On spectrum of Riemannian manifolds with attached
thin handles
Andrii Khrabustovskyi
Mathematical Division, B. Verkin Institute for Low Temperature Physics and
Engineering National Academy of Sciences of Ukraine
47 Lenin Ave., Kharkiv, 61103, Ukraine
E-mail:andry9@ukr.net

Abstract. The behavior as € — 0 of the spectrum of the Laplace-Beltrami
operator Af is studied on Riemannian manifolds M¢ depending on a small pa-
rameter €. They consist of a fixed compact manifold with attached handles whose
radii tend to zero as ¢ — 0. We consider two cases: when the number of the han-
dles is fixed and their lengthes are also fixed and when the number of the handles
tend to infinity and their lengthes tend to zero as € — 0. For these cases we obtain
the operators whose spectrum attracts the spectrum of A® as e — 0.

Keywords: homogenization, Laplace-Beltrami operator, spectrum, Rieman-
nian manifold

MSC: 35B27, 35P20, 58G25, 58G30

Introduction

The aim of this paper is to study the behavior as ¢ — 0 of the spectrum of the
Laplace-Beltrami operator A on Riemannian manifolds M€ depending on a small
parameter €. We consider two different problems.

In Section 1 we consider a manifold M*¢ that consists of a fixed 2-dimensional
compact Riemannian manifold without boundary €2 and an attached "thin"manifold
I'é. The last one consists of several tubes with fixed lengthes and radii € (see Fig.1
below). Thus I'® "converges'"to some graph I" as ¢ — 0.

Let Aq be the Laplace-Beltrami operator on €2 and L be the Laplace operator
on I', i.e. L is defined by the operation dd—; on the edges of T' (s is a natural
parameter on the edge), Dirichlet boundary conditions on the ends of I' and
Kirchhoff conditions on the vertices of I'. We prove that the spectrum of A®
converges in some suitable sense to the union of the spectrum of Ag and the
spectrum of L. Also we investigate the behaviour of corresponding eigenvalues.

This results generalize the results of C.Anne [1|. In [1] the behavior of the
spectrum is studied on a manifold with one attached handle having a fixed length
and a vanishingly small radius. In [2] these results are extended to the case of the
Laplacian acting on differential p-forms. The convergence of spectra on manifolds
which collapse to a graph has been studied in [6].



In Section 2 we consider the manifold M¢ whose topological genus increases as
€ — 0. It is constructed in the following way. Let €2 be a compact 2-dimensional
Riemannian manifold without a boundary and D, 7 = 1...N(e) = 3N (¢) be a sys-

N(e)
tem of nonintersecting balls ("holes") in € depending on e. Let Q° = Q\ |J Ds.
i=1

Suppose that the set {1...N(¢)} is divided on subsets that consist of 3 elements.
If the indexes 1, j, k lie on one subset we connect the "holes" D5, D;‘T, Df by means
of a manifold that consists of tubes Gf, Gj ,G%, and a truncated sphere ijk (see
Fig.2 below). As a result we obtain the manifold

Me =07 ) [GEUGS UG, UBg,.
1,5,k

We suppose that the number of "holes"increases as € — 0, while their radii
tend to 0. It is supposed that the radii of the "holes"are much smaller than the
distances between them. We also suppose that in contrast to the manifold I'"® in
Section 1 and in contrast to [1] the metrics is such that the lengthes of the tubes
converge to 0.

We obtain the following result: if some conditions on a distribution of the
"holes"and on the metrics on the tubes and the truncated spheres are hold then
the spectrum of the operator —A® converges in some suitable sense to the spec-
trum of the operator £ defined by the formula

[Cu(x) = —Aqu(z) + /Q Wz, ) () — u(y))dy.

Here W(x,y) is a positive symmetric function. We present an example for which
W (x,y) is calculated explicitly.

The behavior of the spectrum of manifolds with complex microstructure has
been also studied in [5],[8] for another types of manifolds. We note that the behav-
ior of the spectrum of the manifold with attached one handle having a vanishingly
small radius and (in contrast to [1]) a vanishingly small length has been studied
in [4].

The proof of main results is based on the abstract scheme proposed in [7].

Through the paper we denote by C various constants independent on €.

1 Riemannian manifold with attached "graph"

1.1 Problem setting and main result

Let Q be a 2-dimensional compact Riemannian manifold without a boundary and
with a metrics g. By Aq we denote the corresponding Laplace-Beltrami operator.



Let D:,i = 1...N be the system of balls in  with the centers z; € 2 and the
radii e. We consider the following domain with holes

N
o =0\ JD;.
=1

We glue to Q° the manifold I'¢ illustrated on Fig.1 and constructed in the following
way.

Let T be the graph in R3. We denote by p;,i = 1..m (m > N) the vertices
of this graph and by ~;j; the edges of this graph. 7f; connects the vertices p; and
pj. We introduce the symmetric matrix {Aij}%zl such that A;; = 1 if pf and p§
are connected and A;; = 0 otherwise. We suppose that for the first N vertices
Di,1 = 1...N there is only one p; such that A;; = 1. This are the ends of the graph.

Let z;; be the natural parameter on v;;, z;; € [0,1;;]. We denote by p(z;;) the
point on ;; that corresponds to the natural parameter z;;.

We denote by Gf; the cylinder with the axis 7;; = {p(2i;) € vij : 2i5 € [6%,lij —
6°],6° > 0} and with the radius e. The length of Gj; is equal to I§; = l;; — 26°.
We choose the standard cylindrical coordinates on G;?j

G5; = {(@ij, zij) = @i € [0,27], zi5 € [6°,15 — 6] } .

