σ̃t(f) ‖1 = ‖f‖1 for all t ∈ [0, ‖f‖1],
σ̃t(f) = I[0,t] for all t ∈ [ ‖f‖1, 1],

σ̃t(N ) ⊂ N for all t ∈ [0, 1].

Then for each (f, ζ) ∈M ? Part0(X, µ) = Part (X, µ) and t ∈ [0, 1] we set

σ̂t(f, ζ) = (σ̃t(f), σt(ζ−1)−1),

where {σt}t is the contraction path determined in Theorem 1.2. It is easy to see
that the map σ̂ is as desired. �

2. Contractibility of full groups and groupoids

2.1. The uniform topology on Part (X, µ) is generated by the mertic du:

du(θ1, θ2) = µ({x ∈ Dom (θ1) ∩Dom (θ2) | θ1x 6= θ2x})
+ µ({x ∈ Im (θ1) ∩ Im (θ2) | θ−1

1 x 6= θ−1
2 x})

+ µ(Dom (θ1)4Dom (θ2)) + µ(Im (θ1)4Im (θ2)),

for θ1, θ2 ∈ Part (X, µ).
It induces the well known uniform topology on the closed subset Aut (X, µ) ⊂

Part (X, µ). Like it was done in the case of the group Aut (X, µ) [IT, HO], one can
prove that Part (X, µ) is a complete, nonseparable, topological groupoid and that
the uniform topology is stronger than the weak one.

For a countable subgroup Γ ⊂ Aut (X, µ) we set

[Γ]∗ = {θ ∈ Part (X, µ) | θx ∈ Γx for a.e. x ∈ Dom (θ)},
[Γ] = [Γ]∗ ∩Aut (X, µ).

Then [Γ] (respectively [Γ]∗) is said to be the full group (respectively the full groupoid)
generated by Γ.

The normalizer of [Γ] in Aut (X, µ) will be denoted by N [Γ], i.e.

N [Γ] = {θ ∈ Aut (X, µ) | θ[Γ]θ−1 = [Γ] }.

It is known that [Γ] is a Polish group with respect to the uniform topology [HO].
In a similar way, [Γ]∗ endowed with du is a Polish groupoid.

Note, that the uniform and the weak topologies are coincide on [Γ] if Γ is finite
or, more generally, is type I.

It is easy to see that [Γ]∗ is contractible with respect to the uniform topology. Our
purpose now is to study the homotopical properties of the full group [Γ] endowed
with du.
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Proposition 2.1. Let Γ be a group of a finite type, i.e. there exist a Γ-invariant,
finite measure equivalent to µ. Then [Γ] is contractible.

Proof. Consider the contraction path for (Aut0(X, µ), dw) constructed in [K] (see
also Theorem 1.3). It uses the induced transformations. Then its restriction to [Γ]
is the contraction path for [Γ] endowed with the uniform topology. �

Note that if Γ is of infinite type, then the method of induced transformations is
not applicable, since an arbitrary automorphism γ ∈ Γ needs not to be conservative.

2.2. In this subsection we consider the case where Γ is of semifinite type. The
main result is as follows.

Theorem 2.2. Let there exist a σ-finite, Γ-invariant, µ-equivalent measure ν.
Then [Γ] is contractible.

Proof. We divide the proof of this proposition into some steps.
(s-1) Suppose first that Γ is ergodic and type II∞. We fix a ν-continuous de-

composition of X =
⋃

s≥0 X(s) with ν(X(s)) = s. Denote by P1 the family of
countable ordered partitions η = {ηn}∞n=1 of X with ν(ηn) = 1 for all n ∈ N. It is
easy to see that P1 is a Polish space with respect to the metric r given by

r(ϑ, η) =
∑

n

µ(ϑn4ηn), ϑ, η ∈ P1.

Moreover, the topology on P1 is uneffected if we replace µ by an equivalent measure.
We now fix a partition η ∈ P1 and set

[Γ]η = {γ ∈ [Γ] | γηn = ηn for all n ∈ N}

It is obvious that [Γ]η is homeomorphic to the Cartesian product
∏∞

n=1[Γ]ηn
, where

[Γ]ηn
is the induced (to the subset ηn) full group, n ∈ N [HO]. It is known that

there exists an ergodic type II1 transformation group Γn on the space (ηn, µ � ηn)
with [Γ] = [Γ]ηn , n ∈ N. Then in view of Proposition 2.1, [Γ]η is contractible closed
subgroup of [Γ]. Consider the map

π : [Γ] 3 γ 7→ π(γ) = {πn(γ)}∞n=1 ∈ P1,

where πn(γ) = γηn for all n ∈ N. It is continuous and constant on the left [Γ]η-
cosets. We need two auxiliary lemmas.

Lemma 2.3. P1 is contractible.

Proof. We set

P1(k) = {ϑ ∈ P1 | ϑn = ηn for n = 1, . . . k}.

Then we have a decreasing sequence of closed subsets

P1(1) ⊃ P1(2) ⊃ . . . , with
∞⋂

k=1

P1(k) = {η}.
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For a partition ϑ ∈ P1 we set B = ϑ1 − η1, An = (η1 − ϑ1) ∩ ϑn, s1 = 0, sn =
ν(A2) + · · · + ν(An), Bn = B(sn) − B(sn−1), where n = 2, 3, . . . . Now for each
real t ∈ [0, ν(B)) there is an integer m with sm ≤ t < sm−1. We set

δ
(1)
t (ϑ)n =


(ϑ1 ∩ η1)

⋃m
i=2 Ai ∪Am+1(t− sm) ∪ (B −B(t)), for n = 1

(ϑn −An) ∪Bn, for n = 2, . . . ,m

(ϑn −An(t− sm)) ∪Bn(t− sm), for n = m + 1
ϑn for n > m + 1.

Then the partition δ
(1)
t (ϑ) = {δ(1)

t (ϑ)n}n ∈ P1 for t ∈ [0, ν(B)). Since the map
P1 3 ϑ 7→ ν(ϑ1 − η1) ∈ R is continuous, the map

P1 × [0, 1) 3 (ϑ, s) 7→ σ(1)
s (ϑ) def= δ

(1)
sν(ϑ1−η1)

(ϑ) ∈ P1

is also continuous. Moreover, σ
(1)
0 (ϑ) = ϑ, σ

(1)
1−0(ϑ) ∈ P1(1).

In a similar way, for each k ∈ N we have a continuous map

P1 × [0, 1) 3 (ϑ, s) 7→ σ(k+1)
s (ϑ) ∈ P1(k)

with σ
(k+1)
0 (ϑ) = ϑ and σ

(k+1)
1−0 (ϑ) ∈ P1(k + 1). Now for a positive s we choose

n ∈ N and t ∈ [0, 1) with n − 1 ≤ s < n and s = n − 1 + t and set σs(ϑ) =
σ

(n)
t ◦ σ

(n−1)
1−0 ◦ · · · ◦ σ

(1)
1−0(ϑ), ϑ ∈ P1. It is a routine to check that the map

σ : P1 × R+ 3 (ϑ, s) 7→ σs(ϑ) ∈ P1

is continuous and σ0(ϑ) = ϑ, σ+∞(ϑ) = η for every ϑ ∈ P1. �

Lemma 2.4. Under the above assumptions (Γ is ergodic), for any two measurable
subsets A,B ∈ B with ν(A) = ν(B) > 0 one can choose a partial isomorphism
γ(A,B) ∈ [Γ]∗ in such a way that

(i) Dom (γ(A,B)) = A, Im (γ(A,B)) = B,
(ii) if {An}∞n=1 and {Bn}∞n=1 are the two sequences of measurable subsets with

ν(An4A) → 0 and ν(Bn4B) → 0, then γ(An, Bn) → γ(A,B) in the uniform
topology as n →∞.

Proof. We use a slight modification of the Kantor-Bernstein map. Let Γ = {γn}∞n=1,
γ1 = id. We put A1 = A ∪ γ−1

1 B, B1 = γ1A1, C1 = A − A1, D1 = B − B1. Then
ν(C1) = ν(D1). We continue A2 = C1 ∪ γ−1

2 D1, B2 = γ2A2, C2 = C1 − A2,
D2 = D1 − B2 and so on. Since Γ is ergodic,

⋂∞
n=1 An = A and

⋂∞
n=1 Bn = B.

Now we set
γ(A,B)x = γnx for all x ∈ An, n ∈ N.

It is a routine to check that the map γ(A,B) is as desired. �

Continue the proof of Theorem 2.2. For every partition ϑ ∈ P1 using Lemma 2.4
we set

τ(ϑ)x = γ(ϑn, ηn)x for x ∈ ϑn, n ∈ N.

It is easy to see that the map

τ : P1 3 ϑ 7→ τ(ϑ) ∈ [Γ]
9



is continuous and π ◦ τ = id. So, τ is a cross-section of the projection map π. It
follows that [Γ] is homeomorphic to the product [Γ]η × P1 (as well as P1 to the
quotient space [Γ]/[Γ]η). Inasmuch as both multiples are contractible, so is [Γ].

(s-2) Now suppose that the dynamical system (X, µ, Γ) is of the following form.
There are two Lebesgue spaces (X, BY , λ) and (Z,BZ , κ) with κ(Z) = 1, X =
Z × Y , B = BY ×BZ , and µ is equivalent to κ × λ. For each γ ∈ Γ there is a
measurable field Z 3 z 7→ γz ∈ Aut0(Y, λ) of λ-preserving automorphisms [Kr2,
HO] such that γ(z, y) = (z, γzy) for a.e. (z, y) ∈ X. The transformation group
Γz =

⋃
γ∈Γ γz is ergodic and type II∞ for κ-a.e. z ∈ Z.

By P1 we denote the family of countable partitions $ = {$n}∞n=1 of Y with
λ($n) = 1, n ∈ N, and by r the corresponding Polish metric on it (see (s-1)).

For each countable partition $ of X and z ∈ Z we consider the partition $[z] =
{$n[z]}n of Y , where y ∈ $n[z] ⇐⇒ (z, y) ∈ $n. Then Z 3 z 7→ $[z] is a
measurable field of Y -partitions. Otherwise, each measurable field of Y -partitions
generates some X-partition and the correspondence $ ⇐⇒ ( Z 3 z 7→ $[z] ) is
one-to-one. We let

P̃1 = {$ | $ is a countable partition of X with $[z] ∈ P1 for a.e. z ∈ Z}.

Then P̃1 is a Polish space with respect to the metric r̃, given by

r̃($, η) =
∫

Z

r($[z], η[z]) dκ(z), $, η ∈ P̃1.

We fix a partition η ∈ P̃1 and follow (s-1) in setting up

Γη = {γ ∈ [Γ] | γηn = ηn for all n ∈ N}.

Then in view of Proposition 2.1, the closed subgroup [Γ]η ⊂ [Γ] is contractible
(see (s-1)).

Let σ = (σt)t≥0 be a contraction path for P1 (see Lemma 2.3). We define a map

σ̃ : P̃1 × [0, +∞) 3 ($, s) 7→ σ̃s($) ∈ P̃1

by (σ̃s($))[z] = σs($[z]), z ∈ Z. It is a routine to check that σ̃ is well de-
fined. Since σ̃ is continuous and σ̃0($) = $, σ̃∞($) = η, we have that P̃1 is
contractible. So, just as in (s-1), to prove the contractibility of [Γ], it suffices to
present a homeomorphism of [Γ] onto [Γ]η × P̃1. This results from the following
analogue of Lemma 2.4.

Lemma 2.5. Under the above assumptions (s-2), let us be given any two measur-
able subsets A,B ⊂ X with

(2-1) λ({y | (z, y) ∈ A}) = λ(y | (z, y) ∈ B}) for a.e. z ∈ Z.

Then one can choose a partial isomorphism γ(A,B) ∈ [Γ]∗ in such a way that
properties (i) and (ii) of Lemma 2.4 are satisfied.