Clearly 6° can be chosen such that

1. G;; are pairwise disjoint,

2. 165 < C-e.
The boundary of G7; consists of two circles S7; and S%;. Here we suppose that S7;
is closer to the vertex p; and Sji is closer to the vertex p;.

Let for i € {N + 1...m} B¢ be the sphere of the radius b* = /2 + §% with
the center p;. It is clear that S7; C Bf. Let Dj; be the part of Bf that lie inside of
the cylinder Gj; and let

B =B\ |J Dy
j:Aijzl

We obtain the 2-dimensional manifold (see Fig.1):

m

m
-0 U &l U
i=1 |i,j:Aij=1,i<j i=N+1
The boundary of I'* consists of S7;, 4,7 :7=1..N, 4;; = 1.

Now we suppose that S;,i,7 : ¢ = 1...N, A;; = 1 are diffeomorphic to 9Dj;.
Using this diffeomorphisms we glue I'* to 2° and obtain the manifold without a
boundary:

M®=Q°uUr®.



Figure 1: Manifold I'®.

We denote by & the points of this manifold. Clearly M® can be covered by a
system of charts and suitable local coordinates {z1,z2} can be introduced.

It is supposed that M*¢ is equipped by the metrics ¢g° that coincides with the
metrics g on ¢ and coincides with the Euclidean metrics induced from R? on I'®.
By 93,@ we denote the components of the metric tensor in local coordinates.

Let Lo(B) be the Hilbert space of the real-valued functions on B C M¢ with
the scalar product and the norm

(w:0) ) = [ (@) 0@, [l = [ (0(2) s

B B

where dz = , /detgzﬁdazldxg be the volume form.

We denote H¢ := LQ(ME), Ho := LQ(Q) X LQ(F).
Let A® be the Laplace-Beltrami operator on M¢. It is well-known that the
spectrum of the operator —A*® is purely discrete. Let 0 = A\ < A5 < A5 < ... <

A% i be the eigenvalues of —Af written with account of their multiplic-
— 00
ity, ui,u3,u5... be the corresponding eigenvectors normalized by the condition
(u?7 u;)'HE = 52.7
In this section we study the behavior of A\; as e — 0.

Let L : Ly(T') — Lo(T') be the operator Laplace on a graph I" with Dirichlet
boundary conditions, i.e. L is defined by the operation
d?u

@) =~ @), & =pleis) € g




and the definitional domain that consists of the functions u € H 2(%]') Vi, j and
such that if we denote by u;; the restriction of u on +;; then:

fori=1,N: u(z;) =0,
ui;j(p;) are equivalent for all j : A;; =1,
fori=N+1,m: Dui;
’ i) — 07
>, S5 )

JiAi;=1

0 T o .
where Em means the derivative in the direction outward to 7;;. In short, u is a
v

continuous function on I' that satisfies to the Dirichlet conditions on the ends of
the graph and satisfies to the Kirchhoff conditions in the vertices (for more precise
description of differential operators on the graphs and its properties see, e.g., [6]).

In order to describe the behavior of the eigenfunctions we introduce the oper-
ator R® : Hog — HE:

fo(2), 2 € O,
[RFI(Z) = { fij(zij)e V2% = (255, 055) € G550 [ = (fos fijsisJ 2 Aig = 1) € La() x La(T).

0,% € B,
_[=Ag O
ﬁ( 0 L)'

and let Mg, A1, Ao... be the eigenvalues of £ written with account of their multi-
plicity. It is clear that the spectrum of L is the union of the eigenvalues of the
operator —Aq and the eigenvalues of the operator L that are taken with account
of their multiplicity.

Theorem 1.1. For any k=1,2,3...

Let £ : Hy — Ho:

A, — Mg, € — 0.

Theorem 1.2. Let N\, < Agy1 = Agg2 = oo = Mot < Nerma1 (i-e. the
multiplicity of Ag+1 is equal to m). Let N(Ai11) be the eigenspace of the eigenvalue
Me+1. Then for any w € N(Apy1) there exists the linear combination u® of the
eigenfunctions ug_ ...uj . such that

|u® — RFwl||ye — 0, € — 0. (1.1.1)



1.2 Proof of Theorems 1.1 and 1.2

We prove Theorems 1.1 and 1.2 for the case N = 3,m = 4, i.e. I'* consists of
three tubes G9,4, G54, G5, and the truncated sphere Bj that connect these tubes.
For the general case the theorems are proved in a similar way.

We introduce the new notations:

I = Uy, 2= zia, @i = pia, G =Gy,
S]& = Si], Ca = ,?4, BE = Bi, Bf = Bi, Z,] = 1,2,3.

7

(eI = | 0C%).
i=1,2,3

For simplicity we suppose that metrics g is Euclidean in some neighbourhood
of the holes D (and thus ¢° is continuous). For the general case the proof needs
small modifications.

We denote by A° and Ag the operators inverse to —Af +1 and £ + I corre-
spondingly (I is the identical operator).

Now we study the behavior of A° as e — 0.

Theorem 1.3.The following conditions are fulfilled:

C1. For any f € Ho

IR fllre = N1 fll#0:€ — 0. (1.2.1)

C2. Operators A%, Ay are positive, compact, self-adjoint and bounded in L(H®)
uniformly with respect to €.
C3. For any f € Hy

| AR f — R° Ao f|lne — 0,6 — 0. (1.2.2)

C4. For any sequence f¢ € HE such that sup || f¢||xe < oo there exist the
subsequence €' and w € Hy such that

A f€ = Rfwllye — 0,e =" — 0. (1.2.3)

P roof1. Condition C1 is directly follows from the definition of the operator
R*.

2. Condition C2 follows easily from the properties of the resolvent, namely
the following estimate is valid

A% £y < 1.

3. Let f € H. We denote u® = A°R°f, f¢ = R°f. In order to describe the
behavior of u® on Q° we introduce the operator I : H'(M?) — H'(Q) with the
following properties:



) 0 gy + V5T, < C{lulle + IV5ulles ., € > 0,
2) H5u®(Z) = u®(Z) on Q°.
2

ou 0
(Here | VEu® || e = Z ggo‘ﬁa Y 925 “ —— 4z, where g” are the components of the
Lo
Me a,f=1

tensor inverse to g°). Such operator exists, see, e.g, [3].
Due to C1-C2 we have ||u® ||z < || f]lne — || f]#,- Moreover using variational
methods we obtain

IVEuZ e < 2015 llnee - 1w lpee

Using these inequalities and the properties of the operator IIj we conclude that
[5ue is bounded in H'(Q2) uniformly with respect to € and therefore there exists
a subsequence (still denoted by €) such that

IT5u® =, U0 € HY(Q) weakly in H'(Q) and strongly in Lo(£). (1.2.4)
e—

In order to describe the behavior of u® on the tubes G} ,7 = 1,2, 3 we represent
uf in the form

ut (i, zi) = Piut(zi) + Q7us (@i, 2i) (1.2.5)

where

2

1

Pru(z) = o /Ua(soz'yzz')d%-
0

Let IT5 : HY(GS) — H'(]0,1;]) that defined by the formula

\/EPZ-E<ZZ‘), zZ; € [5€,li — (56],
II5u®(2;) =  VePF(69), z €10,6°),
\/EPZE(ZZ — 55), zZ; € (ll — 5E,li].

We have the following estimates:
2
2 o1 [ .
= 92 9 u® (i, Zi)\/gd% dz; <
L2[0,1;] 4 Zi 4T ,
1;—0% 2

2
_4(//( (ons)) cdpids <0 IV (20
™

Hmummméﬁﬁmfwm—Hmmw—ﬁwyu%rww@@ﬂ<mw

1;—0°¢ T 2
d Hs €
dz;




Further
1;—6°

0
() < 2 | () +1 [ [T ()
(2
5€
Integrating this estimate on z; from 6° to l; — §° one has

2
(1.2.8)
L2[567li,55]

2
dz

d
(e (0°))? < € (anusuiﬂas,li_és] o P

and similarly

dHEE

2
(1.2.9)
Lo[é%,1;—6%]

It follows from (1.2.6)-(1.2.9) that IT;u¢ is bounded in H([0,;]) and therefore for
i =1,2,3 there exists a subsequence (still denoted by ¢) such that

IS u® Ui € H([0,1;]) weakly in H'([0,1;]) and strongly in L ([0, 1]).
e—
(1.2.10)

(Mus(l; — 6%))* < C (HH6 N[ (5 -5 +‘

The following lemma say that u® is vanishingly small in B®.
Lemma 1.1.Let u € H'(M¢®). Then

Il l1Z ey < C(62HVEUEH%Q(Beﬁff!\V‘Euallizwicgﬁgl 1H6!(|!V€uEH2L2(Qe>+HuE\i(ne)))-

P r o o f. At first we note, that u® can be extended to whole ball B¢ in such
a way that ||Vu|[r,p) < C|| V|1, ey (see [9, p. 118, Example 4.10]). Let
us fixed ¢ from {1,2,3}. We introduce the spherical coordinates ¢ € [0,27],0 €
[0,7] on B¢ such that the points of S have the coordinates ¢ € [0,27],0 =
arcsin(e/b%) =: 6°.

So we extend u° to B° and have:

0
a £
u(p,0) = u(p,0°) +/7u g;’ 0y

o<

.

Further

2w w—6°

/ / (uf (¢, 0))2b°2 sin AdAdyp <

0 6=

T—0°% 27

/_ <8u v, Tﬁ) sin dipdep - /(Sin¢)_1d¢+/(ua(tp,ea))gdcp
0

05
(1.2.11)



Since Cy < 6° < Cs the first term is estimated by Ce?||Veu 5||L (Be)- Now we esti-
mate the second term. Representing the corresponding integral in the cylindrical
coordinates one has

£ 95 £ l %Z)Z’l
¢7 - ‘FZ? 7 ")CZ7

Let D¢ and R® be the balls in Q with the radiuses d° and r° (r° > d°). Then
for any u € H'(R®\ D?) the following estimate is valid (see [?]):
1
Il o0y < € I [Vl ey + prislilmann |- (1212

Using (1.2.12) we have

27 2 2 2w 1; 9
iy %i
62/(u6(¢i7li))2dgyi §Cg2 /UE(SOw dg@z —1—//( ai ) dz; | <
0 0 0 0 ’

< el (w13, ey + V501 0y ) + IV IR )

We denote D¢ = {(p,0) € B : 0 € [x — 6°,6°]}. It follows from (1.2.11) that
fori=1,2,3:

14117, e\ (peuDrey) < C<52’Vsus||%2(Bs)+€||vgue\|%2(G§)+52| Ine] (HVEUE||%2(Q€)+||u€”%2(98)))‘

The Lemma is proved since |J [B°\ (D UD!*)] = B°.
i=1,2,3
We return to the proof of Theorem 1.3. We denote u := (ug, u1, ug, us). Let
us prove that u = Agf. It is easy to see that this is equal to the fulfilment of the
following conditions:

I u;(0)=0,i=1,2,3, (1.2.13)
1I. Ul ll) = U2(l2) = ul(lg), (1214)
ITL. (Vuo,Vw)Ho (g, W)y = (fo, )y, Yw € HY(), (1.2.15)
l;
V. Z/ ui(2)) (wi(z /dz—i-Z/ui(z)w z2)dz =
=1 0 =1 0
3 b
- Z/fz 2)dz, Yw; € H[0,1;]. (1.2.16)
i=17



Let us verify the fulfilment of these conditions.
I. Using trace theorem we have for i = 1,2,3
u; (0) = lin(l)Hqu(()) = lin% IIEu®(6°) = \/Elir%ﬂf. (1.2.17)
& E— £—

It follows from (1.2.12)-(1.2.17) that (1.2.13) fulfils.
II. One has for i,j = 1,2, 3:

Juslls) — us(1)| = lim Vi — ), (1.2.18)

where 4 is the average value of u® over the circle S5.