This statement is proved in a similar way as Lemma 2.4. but with reference to
the following Krieger’s lemma (see [HO] for the proof).
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Lemma 2.6. Under the above assumptions for any two measurable subsets A,B ⊂
X satisfying (2-1) there is a partial isomorphism θ ∈ [Γ]∗ with Dom (θ) = A and
Im (θ) = B.

(s-3) Now consider the general case. Then X can be decomposed into a union
of three pairwise disjoint Γ-invariant subsets X = A ∪ B ∪ C in such a way that
[Γ]A is of finite type, [Γ]B is of type I∞, and [Γ]C is the full group described in
(s-2). Since [Γ] = [Γ]A × [Γ]B × [Γ]C and each multiple is contractible, [Γ] is also
contractible. So, the theorem is completely proved. �

2.3. In this subsection we consider the case of type IIIλ, 0 < λ ≤ 1, full group
[Γ]. Remind that a measure ν on X is called strictly Γ-admissible [Kr1, HO] if

(i) there is a countable subgroup Rd ⊂ R∗+ with
dν ◦ γ

dν
(x) ∈ Rd for all γ ∈ Γ at

a.e. x; and
(ii) there is an ergodic countable subgroup ∆ ⊂ [Γ] with [∆] = [Γ]∩Aut0(X, µ).

Theorem 2.7. Let Γ be an ergodic transformation group of type IIIλ, 0 < λ < 1.
Then [Γ] furnished with the uniform topology is contractible.

Proof. Let ν be a µ-equivalent strictly Γ-admissible measure on X (existence of such
a measure for a type IIIλ group was established in [Kr1, HO]). Since Rd = λZ, there

are a subset A ⊂ X, µ(A) > 0, and an automorphism γ0 ∈ Γ with
dν ◦ γ0

dν
(x) = λ

for all x ∈ A. Without loss in generality we assume that ν is infinite. Then there
exist two sequences {γn}∞n=1 and {δn}∞n=1 of automorphisms from [∆] such that
{γnA}∞n=1 and {δnγ0A}∞n=1 are partitions of X. We set

θλx = δnγ0γ
−1
n x for all x ∈ γnA, n ∈ N.

Then θn is an automorphism of (X, µ), θ ∈ Γ,
dν ◦ θλ

dν
(x) = λ for a.e. x,

θλ[∆]θ−1
λ = [∆], and [Γ] is generated by ∆ and θλ.

We may assume that X = [0,∞), ν is a Lebesgue measure on X, and dµ(x) =
exp(−x)dν(x) for all x ∈ X.

By Pλ we denote the family of ordered partitions $ = {$n}n∈Z of X with∑
n∈Z λnν($n) = +∞. We admit that some elements of the partitions can be

ν-neglectible.
For every automorphism γ ∈ [Γ] we define a partition π(γ) = {πn(γ)}n ∈ Pλ by

x ∈ πn(γ) ⇐⇒ γx = δnθn
λx for some δn ∈ [∆], n ∈ Z.

Then π(γ) ∈ Pλ and the map

π : [Γ] 3 γ 7→ π(γ) ∈ Pλ

is constant on the right [∆]-cosets. Since ∆ is ergodic, Pλ is algebraically isomorphic
to the quotient space [∆]\[Γ]. Now we find an explicit expression for the quotient
metric r on Pλ given by

r(π(γ1), π(γ2)) = inf
δ1,δ2∈[∆]

du(δ1γ1, δ2γ2), γ1, γ2 ∈ [Γ].
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To this end for every pair γ1, γ2 ∈ [Γ] we set

M(γ1, γ2) = {x ∈ X | γ1x = γ2x}, N(γ1, γ2) =
⋃
n∈Z

πn(γ1) ∩ πn(γ2).

Then M(γ1, γ2) ⊂ N(γ1, γ2) and du(γ1, γ2) = 2 − µ(M(γ1, γ2)) − µ(γ1M(γ1, γ2)).
Since ν(γ1N(γ1, γ2)) = ν(γ2N(γ1, γ2)) and ν is ∆-invariant, there are two transfor-
mations δ1, δ2 ∈ [∆] with

ν(X − δ1γ1N(γ1, γ2)) = ν(X − δ2γ2N(γ1, γ2)) = ∞.

Then there exists a transformation δ3 ∈ [∆] such that M(δ3δ1γ1, δ2γ2) = N(γ1, γ2).
Since M(δγ1, δγ2) = M(γ1, γ2) for each δ ∈ [∆], we have

r(π(γ1, γ2)) = 2− sup
δ4,δ5∈[∆]

(
µ(M(δ4γ1, δ5γ2)) + µ(δ4γ1M(δ4γ1, δ5γ2))

)
= 2− µ(N(γ1, γ2))− sup

δ4∈[∆]

µ(δ4γ1N(γ1, γ2))

= 2−
∑
n∈Z

µ(πn(γ1) ∩ πn(γ2))− 1 + exp
(
−

∑
n∈Z

λnν(πn(γ1) ∩ πn(γ2))
)

=
1
2

∑
n∈Z

µ(πn(γ1)4πn(γ2)) + exp
(
−

∑
n∈Z

λnν(πn(γ1) ∩ πn(γ2))
)

.

Thus Pλ is a Polish space with respect to the metric r given by

r($, η) =
∑
n∈Z

µ($n4ηn) + exp
(
−

∑
n∈Z

λnν($n ∩ ηn))
)

, $, η ∈ Pλ,

and π is the topological quotient mapping.
It is easy to handle that Pλ is contractible. Now we construct a continuous

cross-section for π. Keeping in mind the standard decomposition of X =
⋃

s≥0[0, s)
we have the ν-continuous decomposition A =

⋃
s∈[0,ν(A)] A(s) for any measurable

subset A ⊂ X. For a partition $ = {$n}n∈Z ∈ Pλ and n ∈ Z we have the disjoint
decomposition θn

λ$n =
⋃∞

k=1 An,k, where

An,k =


(θn

λ$n)(k)− (θn
λ$n)(k − 1), if k ≤ ν(θn

λ$n)
θn

λ$n − (θn
λ$n)(k − 1), if k − 1 < ν(θn

λ$n) < k

∅, otherwise

So, ν(An,k) ≤ 1 for all n, k. Let β be a bijection N → Z×N. We put al = ν(Aβ(l)).
Since $ ∈ Pλ, it follows that

∑
l al = ∞. We put s0 = 0, sn = a1 + · · ·+ an, Bn =

[sn−1, sn) for n ∈ N. Then X =
⋃

n Bn and ν(Bn) = ν(Aβ(n)). By Lemma 2.4 there
is a partial isomorphism δ(Aβ(n), Bn) ∈ [∆]∗ with Dom (δ(Aβ(n), Bn)) = Aβ(n),
Im (δ(Aβ(n), Bn)) = Bn and such that the continuity property (ii) of Lemma 2.4 is
satisfied. Now we set

τ($)x = δ(Aβ(k), Bk)θn
λx for x ∈ θ−n

λ An,k, (n, k) ∈ Z× N.