We denote v (&) := u®(Z) — U®, where U® is the average value of u® over B*®
and we denote by 05 the average value of v® over the circle S5.

Using the inequality of the type (1.2.12) and Poincare’s inequality one has

0° 1
Wil <C { lntan; . HVEUEH%Q(Bf) + ane”%z(Bf)] < (1.2.19)
95
< C|lntan - NIVEEIIR, ey (1.2.20)
Using (1.2.19) we have:
96
05 = 51 =165 = 551 < 16 +165] < Oy mtan G 190 agy - (1220

Since |lntan %| < C' it follows from (1.2.18), (1.2.21) that (1.2.14) fulfils.

ITI. Clearly it is sufficient to prove (1.2.15) for w such that
30 >0Vi=1..N: pg(supp(w),xf) >4,

where pg is the distance on (2 generated by the metric g (because the set of such
w is dense in H1(€2)). Then for such w and for sufficiently small & supp(w) C Q°.
Let w®(z) € Lao(M®): w®(Z) = w(z) in Q° and w® = 0 in M\ Q°. Clearly
w® € H?(M?) for ¢ small enough.

We have

0 = lim <(V5u€, VEws)pe + (u, w)pe — (fF, wE)HE> =

e—0

e—0

= lim ((VHSUE,VW)LQ(Q) + (IFu®, w) £y ) — (f7w)L2(Q)> =

= (VUQ, V’U))'HO + (’U‘Oaw)'HO - (an w)Ho'

10



and (1.2.15) fulfils.
IV. It is clear that it is sufficient to prove (1.2.16) for such w; that

36 >0Vz€[0,0]: wi(z) =0and Vz € [l; — 0,1 : wi(z) = wi(ly),

because the set of such w; is dense in the set of test functions mentioned above.
For sufficiently small € §° < § and therefore such w; satisfies to the conditions:
Vz €10,0°] : wi(z) =0and Vz € [l; — 6%, 1] + wi(z) = wi(l;).

At first, let us estimate the reminder Q°u® on G;. Using Poincare’s inequality
we have:

l;—0°% 27 1;—6% 27 90°
/ / Qe’;‘ 5 (Plazl d(pZerL < C / /( Q > dspldzz =
1;—0° 21 9
—C OUN" dpdz; < Cel| V|2 1.2.22
= 90, pdz; < Ce||Vou HLZ(Gf)‘ (1.2.22)
5 0

Using this and representation (1.2.5) we have

3 l; 3 ! 2 1;—6° 8]_‘_[6 ‘9
. Y . AYY . — 1 - u wl =
Zlf(uz(zz)) (wi(z)) dz; 2 e11_{)% 277/ 95 0 dzidp; =
=1 = 0 o¢

2w 1, 755 2 1;—0°¢
_ €€ .
- ili% o / / 92 0z < >‘€dzldsz / / VeQiu d 3 2 duid
65

In view of (1.2.22) the second integral tends to zero. Therefore we have

L

3

1

/ _ €, €

Z;/ dZ_QngiI(lJ(vu Vw® ) e
0

.
Il

where w® € H(M?)

_1/27 T = (ZZHSOZ') € Gi7

wi(zi)s
w(z) = 10, 2 € P,
w;(6%)e~1/?, & € Be.
In the same way we obtain

l; l;

23: /u dz—/f(Z)wi(Z)dz = %gig% ((us,wE)Hs - (f&,ws)w).
0 0

i=1

11



The proof is similar to the proof of (1.2.24). The last two equalities imply the
condition(1.2.16).

Thus we prove that u = Apf.

It is easy to see that (1.2.2) follows from (1.2.4),(1.2.10),(1.2.22) and Lemma
1.1. The condition C3 is fulfilled.

4. It remains to verify the fulfilment of the condition C4. Let f¢ € H® be
such that sup || f¢||xe < o0o. We denote u® = A°fe. It is clear that the norms
||u5||2L2(ME) + ||V5u5||%2(M6) are uniformly bounded with respect to e. In the same
way as in the item 3 it can be proved that there exists a subsequence (still denoted
by €) such that the following limits exist

wp = ilir(l] T5u® € H'(Q) strongly in Lo(Q), (1.2.23)

w; = lim Tl7u® € H'Y0,1;],i = 1,2,3 strongly in Lo[0,;]. (1.2.24)
e—
By means Lemma 1.1 we have
w17, (5e) — 0,6 — 0. (1.2.25)

It is easy to see that the fulfilment of the condition C4 (with w = (wq, w1, wa, w3))
follows from (1.2.22)-(1.2.25).
Theorem 1.3 is proved.

We continue the proof of Theorems 1.1 and 1.2. Let puf > pu5 > pu5 > ... >
K, P 0 be the eigenvalues of A® written with account of their multiplicity

—00
and let f{, f5... be the corresponding eigenvectors normalized by the condition
(fs ff)Hf = 0;5. Let pug > po > p3 > .o > g k—> 0 be the eigenvalues of A.

—00

7

It is proved in [7] that the conditions C1-C4 imply
pwy — ik, € — 0, k=1,2,3...

and moreover if pp > pigr1 = pkt2 = . = fktm > Hktms1 then for any
w € N(pg+1) such that ||w||y, = 1 there exists a linear combination f¢ of the
eigenfunctions f¢ ... f¢,,, such that

| f¢ — REwlj3= — 0, € — 0.