It is a routine to check that the automorphism τ($) ∈ [Γ], the map

τ : Pλ 3 $ 7→ τ($) ∈ [Γ]

is continuous, and π ◦ τ = id, as desired. It follows that [Γ] is homeomorphic to the
product [∆]× Pλ Since both multiples are contractible, the theorem is done. �

Proof of the following theorem can be organized in a similar way.
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Theorem 2.8. Let [Γ] be an ergodic transformation group of type III1. If there
exists a strictly Γ-admissible, µ-equivalent measure, then [Γ] endowed with the uni-
form topology is contractible.

So, if Γ is approximately finite, or Γ = Γ1 × Γ2, where Γi is an ergodic type
IIIλi

, 0 < λi < 1, and log λ1 and log λ2 are rationally independent, then [Γ] is
contractible.

Note that Theorems 2.7 and 2.8 can be easily generalized to the nonergodic
case, i.e. where Γ can be represented in the form of a measurable field of ergodic
transformation groups of type IIIλ, 0 < λ ≤ 1.

2.4. Throughout this subsection Γ is assumed to be ergodic and of type III0. All
other cases were considered above. We need to remind some definitions.

Two countable groups Γ1 ⊂ Aut (X1, µ1) and Γ2 ⊂ Aut (X2, µ2) are called weakly
equivalent if there is a one-to-one measurable map ϕ : X1 → X2 such that measures
µ2 and µ1 ◦ ϕ−1 are equivalent and ϕ[Γ1]ϕ−1 = [Γ2]. Note, that then [Γ1] and [Γ2]
endowed with the uniform topology are isomorphic as topological groups.

Consider the Haar measure χZ on the group Z: χZ(i) = 1, i ∈ Z. Denote by τ
the shift on Z: τ(i) = i + 1. For a countable group ∆ ⊂ Aut (X, µ), the product
δ̃ = δ × {τn | n ∈ Z} will be called the countable expansion of ∆. It is well known
that ∆̃ is weakly equivalent to ∆ if ∆ is ergodic and infinite type (i.e. not type
II1).

Let G be a Polish group. For a countable group Σ ⊂ Aut (X, µ) we denote by
R(Σ) ⊂ X×X the Σ-orbital equivalence relation. A measurable map α : R(Σ) → G
is an orbital cocycle if α(x, y)α(y, z) = α(x, z) for a.e. (x, y), (y, z) ∈ R(Σ). An
orbital cocycle α is said to be transient if there are a neighbourhood V of the
identity in G and a subset A ⊂ X with µ(A) > 0 and α(x, y) 6∈ V for all (x, y) ∈
R(Σ) ∩ (A×A), x 6= y [Sh1].

First of all we prove the discrete decomposition theorem for Γ which generalizes
the Krieger’s theorem for approximately finite groups [Kr2, HO]. Since Γ is of type
III0, there exist a µ-equivalent measure ν and a neighbourhood V of the identity

in R∗+ with ν(X) = ∞ and
dν ◦ γ

dν
(x) 6∈ V − {1} at a.e. x ∈ X for all γ ∈ Γ [HO,

S1]. By [FM] there is a (nonergodic) countable subgroup ∆ ⊂ Aut (X, µ) with

[∆] =
{

γ ∈ [Γ]
∣∣∣∣ dν ◦ γ

dν
(x) = 1 for a.e. x ∈ X

}
.

Let p : X → Z be the ∆-ergodic decomposition and κ = µ ◦ p−1. According to [S1,
Theorems 7.22, 8.7 and Corollary 6.9] the following properties are satisfied:

(i) there is a measurable field Z 3 z 7→ νz of σ-finite, nonatomic, ∆-invariant
measures on (X, B) with νz(X − p−1(z)) = 0 and ν =

∫
Z

νz dκ(z);
(ii) there is an ergodic transformation Q ∈ Aut (Z, κ) with

p(Γx) = {Qnp(x) | n ∈ Z} for a.e. x ∈ X;

(iii) there is a transient orbital cocycle α : R(Q) → R∗+ with

dν ◦ γ

dν
(x) = α(p(x), p(γx)) at a.e. x ∈ X for all γ ∈ Γ.
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We fix a Lebesgue space (Y, λ) with a nonatomic σ-finite measure λ and its partition
{Yn}∞n=1 such that λ(Yn) = ∞, n ∈ N. It follows from (i) that there is a measurable
field Z 3 z 7→ Pz of isomorphisms Pz : Y → p−1(z) with νz ◦ Pz = λ. Then the
map

P : Z × Y 3 (z, y) 7→ Pz(y) ∈ p−1(z) ⊂ X

transforms Z × Y onto X and the measure ν ◦ P to κ × λ. For simplicity we will
identify (X, ν) with (Z × Y, κ × λ) and Γ with P−1ΓP . It follows that p(z, y) = z
for a.e. (z, y) ∈ X. So, for every automorphism δ ∈ ∆ there is a measurable field
Z 3 z 7→ δz ∈ Aut0(Y, λ) of λ-preserving transformations such that