Since A\ = ﬁ%i -1, A\ = H_lk — 1, uj, = f; (and so N(\;) = N(us)) it follows
that Theorems 1.1 and 1.2 are proved.

12



2 Riemannian manifold of increasing genus

2.1 Setting of the problem and main result

Let  be a 2-dimensional compact Riemannian manifold without a boundary and
with a metrics g. By Ag we denote the corresponding Laplace-Beltrami operator.
Let D5,i = 1...N(e) = 3N;(e) be the system of balls in © with the centers 2§ €
and the radii d°. We consider the following domain with holes

N(e)
o =0\ D5
=1

Let G5, i = 1...N(e) be the set of tubes
G; = {2 = (¢4, 2i) : pi €]0,27],2z; € [0,1]}.
We suppose that
C; ={2 = (¢i,z) € G : z; =0} C 0G5

is diffeomorphic to D7, using this diffeomorphism we glue G5,i = 1..N(e) to
Q°. By S; we denote the "ends" of Gf:

SZE = {.f = (QOZ‘,ZZ‘) S Gf 2= 1} C 8Gi

We divide the set {1...N(g)} on subsets that consist of 3 elements. For each three
indexes i, j, k we introduce the number A;;, and set A;;, = 1 if 7,7,k lie on one
subset and we set A;;, = 0 otherwise. If A;;j, = 1 we say that the corresponding
holes Dy, D5, Dy are connected.

For any 4,7,k : A;ji = 1 we consider the sphere ijk C R3 of radius b°. Let
€

d
D; ,D; , D}, be the geodesic balls on ijk of the radii b° arcsin b_5> It is clear

that the radii of the circles 0D;, 6D§ ,0D;, are equal to d°. Let
Bl = B \(D; UD; UDy).

It is clear that 8Df,8D§,8Di are diffeomorphic to 57,55, Sy correspondingly.

Using these diffeomorphisms we glue ij p to G5 U G§ U GY%,. Thus we obtain the
manifold (see Fig.2)

M = QU U BuGuGciuay)
Z,],]{?A”kzl

13



Figure 2: Manifold M¢.

We denote by & the points of this manifold. Clearly M¢® can be covered by a
system of charts and suitable local coordinates {z1,z2} can be introduced. It is
supposed that M€ is equipped by the metrics g° that coincides with the metrics g
on €2, coincides with the metrics induced from R? on B;;, and on G? the metrics
is defined by the formula for the square of the element of length:

ds® = ¢5dz? + (d°)%dy?, ¢f > 0.
By 926 we denote the components of the metric tensor in local coordinates.

We denote r{ = min py(5, a:j), where p, denote the distance on €2 generated
J

by the metrics g. It is supposed that the following properties are valid
(i) [nd* |t < C(rf)? 1§ = O(e),
(i) ¢ <¢° — 0, e =0, i.e. the lengthes of the cylinders G5 tend to zero.

I3
(iii)  (b°)? <|lnd8] + ‘lntan%gl + V&

. 5
— 0, ¢ —» 0, 6° = arcsin Zl—s.

de
Let A® be the Laplace-Beltrami operator on M*®. Let 0 = A\ < A5 < A§ <

AL k—> oo be the eigenvalues of —A® written with account of their multi-
—00

plicity, uf, u5, u5... be the corresponding eigenvectors normalized by the condition

(uf, u5)ne = dij.

In order to describe the behavior of A} as ¢ — 0 we introduce the following
notations

R; = {2 € Q° : d° < py(&,27) <15 /2}, @5 ={z € Q°: py(Z,25) =17 /2},
Sk =G UGEUGS UBS,, TS = RS URS UR; UTS,.
We consider the following problem for 4, j,k : A;j, =1

Afv =0 in ffjk, v=1o0nCf and v =0 on éjuég (2.1.1)

We denote by vf;, the solution of (2.1.1). It is clear that v, = vg.

14



For i,j,k : Ajji = 1 we denote

Z‘Ejk == /( zjk?vs jzk)d~

Ff]k:
2
(here (Veu,Vev) := Z g —— Ou v ———) otherwise we set W, = 0 (Le. WS, =
et 0z Ozp J

(VE z]k:’v /U]zk:)Lg(l"8 ))
We introduce the generalized function

We(z,y)= Y. Wipd(a —a5)d(y — 25) € D'(Q x Q).
i,5,k=1...N(¢)

We suppose that the following limit exists
(iv) 3 lin%) We(z,y) = W(z,y) € Loo(2 x Q) - positive symmetric function.
E—>
We denote H® := Lo(M*), Ho := La(Q).
Theorem 2.1. For any k=1,2,3...
A, — A, € — 0,

where 0 = A1 < Ao < A3 < ... be the eigenvalues of the operator L : La(Q2) —
Lo(2):

[Cu(z) = —Aqu(a / Wz, y) (u(z) — uly))dy.

Theorem 2.2.Let R : Hy — HE:

f(z), zeqF,
[ f1(2) = { o, re U Iy
i,j,k:Aijk 1

Then the eigenfunctions of —A® converges in the sense (1.1.1) to the eigen-
functions of the operator L.

2.2 Proof of Theorems 2.1 and 2.2

We denote by A° and A the operators inverse to —A®+1 and L£+1 correspondingly.
Just as in the previous section Theorems 2.1,2.2 follow from

Theorem 2.3.Conditions C1-C4 are fulfilled.

P r o o f. Conditions C1-C2 are trivial. Let us check the condition C3.