(2-2) δ(z, y) = (x, δzy) for a.e. (z, y) ∈ X

and the groups ∆z = {δz | δ ∈ ∆} are ergodic and of type II∞ for a.a. z ∈ Z.
Choose two sequences {Bn}∞n=1 and {γn}∞n=1 of measurable subsets of X and

elements of Γ respectively in such a way that {p(Bn)}∞n=1 is a partition of Z,
λ({y | (z, y) ∈ Bn}) > 0 for all z ∈ p(Bn), and p(γnx) = Qp(x) for a.e. x ∈ Bn. By
replacing, if necessarily, Γ by its countable expansion, we may assume that

λ({y ∈ Y | (z, y) ∈ Bn}) = ∞ = λ({y ∈ Y | (ẑ, y) ∈ γnBn})

for all z ∈ π(Bn) and ẑ ∈ π(γnBn), n ∈ N. It follows from Lemma 2.6 that
there are partial isomorphisms δn, δ̂n ∈ [∆]∗ with Dom (δn) = Im (δ̂n) = Z × Yn,
Im (δn) = Bn, and Dom (δ̂n) = γnBn, n ∈ N. We define an automorphism Q0 ∈ [Γ]
by setting

Q0(z, y) = δ̂nγnδn(z, y) for all (z, y) ∈ Z × Yn, n ∈ N.

Since π(Q0x) = Qπ(x) for a.e. x ∈ X, there exists a measurable field Z 3 z 7→
Uz ∈ Aut (Y, λ) of automorphisms of (Y, λ) with

(2-3) Q0(z, y) = (Qz,Uzy) for a.e. (z, y) ∈ X

Using (iii) we obtain that
dν ◦ (Q−1

0 δQ0)
dν

(x) = 1 at a.e. x for all δ ∈ ∆. Therefore

Q−1
0 δQ0 ∈ [∆], i.e. Q0 ∈ N [∆]. This together with (2-3) leads to Uz[∆z]U−1

z =

[∆Qz] for κ-a.e. z ∈ Z. Since ∆z is ergodic, the function Y 3 y 7→ dλ ◦ Uz

dλ
(y) is

almost everywhere a constant which will be denoted by mod Uz (sf. [CK]).
By using (ii) and (iii), one can prove that the full group [Γ] is generated by ∆

and Q0. Thus, we have proved the following structure theorem (sf. [B]).

Theorem 2.9. Let Γ be as above. Then the full group [Γ] is generated by the
actions (2-2) and (2-3) of ∆ and Q0 respectively on (Z × Y, κ × λ), Q0 ∈ N [∆].
Every automorphism δ ∈ ∆ preserves κ × λ and

(2-4)
d(κ × λ) ◦Q0

d(κ × λ)
(z, y) = ϕ(z)

for some function ϕ : Z → R∗+ − V , where V is a neighbourhood of the identity in
R∗+.

Note that ϕ(z) =
dκ ◦Q

dκ
(z) ·modUz, and the orbital cocycle

Φ : R(Q) 3 (z, w) 7→ Φ(z, w) ∈ R∗+
determined by the correlation Φ(z,Qz) = φ(z), z ∈ Z, is transient.
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Theorem 2.10. Let Γ be as above. Then the full group [Γ] endowed with the
uniform topology is contractible.

Proof. We use the notations of the previous theorem. Moreover, we assume that
Y = [0,∞), λ is a Lebesgue measure on Y , and λ0 is the λ-equivalent probability
measure with dλ0(y) = exp(−y)dλ(y) for all y ∈ Y . Let

U : R(Q) 3 (z, w) 7→ U(z, w) ∈ Aut (Y, λ)

be the orbital cocycle such that U(z,Qz) = Uz for all z ∈ Z. Denote by P0 the
family of countable partitions $ = {$n}n∈Z of X with

(2-5)
∑
n∈Z

λ($n[Q−nz]) ·modU(Q−nz, z) = ∞ for κ-a.e. z ∈ Z.

Here the measurable field Z 3 z 7→ $[z] = {$n[z]}n∈Z of Y -partitions is determined
by $ in a usual way by virtue of z-sections (see the proof of Theorem 2.2). Note
that (2-5) is equivalent to the fact that

∑
n∈Z λ({y | (z, y) ∈ Qn

0$n}) = ∞ at a.e.
z.

For a transformation θ ∈ [Γ] we define a partition π(θ) = {πn(θ)}n∈Z by setting

x ∈ πn(θ) ⇐⇒ θx = δnQn
0x for some automorphism δn ∈ [∆].

Since {θπn(θ)}n∈Z is a partition of X and ∆ preserves κ × λ, we have π(θ) ∈ P0.
Moreover, the map

[Γ] 3 θ 7→ π(θ) ∈ P0

is continuous and π(δθ) = π(θ) for every transformation δ ∈ [∆]. Note, that [∆] is
a closed subgroup of P0. We endow P0 with metric r given by

r($, η) =
∑
n∈Z

(κ × λ0)($n4ηn)

+
∫

Z

exp
(
−

∑
n∈Z

λ($n[z] ∩ ηn[z]) · modU(Q−nz, z)
)

dκ(z)

for all $, η ∈ P0. Like it was done in Theorem 2.7 for a type IIIλ transformation
group, one can prove that (P0, r) is homeomorphic to the quotient space [∆]\[Γ].

Now prove the contractibility of P0. Let P(Y ) be the family of countable parti-
tions of (Y, λ0) and r̃ the natural Polish metric on it:

r̃($, η) =
∑
n∈Z

λ0($n4ηn), $, η ∈ P(Y ).

There exists a continuous map

σ : P(Y )× [0, +∞) 3 ($, t) 7→ σt($) = {σt($)n}n∈Z ∈ P(Y )

with
(i) σ0($) = $, σ∞($)n = ∅ for all n 6= 0, and σ∞($)0 = X;
(ii) for each l ∈ Z+ there exists m(l) ∈ Z− {0} such that if a nonzero integer n

is not equal to m(l) then σt($)n = σl($)n for all t ∈ [l, l + 1).
15



(iii) λ($m(l)4σt($)m(l)) < ∞ for all t ∈ [l, l + 1) and n ∈ Z.
Now for a partition $ = (Z 3 z 7→ $[z]) ∈ P0 we let σ̃t($) = (Z 3 z 7→

σt($[z])). It follows from (ii) and (iii) that σ̃t($) ∈ P0 for all t ≥ 0 and the map

σ̃ : P0 × [0,+∞) 7→ σ̃t($) ∈ P0

is continuous. So we deduce from (i) that σ̃ is a contraction path on P0.
To construct a continuous map τ : P0 → [Γ] with π ◦ τ = id one should repeat

almost literally the final part of the proof of Theorem 2.7 replacing θλ by Q0 and
using Lemma 2.5 instead of lemma 2.4.

Thus, [Γ] is homeomorphic to the Cartesian product P0 × [∆]. Since [∆] is
contractible by Theorem 2.2, the contractibility of [Γ] follows. �

3. Homotopical properties of the normalizers of full groups

3.1. Throughout this section Γ = {γk}∞k=1 is an ergodic approximately finite group
of automorphisms of (X, B, µ), µ(X) = 1. Let µ̃ be a measure on the Γ-orbital
equivalence relation (R, (B×B) � R(Γ)) defined by dµ̃(x, y) = dµ(x). We consider
two maps:

π :R(Γ) 3 (x, y) 7→ x ∈ X

σ :R(Γ) 3 (x, y) 7→ (y, x) ∈ R(Γ)

Let µ̂ be a µ̃-equivalent probability measure with π(µ̂) = µ. Note that σ belongs to
Aut (R(Γ), µ̂). We set H = L2(R(Γ), µ̂) and define P+(H) = {PA | A ∈ (B×B) �
R(Γ)}, U(H), U+(H) just in the same manner as in Section 1. So we have an
anti-isomorphism of topological groups:

Aut (X, µ) 3 θ 7→ Uθ ∈ U+(H).

It is easy to verify that the Boolean subalgebra of projectors

P++ = {Pπ−1A | A ∈ B}

is a closed subset of P+(H). Therefore

U++ = {U ∈ U+(H) | UP++U∗ = P++ and UUσ = UσU}

is a closed subgroup of U+(H).
For a transformation θ ∈ N [Γ] we let

i(θ)(x, y) = (θx, θy), (x, y) ∈ R(Γ).

Then i(θ) ∈ Aut(R(Γ), µ̃), the map N [Γ] 3 θ 7→ i(θ) is a one-to-one homomorphism,
and Ui(θ) ∈ U++. We shall prove that Ui(N [Γ]) = U++. Actually, suppose that a
unitary U belongs to U++. Since U ∈ U+(H), there is a measurable transformation
θ ∈ Aut (R(Γ), µ̂) with Uθ = U (see Section 1). We write θ as

θ(x, y) = (A(x, y), B(x, y)), (x, y) ∈ R(Γ),
16



where A and B are two measurable functions fromR(Γ) onto X. Since UθP++U∗θ =
P++, there exists an automorphism ϑ ∈ Aut (X, µ) with A(x, y) = ϑx for µ̂-a.e.
(x, y) ∈ R(Γ). Finally, the condition UθUσ = UσUθ implies B(x, y) = ϑy for µ̂-a.e.
(x, y). Thus we may assume that

θ(x, y) = (ϑx, ϑy) forµ̂-a.e. (x, y) ∈ R(Γ)

Since θ takes µ̂ to an equivalent measure, we have ϑ ∈ N [Γ], as desired.
So the map N [Γ] 3 θ 7→ Ui(θ) ∈ U++ is an algebraic anti-isomorphism. We

furnish N [Γ] with the topology in which this map is a homeomorphism. This
topology will be called normal. Since U++ is a closed subgroup of U(H), it follows
that N [Γ] is a Polish group.

We shall show that the normal topology is compatible with the metric d intro-
duced by T. Hamachi and M. Osikawa [HO]:

d(θ, ζ) = dw(θ, ζ) +
∞∑

k=1

1
2k

du(θ−1γkθ, ζ−1γkζ)
1 + du(θ−1γkθ, ζ−1γkζ)

, θ, ζ ∈ N [Γ].

For every automorphism γ ∈ [Γ] consider its graph

g(γ) = {(x, γx) | x ∈ X} ⊂ R(Γ).

Then g(γ) is measurable and µ̂(g(γ)) > 0. Suppose that a sequence θn ∈ N [Γ],
n ∈ N, normally converges to an automorphism θ ∈ N [Γ]. Then {i(θn)}∞n=1 ∈
Aut (R(Γ), µ̂) weakly converges to the transformation i(θ) ∈Aut (R(Γ), µ̂). Hence
we have

µ̂(i(θn)π−1(A)4 i(θn)π−1(A)) → 0 as n →∞ for every A ∈ B,

µ̂(i(θn)g(γ)4 i(θn)g(γ)) → 0 as n →∞ for every γ ∈ Γ.

The first is equivalent to µ(θnA4 θA) → 0 for every A ∈ B, i.e. dw(θn, θ) → 0
as n → ∞. The second implies that du(θnγθ−1

n , θγθ−1) → 0 as n → ∞. Thus
d(θn, θ) → 0. It follows that the normal topology is stronger than the Hamachi-
Osikawa one. Since (N [Γ], d) is also a Polish group [HO], the open mapping theorem
yields that these topologies are equivalent.

The main goal of this section is to study the homotopical structure of N [Γ]
endowed with the normal topology.

3.2. The following statement is the measure theoretical analogue of [PT, Theo-
rem 4].

Theorem 3.1. If Γ is of type II1 then N [Γ] is contractible.

Proof. Since all approximately finite ergodic transformation groups are pairwise
weakly equivalent, we may assume that

(i) X = {0, 1}N and the measure µ = ⊗∞n=1ν, where ν is the following measure
on {0, 1} : ν(0) = ν(1) = 1/2;

(ii) the group Γ is generated by automorphisms δi, i ∈ N:

(δix)j =
{

xi + 1 (mod 2), if j = i

xj , otherwise
17



For every multi-index α = (α1, . . . , αn) of the length n we set X(α) = {x = (xi)i ∈
X | xi = αi, i = 1, . . . , n} and γ(α) = δα1

1 δα2
2 · · · δαn

n . Then γ(α)X(ε(n)) = X(α),
where ε(n) = (0, . . . , 0).