15



Let f € H. We denote u® = A*R°f, f¢ = R°f, ugp = Apf. Note that the
following estimates are valid

W aarey < NN Laaeys IVU N 000 < 2085 maqarey - 1l Laare)- (2:2.1)

It is well known, that 4° minimizes the functional

f@ﬂ:i/ﬂv%ﬂ2+@ff2fmﬂdj (2.2.2)
e

in the class of functions H'(M¥¢), while ug minimizes the functional

%M:/ﬂwﬁ+ﬁ—w@m+//éW@wm@pw@fmw(m@
Q Q

Q

in the class H'(2). The converse assertions are also true.

In order to prove that u® converges to ug we consider the following abstract
scheme.

Let H® be a Hilbert space depending on the parameter € > 0, (u®, v%)., ||u®]|c
be the scalar product and norm in this space, F** be continuous linear functionals
in H® which are uniformly bounded with respect to €. Let H be a Hilbert space
with the scalar product (u,v) and norm ||ul|, F' be a continuous linear functional
in H.

Consider the following two problem of minimization:

w2 + F¥[u] — inf, o € H° (2.2.4)
|ul|* + Fu] — inf, wu€ H.

Let u® and ug be the minimizants of the problems (2.2.4) and (2.2.5). The
following theorem is proved in [3].

Theorem 2.4. Let M be a dense subset of H, and let II* : H® — H and
P¢: M — HE be operators satisfying the following conditions:

(a) 00| < Cllu]), Vo € H=:

(b1) I Pfw — w weakly in H as ¢ — 0,YVw € M,

(bo) lim [ Pwll. = ], Yo € M

(bg) for any sequence ¢ € H€ such that II°v* — ~ weakly as ¢ — 0, for any
w € M one has:

tim [(Pw, °)e| < Cllw] 4]

(c) for any sequence ¢ € H¢, such that 1154 — ~ weakly as ¢ — 0 we have

lim F=[y°] = F[y].

e—0

16



Then
I*u® =, Uo weakly in H.

E—

Note, that Theorem 2.4 holds true if conditions (bs) and (c) hold only for
such sequences 7 that the norms ||*||; are uniformly bounded with respect to €
(because, in the proof of Theorem 2.4 conditions (bs) and (c) are used only with
such sequences).

We now realize our abstract scheme. Let H® be the Hilbert space H'(M?) of
the functions on M¢ with the scalar product
(u, %) = / [(VEu®, Vo) + u®0f] dz,
MEe
and let F© be the linear functional defined by the formula
Feluf] = /—2f€u5di"
Me
Let H be the Hilbert space H'(f) with scalar product
1
(o) = [ (Ve 7o)+ urlda+ [ [ SWGa)u(@) - ul)(ela) - o(w))dody
Q Q Q
and f be the linear functional on it defined by the formula
Flu] = /—2fudx.
Q

It is clear that functionals F*¢ are uniformly bounded with respect to €.

Now we introduce operators I1¢ and P satisfying conditions (a)-(c) of Theo-
rem 3.

The existence of the operator I1¢ : H'(M¢) — H'(Q) that have the properties

||VHSUE|’%2(Q) + ||H€ua||%2(m < C<”VUEHQL2(QE) + ||U6||%2(Qs)>, (2.2.6)
IIFu®(Z) = u(2), 2 € Q° (2.2.7)

is proved in [9, p. 118, Example 4.10]).
Clearly (a) follows from (2.2.6).
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We introduce operator P. Let ¢(r) be a twice continuously differentiable non-
negative function on the half-line [0, 00), equal to 1 for r € [0,1/4] and equal to
0 for r > 1/2. We set

i) = (P2 i) = o (24511)).

T

where d5, = exp(—|Ind®|'/?).
Let M = C%(Q), M is dense in H*(Q). Let w € M. We define the operator
P¢ by the equality:

(@) + (W —w(@))h, (3 (k s+
T

jzk( )'LU +vkz]( ) )901( ) 'CCERE .77k Az]k—l

Uijk( )w +U]zk( )’UJ +Ukly($)wk? xerljk’

[Prw](Z) =

where w§ = w(xf).

To see that conditions (bj)-(bsg) holds we use the following estimates of the
solution v, to the problem (2.1.1).

Lemma 2.1 Let Rj, = {Z € Q° : df, < py(x,x;) < r;/2}.Then for 4,75,k :
Aijr, =1and q € {i,7,k}:

| D% (v1,(%) — big)| < C

D*(In py (x5, T
‘ Inrglz D) 4 R§, la| =0,1.

In d¢ ’

The p r o o f of this lemma is carried out in the same way as that of Lemma
2.4 in |9, p.44| using the inequality 0 < vfj & < 1, which follows from the maximum
principle.

Lemma 2.2 Let u® € H'(M¢). Then for any 4,5,k : A;j; = 1

V)

AV, e, + THVEUEH%Q(GWG;LJG;)JF

96
Intan —
nan2

oI, <€ |2

1
+0°9 (1101 I agmgong) + a2l ooy )|
)

1
% < € [q 19501 ) + AV (1] - V5 e + Euuau%z,mf»] -

The p r o o f of this lemma is carried out in the same way as the proof of
Lemma 1.1.
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We verify that condition (b2) holds. We denote ﬁf ={Z e Q :r5/4 <
pg(Z,x5) <ri/2}. Let w € M. Then

Pl = [ [Ivup+w?|ae s S5 [ w4V i

Qe 7,<j<k3 A”k 1A
ijk

—|—2wfw§(vajk, ij-ik) + 2w§wi(Vv§ik, Vviij) + Qu)fw,i(VUfjk, Vv,iij) dz + d(e).