Take an automorphism θ ∈ N [Γ]. Since θ preserves µ, for every n ∈ N there exists
a partial isomorphism sn(θ) ∈ [Γ]∗ with Dom (sn(θ)) = X(ε(n)) and Im (sn(θ)) =
θX(ε(n)). Moreover, by Lemma 2.4 one can make the map N [Γ] 3 θ 7→ sn(θ) ∈ [Γ]∗
continuous. Remind that the groupoid [Γ]∗ is endowed with the uniform topology.
Now we define a transformation s̃n(θ) ∈ [Γ] by setting

(3-1) s̃n(θ) = θγ(α)θ−1sn(θ)γ(α)−1x for all x ∈ X(α), α ∈ {0, 1}n.

Then the map N [Γ] 3 θ 7→ s̃n(θ) ∈ [Γ] is continuous, s̃n(θ)X(α) = θX(α), and the
commutator

[θ−1s̃n(θ), γ(α)] = θ−1s̃n(θ)γ(α)s̃n(θ)−1θγ(α)−1 = id.

Therefore d(s̃n(θ), θ) → 0 as n →∞.
Let {β(n)

t | t ∈ [0, 1]} be a contraction path for the induced full group [Γ]X(ε(n))

with β
(n)
0 (γ) = γ and β

(n)
1 (γ) = id � X(ε(n)), n ∈ Z+. Notice, that we put

X(ε(0)) = X.
For each n ∈ Z+ and t ∈ [0, 1] we define an automorphism ∂

(n)
t (θ) ∈ [Γ] by

setting

∂
(n)
t (θ)x = γ(α)β(n)

t (s̃n+1(θ)−1sn(θ))γ(α)−1x, for all x ∈ X(α), α ∈ {0, 1}n,

where s0(θ) = id. Then the map

∂(n) : N [Γ]× [0, 1] 3 (θ, t) 7→ ∂
(n)
t (θ) ∈ [Γ]

is continuous, ∂
(n)
0 (θ) = s̃n+1(θ)−1sn(θ), ∂

(n)
1 (θ) = id. Moreover, ∂

(n)
t (θ)X(α) =

X(α), [∂(n)
t (θ), γ(α)] = id for every α ∈ {0, 1}n and t ∈ [0, 1]. Therefore

d(∂(n)
t (θ), id) → 0 as n →∞.
Now for each n ∈ Z+ and t ∈ [0, 1) we set

σn+t(θ) = (s̃n+1(θ)∂n
t (θ))−1θ.

It is straightforward to check that the map

σ : N [Γ]× [0,+∞) 3 (θ, u) 7→ σu(θ) ∈ N [Γ]

is continuous, σ0(θ) = θ, and σ∞(θ) = id. This means that N [Γ] is contractible. �

By Cld([Γ]) we denote the closure of [Γ] in the normal topology, i.e. the group
of approximately inner automorphisms.

Theorem 3.2. If Γ is of type II∞, then N [Γ] and Cld([Γ]) are contractible.

Proof. We have a split exact sequence of Polish groups

1 −→ Cld([Γ]) −→ N [Γ] mod−→ R∗+ −→ 1.
18



Thus N [Γ] is precisely the semidirect product of Cld([Γ]) and R∗+, so that its topo-
logical structure is completely determined by that of Cld([Γ]).

Let ν be a µ-equivalent, Γ-invariant measure, ν(X) = ∞. Then an automorphism
θ ∈ N [Γ] is approximately inner if and only if ν◦θ = ν. So, only a slight modification
of the proof of Theorem 3.1 is needed to prove the contractibility of Cld([Γ]). �

Note that the requirement for Γ to be approximately finite in Theorem 3.1 can
not be dropped. The paper [GeG] contains a family of examples of ergodic type
II transformation groups Γ with the noncontractible (or even nonconnected) nor-
malizers N [Γ]. However, for all of them Cld([Γ]) = [Γ]. Therefore by the open
mapping theorem for Polish groups the normal topology d on N [Γ] induces the
uniform topology on Cld([Γ]). It follows that Cld([Γ]) is contractible just as in the
approximately finite case. We do not know if this is still true for any ergodic type
II1 transformation group.

3.3. Let Γ be of type IIIλ, 0 < λ < 1. Then we have a split exact sequence

1 −→ Cld([Γ]) −→ N [Γ] mod−→ R∗+/λZ −→ 1

Like in the type II∞ case the topological structure of Cld([Γ]) here determines that
of N [Γ]. We shall prove the following

Theorem 3.3. Cld([Γ]) is contractible.

Proof. Let X, Γ, X(α), γ(α) be as above (see the proof of Theorem 3.1); we only
change the measure µ: µ = ⊗∞n=1νλ, where νλ is the following measure on {0, 1}:
νλ(0) = 1/(1 + λ), νλ(1) = λ/(1 + λ). Denote by Pλ the family of countable parti-
tions τ = {τn}n∈Z of X with

∑
n λnµ(τn) = 1 and by ∆ a countable transformation

group with
[∆] = {γ ∈ [Γ] | µ ◦ γ = µ}.

Then ∆ is approximately finite, ergodic, and type II1 and

Cld([∆]) = {θ ∈ N [Γ] | µ ◦ θ = µ}.

Since Cld([Γ]) = Ker(mod) [HO], for each θ ∈ Cld([Γ]) we have
dµ ◦ θ

dµ
(x) ∈ λZ for

µ-a.e. x. So, the partition π(θ) = {πn(θ)}n∈Z defined by

x ∈ πn(θ) ⇐⇒ dµ ◦ θ

dµ
(x) = λn

belongs to Pλ. Just in the same way as in Theorem 2.7, one can prove that Pλ en-
dowed with the quotient topology is contractible and homeomorphic to the homoge-
neous space Cld([∆])\Cld([Γ]), and the quotient map π : Cld([Γ]) 3 θ 7→ π(θ) ∈ Pλ

admits a continuous cross-section. Thus it suffices to prove that the group Cld([∆])
is contractible.