(2.2.8)
! Here 6(¢) are remaining integrals estimated as follow
PEN<Clw) D7 [+ B+ I+ Y+ (45)°]
i,j,k:AiijI
where
€ € 2 1 e 12 =, € € 1
ijk = |VEvge|” + =2 o5l ” | dZ, By = Vgl + — |%k\
REURSURS, ' Ro,URG;URG,,
Ge= [ e 1Pdi e [ jegPas, Y- / il
R¢ REUR; re,
Using Lemma 2.1 and maximum principle for vfjk we have
Sk < Cllnd*|72(1 4 | Inr§]?), (2.2.9)
G < CLd5)*(1 + |Ind®|™h) + (rf Inrf /Ind®)?], (2.2.10)
Uk < Cllnd® |7 (r§|Inr| + df| Indf), (2.2.11)
z]k <C-: ‘FZ]]C’ < C(da\/q——i_ (ba) ) (2212)

and since Z |Ind®|~' < C Z (r5)? < O]9, where | - | means the volume, using
i=1
(i)-(iii) we conclude that

d(e) — 0, e — 0. (2.2.13)

2 -~ . . . .
We denote V5, = f |VEv5, [2dE, where 4, 5,k : Ajjr—1. Since vy + v5;; +
wk:

vp; = 1for any 4,5,k : Ajjp = 1 we have V5, = W5, + Wi, Therefore (2.2.8)

'The sum > means that each 3 indexes {4, j,k} appear one and only one in this
1<j<k:Ajjp=1
sum.
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can be rewritten in the form

|Pul? = Q/ (vurrut)ae s B wh((@Eh) - wles) ) + o) =

i,5,k=1...N(¢)

N / <|Vw|2 * w2>dx + % > ik (w(fﬂf) - W($§)>2 +6(e). (2.2.14)
)

i,j,k=1..N(c)

It is easy to see that (bg) follows from (iv),(2.2.13) and (2.2.14).

We verify condition (by). Let w € M. In view of the conditions (a) and (bs) the
norms ||II° Pfw||; are uniformly bounded with respect to € and in the same way
as in (bz) one can prove that II° Pw — w strongly in L?(£2). Thus the condition
(b1) also holds .

We verify condition (bg). Let w € M and the sequence ¢ € H* is such that
the norms ||7¢||c are uniformly bounded with respect to € and I1¥y* — ~ weakly
in H as € — 0. Integrating by parts, we have:

(Pfw,¥%)e = (—Aqw + w, 11°7°) 1, () + d(¢), (2.2.15)
where §(¢) are the remaining integrals. Using Lemma 2.1 in the same way as in
(b)) we obtain the estimate
N(e) 1/2
lim [5(e)] < Clim & [ SRR | I ey

i=1

Since I1°4¢ converges weakly to v in H then I1°4° converges strongly to v in Ly ()
and therefore we have

lim [5(e)] < CllwllLo ey - 1Vl Lo(@) < Cllwll - (1] (2.2.16)

It follows from (2.2.15)-(2.2.16) that (bs) holds.
And, finally, we verify, that condition (c) holds. Let the sequence v* € H® be
such that II°4¢ — ~ weakly in H. Then I1°4* — v strongly in Ly(2). We have:

| F<[v¢] ]—/f (IT°4* — v)dz| + /fvd:% — 0,e — 0.

\o

and so condition (c) holds.
Thus all the conditions of Theorem 2.4 holds. Hence II*u® — u weakly in H.
Therefore by embedding theorem IT°u® — ug strongly in L?(Q). Finally we have

I A°R® f — REAof[3 = HUSH%Q(UFZ@M) + [T = uo |7, (e
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In view of Lemma 2.2 and (2.2.1) ||u5||%2( — 0,e — 0. Thus C3 is proved.

ure,,)

And finally we verify the fulfilment of thékcondition C4. Let f® € 'H® be such
that sup || f¢]lne < oo. Let u® = A°f°. In view of the estimate (2.2.1) IIfu® is
weakly compact in H'(Q) and so there exists the subsequence &’ and w € H'(Q)
such that II*u® — w strongly in Ly(€2). This and Lemma 2.2 imply C4.

Theorem 2.3 and therefore Theorems 2.1, 2.2 are proved.

2.3 Example

We consider an example of the manifold M¢ and calculate the function W (x,y)
explicitly.

Let Q contain ;he subset K - a flat square with the side equal to [. Let ¢ > 0

1/3

and let n® = F] .

€
We divide K into squares K2, o = 1..n°? with side length I/n®. Within
each square K% we cut out n° holes Df with the radius d° = exp (—nEG /lﬁ)

and such that their centers form periodic lattice with period —. It is clear that

nes
|Ind®|~1 = 1*(r$)2. The total number of D5 is equal to N(g) = n<.

For each hole D we denote by a(7) the number of square K¢ containing this
hole. Since the number of holes within the square K, is equal to ns2 . nf? we can
assign to each hole D C K¢ the pair (8(),7(i)), 8(i),v(i) € {1...n°%}. So each
hole D5 is characterized by (a(z), 8(i),v(i)).

If ali) = 8(j) = 2(k), a(j) = B(k) = 2(0), a(k) = (i) = 7(j) and only in
this case we join the boundaries of the holes D5, Dy, D3 by means of the manifold
I = G UG UGLU B,

We set

¢ =g+ |nd|- &2, ¢ >0
and choose such b° that (iii) fulfils and
6° d°
In <tan 3> /Ind® — 0, ¢ = 0, 6° = arcsin m

(for example d* ~ Cb°).
In order to calculate W (z,y) we find a suitable approximation for the solution
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vy, to (2.1.1). Namely we represent it in the form v, = v, + wy;, where

aln |z — 25| 4+ b5, & € RS,
Asz+ BS, & = (2, i) € G,
a5 In |z — 25| + b5, & € R,
V(@) = { ASz+ BS, & = (25, 9)) € G5,
agIn|& — zf| +bf, & € Ry,
52+ Bp, = (21, 91) € G,

€ o~ g
Cl-jk, T € Bijk.

We chose the constants a3, b5... A%, By, C’fjk such that:
1) i)\fjk is a harmonic function in G§ U R;, G; U Rs, Gy UR;,
' — nE —
2) U5, = 1on CF, vgy = 0 on C5 U CF,
3) U5jilse = Vijplse = U5 ls; = M, where M is a constant.

Ove. OvE. OVE.
4) ik |se + 8Z_J,k |s;, + aZ_],k |s: =0, 7i is the outward(or inward) normal?.
i 7 7
As a result we obtain
2|Inde|~t
(lf = m(l + 0(1)) = —2&; = —2&2,
NG 45 ar
A = —af e A5 = —a; e Aj = —aqj, e

b; =1 — a5 In(r5/2), b; = —a? ln(r§/2)7 % = —aj In(r/2),
Bf = aiInd® +b;, B; = a5;Ind" + b5, B = ajInd" + b,

Direct calculations show that
47

ene (|12 _ e —1 — N
VTl ) = grr T e 0 e =0 (23
2 _ _
(Veﬁfjk’vai}\?ik)Lz(ffjk) - _m| Ind* |~ (1+6(1)), e = 0. (2.3.2)

Now we prove that wfj i gives vanishingly small contribution to ij . SinceA vfj i

minimizes the functional I¢[v] = ||Vev||Z, in the class of functions from H 1(Ffjk)
g Te G 2 2

equal to 1 on 7 and equal to 0 on STUSE, then [[VEuZ, (|7 ey < VU717, (1se)

and threfore

”Vawfjk”%g(Ms) <2 ‘(vawfjm vab\fjk)Lz(Mf)

2Here the normal derivatives are taken in arbitrary point of S§. It is easy to see that conditions
~E

a'Ui ;
1)-3) guarantee that —=2% are constant on S; (and also on S5 and Si). Condition 4) determines

—

i
the constant M from the condition 3).
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and using the properties of the function v

. We obtain

J
Hvsa”2<2d5 Aze 5+A§ 5+Az§a_2|ss+sa+aa‘_
wZ]k 0 = 4T ﬁwl \/fw] \/f’u}k = 4T|a; w; a]w] ApWr| =
= 2mla5 (w5 — wi) + ag(wy, — wy)l, (2.3.3)

1> I 1> 1> 1 [ [ > 1
where wf, w5, wy, are the average values of w; Sk in Sz, Sj, S}, correspondingly.
The following estimate is valid

¢
= g+ fuf — gl < O [ Intan o] [T <
¢ e ¢ ]
< C4/|Intan E| IV lloe < Cy/|Intan 5\/|lnd | i 0. (2.3.4)

The proof is similar to the proof of (1.2.21).
It follows from (2.3.1)-(2.3.3) and from the form of the coefficients a5, a5, af,
that

IVew[3. = (| | ™). (2.3.5)
We have:
VVZk = — [(ﬁjka@\;ik)Lg(f‘?jk) + (i}\fjka w‘?ik)lzg(f?jk) + (wfjkﬁ}\?ik)lq(ffjk) + (wfjka w;k)LQ(ffjk)]'
(2.3.6)

It follows from (2.3.1),(2.3.2),(2.3.5),(2.3.6) that
2

T

Wi ~ =055 Oit) ey ~ mr— | Ind®| 7.

ij (vljk’ Uﬂk)Lz(Fijk) 3(1 + Q) ‘ ! |

Let w(z,y) € C>(Q). Then
27

€ — 91 L\ 0> 25)|Ind” _1.

(Wew) = > B 3(1+q)w(%%)‘ nt
1,5,k Ay =1

By the construction of the manifold M*® for any three squares K¢, K E, KZ there

are ones and only ones three holes D; 4 Dj‘? 47 Dy, 5 such that
(e e afy

D; , CKg Dj, CKg D, CK, A 1.

Therefore it is easy to see that the sum above can be rewritten in the form:

iaﬁ*/jaﬁvkaﬁv =

")
2m .
(W w) = g D0 Wiy T, ] 7 =
( +g) 04761'7:1
2 n2(€) o2
T 30+9 oy Tiogn )1l - [ K] - [ K5 o w(x, y)dedydz.
auﬂ);;wmwxwm(J|m\ng///auﬂw@wxyz
Lo K K K
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Thus

2w 272
dz =
1+9q) 3(1+¢q

W(r.9) = xiahe) [ 3 P ),
K

where x g is the characteristic function of K.
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IIpo cnekTp puMaHOBUX MHOTOBUJIYB 3 IIPUDJIHAHUMU
TOHKMMMU Py4YKaMM
Anjipyit XpabycToBCbKMif

BusuasTbhes moeayHka criekTpy oreparopa Jlamiaca-Benrbrpamy Ha puMaHOBUX
MHOroBHax M, 1o 3ajekaThb ByJ, MaJIOTo napamMerpa €. Boru ckiajiamoTbes 3
dYKCOBAHOTO KOMIIAKTHOI'O MHOTOBULY 3 ITPUSIHAHUMU PYIKAME 3 PATYYCOM, IO
npsaMyd 10 Hyis, ko € — 0. Mu posriiiHemMo 1Ba BUNAAKHN: KOJIU KYIBKYCTh
PYUOK Ta »X JOBXKUHU (PYKCOBAHY, Ta KOJU KYJBKYCTb PYUOK 3POCTad, a »X
JIOBXKUHU TPSAMYIOTD JI0 HyJIsd, Koyt € — (. uist X 1BOX BUIIAJIKYB MU OTPUMAdIMO
oIepaTopu, Umii CIeKTp mpuTsarys cruektp A€, kosm € — 0.
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