Since µ(θX(ε(n))) = µ(X(ε(n))) for an automorphism θ ∈ Cld([∆]), there is a
continuous map

Cld([∆]) 3 θ 7→ sn(θ) ∈ [∆]∗
with Dom (sn(θ)) = X(ε(n)), Im (sn(θ)) = θX(ε(n)), n ∈ N. For each multi-index

α ∈ {0, 1}n the function X 3 x 7→ dµ ◦ γ(α)
dµ

(x) is constant on every cylinder set

X(β), β ∈ {0, 1}n. Therefore, the transformation s̃n(θ) ∈ [Γ] determined by (3-1)
belongs to [∆]. We see that the arguments for the contractibility of N [Γ] in the
proof of Theorem 3.1 leads to the contractibility of Cld([∆]). �
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Corollary 3.4. (i) N [Γ] is homeomorphic to the Cartesian product Cld([∆])×Pλ×
(R∗+/λZ),

(ii) π1(N [Γ]) = Z.

3.4. Now let Γ be of type III0. Denote by W (R) = {W (t)}t∈R the associated
(Poincaré) flow [Kr2, HO] acting on a space (Ω, %) and by C(W (R)) its centralizer,
i.e.

C(W (R)) = {ζ ∈ Aut (Ω, %) | ζW (t) = W (t)ζ for all t ∈ R}.
It is known that C(W (R)) endowed with the weak topology is a Polish group and
the following sequence

1 −→ Cld([Γ]) −→ N [Γ] mod−→ C(W (R)) −→ 1

is exact and split [H].

Theorem 3.5. Cld([Γ]) is contractible.

Proof. We use the notations of Theorems 2.9 and 2.10 and identify µ with κ × λ.
Since ∆ is approximately finite, we may assume that ∆ is generated by a µ-
preserving transformation S0:

S0(z, y) = (z, Sy), (z, y) ∈ X,

where S ∈ Aut0(Y, λ) is an ergodic transformation. It follows that Uz ∈ N [S] for
κ-a.e. z (see (2-3)).

Take an atomorphism θ ∈ Cld([Γ]). By [BG2, Proposition 1.5] there is a partition
π(θ) = πn(θ)n∈Z of X with

θ(z, y) = (Qnz, . ) and
dµ ◦ θ

dµ
(z, y) =

dµ ◦Qn
0

dµ
(z, y) for a.e. (z, y) ∈ πn(θ).

It is straightforward that π(θ) ∈ P0 (see the proof of Theorem 2.10) and the map

π : Cld([∆]) 3 θ 7→ π(θ) ∈ P0

is continuous, since the set
{

dµ ◦Qn
0

dµ
(z, y)

∣∣∣∣ n ∈ Z
}

is closed in R∗+ for µ-a.e. (z, y)

in view of (2-4). It can be proved that P0 is homeomorphic to the homogeneous
space Cld([∆])\Cld([Γ]) and the quotient map π admits a continuous cross-section.
To this end one should apply the argument of the proof of Theorem 2.10. Since P0

is contractible, it suffices to prove that the group Cld([∆]) is contractible.
Let Υn = {0, 1}n × Z and ε(n) = (0, . . . , 0) ∈ Υn, n ∈ N. For every α =

(α1, . . . , αn+1) ∈ Υn we set αk = (α1, . . . , αn, k, αn+1) ∈ Υn+1, k = 1, 2. Since Γ is
approximately finite, there is a sequence of arrays {X(α), γ(α) | α ∈ Υn}, n ∈ N,
such that (see Theorem 2.9 and [HO]):

(i) {X(α)}α∈Υn is a partition of X, µ(X(α)) > 0 for every α ∈ Υn, n ∈ N,
(ii) γ(α) ∈ [Γ]∗ with Dom (γ(α)) = X(ε(n)), Im (γ(α)) = X(α),
(iii) X(α) = X(α0) ∪X(α1), γ(α0)(X(α0)) = X(α1) for all α ∈ Υn,
(iv) the collection of the sets {X(α) | α ∈ Υn, n ∈ N} generates the σ-

algebra B,
(v)

⋃∞
n=1[Γn] is uniformly dense in [Γ], where Γn is the automorphism group

generated by the partial isomorphisms γ(α), α ∈ Υn,

(vi) the function X(ε(n)) 3 (z, y) 7→ dµ ◦ γ(α)
dµ

(z, y) is independent of y for

all n ∈ N.
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It is straightforward that for each automorphism θ ∈ Cld([∆]) there is a measurable
field Z 3 z 7→ θ(z) ∈ N [∆] of λ-preserving transformations of Y with

θ(z, y) = (z, θ(z)y), (z, y) ∈ X.

By applying Lemma 2.5 we conclude that for every n ∈ N there exists a partial
isomorphism sn(θ) ∈ [∆]∗ with Dom (sn(θ)) = X(ε(n)), Im (sn(θ)) = θX(ε(n)),
and the map

Cld([∆]) 3 θ 7→ sn(θ) ∈ [∆]∗

is continuous. Now we define a transformation s̃n(θ) ∈ [Γ] by setting

s̃n(θ) = θγ(α)θ−1sn(θ)γ(α)−1x, for all x ∈ X(α), α ∈ Υn, n ∈ N.

It follows from (vi) that µ ◦ s̃n(θ) = µ, i.e. s̃n(θ) ∈ [∆]. Moreover, by the definition
of s̃n(θ) and (i)–(iii) we have s̃n(θ)X(α) = θX(α) and [θ−1s̃n(θ), γ] = id for all
α ∈ Υn, γ ∈ Γn. Hence in view of (iv) and (v) s̃n(θ) → θ in the normal topology
as n → ∞. Let {β(n)

t }t∈[0,1] be a contraction path for the induced full group
[∆]X(ε(n)) with β

(n)
0 (δ) = δ and β

(n)
1 (δ) = id � X(ε(n)) for all δ ∈ [∆]X(ε(n)), n ∈ N

(see Theorem 2.2). The completion of the proof repeats almost literally that of
Theorem 3.1. �

Corollary 3.6. Let Γ be as above. The group N [Γ] is homeomorphic to the Carte-
sian product Cld([∆])× P0 × C(W (R)).
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