This article was downloaded by: [Khrabustovskyi, Andrii]

On: 2 September 2008

Access details: Access Details: [subscription number 902087130]
Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Applicable Analysis
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713454076

e 4 b B A

Applicai;:l;ﬂ
Analysis

Asymptotic behaviour of spectrum of Laplace-Beltrami operator on Riemannian
manifolds with complex microstructure
Andrii Khrabustovskyi 2

a Mathematical Division, B. Verkin Institute for Low Temperature Physics and Engineering, National Academy
of Sciences of Ukraine, Kharkiv, Ukraine

AN INTERNATIZNAL IDUENAL

First Published on: 04 September 2008

To cite this Article Khrabustovskyi, Andrii(2008)'Asymptotic behaviour of spectrum of Laplace-Beltrami operator on Riemannian
manifolds with complex microstructure',Applicable Analysis,

To link to this Article: DOI: 10.1080/00036810802213249
URL: http://dx.doi.org/10.1080/00036810802213249

PLEASE SCROLL DOWN FOR ARTICLE

Full terns and conditions of use: http://wwinformworld.conlterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clains, proceedings, demand or costs or danmmges whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713454076
http://dx.doi.org/10.1080/00036810802213249
http://www.informaworld.com/terms-and-conditions-of-access.pdf

13:20 2 Septenber 2008

Andrii] At:

[ Khr abust ovskyi ,

Downl oaded By:

Applicable Analysis Taylor & Francis
2008, 1*16, iFirst Taylor & Francis Group

RESEARCH ARTICLE

Asymptotic behaviour of spectrum of Laplace—Beltrami operator
on Riemannian manifolds with complex microstructure

Andrii Khrabustovskyi*

Mathematical Division, B. Verkin Institute for Low Temperature Physics and Engineering,
National Academy of Sciences of Ukraine, Kharkiv, Ukraine

Communicated by A. Piatnitski
(Received 28 December 2007; final version received 18 May 2008)

The article deals with a convergence of the spectrum of the Laplace—Beltrami
operator A on a Riemannian manifold depending on a small parameter & > 0.
This manifold consists of a domain  C R” with a large number of small ‘holes’
whose boundaries are glued to the boundaries of the n-dimensional spheres with
small truncated segment. The number of the ‘holes’ increases, as ¢ — 0, while their
radii tend to zero. We prove that the spectrum converges to the spectrum of the
homogenized operator having (in contrast to A®) a non-empty essential spectrum.

Keywords: homogenization; Laplace—Beltrami operator; spectrum; Riemannian
manifold

AMS Subject Classifications: 35B27; 35P20; 58G25; 58G30

1. Introduction

The aim of this article is to study the asymptotic behaviour of the spectral problem

—Afuf = Auf, in M°,
(1.1)
ut =0, on oM,

as ¢ > 0. Here A® is the Laplace—Beltrami operator, M* is a n-dimensional Riemannian
manifold with complex microstructure depending on ¢. It is constructed in the following
way. Let Q be a bounded domain in R", and {Dj:i=1,...,N(e)} be a system of balls
(‘holes’) in € depending on &, Q° = Q\ Uf.i(f) D:. Suppose that the boundary of each ‘hole’
D is glued to the boundary of B; (‘bubble’) — the n-dimensional sphere with small
truncated segment. Thus, we obtain a manifold M* (Figure 1):

— N(E)_
M= ulJB)
i=1

More precise description of M*® will be specified later in Section 2.
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Figure 1. The manifold M°®.

€
Q2
Figure 2. The manifold M°®.

On M* we introduce a Riemannian metric that coincides with the flat Euclidean metric
on ©° and coincides with the spherical metric on the ‘bubbles’.

It is supposed that the centres of the ‘holes’ form a periodic lattice with the
period e, their radii are much smaller than the distance between them and are of order
exp(—1/e%) (n=2) or /"D (n>2). The radii of ‘bubbles’ are equivalent to e.
Clearly, the total volume of the ‘bubbles’ is bounded from above and from below
uniformly in e.

The following result is obtained. The spectrum Sp(—A¢) of the problem (1.1) converges
to the spectrum of an operator A in the Hausdorff sense. We give an explicit description of
this operator later on. Now we only note that A acts on a two-vector-functions from
L(2) x L,(R2), A is self-adjoint, but in contrast to the operator —A®, the spectrum of the
operator A is not purely discrete. Namely, if the radii of the ‘bubbles’ are identical, the
essential spectrum contains one point. We also consider the manifold with different
‘bubbles’ — in this case the essential spectrum contains a segment.

We also generalize our result to a manifold consisting of two copies of the domain Q°
and a system of the n-dimensional spheres with two small truncated segments (Figure 2).
The topological type of M® increases as ¢ — 0.
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Spectral questions in homogenization have been studied by many authors, see,
e.g. [1-7]. In particular, in [3,5] the spectrum of the homogenized operator is not purely
discrete, but its structure differs from the spectrum of the operator A in the present article.

Homogenization problems on a manifolds with complex microstructure have been
studied in [2,8-11]. In particular, homogenization of semi-linear parabolic equations on
a manifold described above (Figure 1) has been studied in [9] in the case of the identical
radii of ‘bubbles’. The behaviour of the spectrum of the Laplace—Beltrami operator has
been studied in [2]. The structure of the manifolds constructed in [2] differs from the
structure of the manifold M*® and in contrast to the present article, the homogenized
operator have purely discrete spectrum.

We remark that various physical problems can be reduced to a study of
homogenization problems on Riemannian manifolds depending on a small parameter.
Namely, in paper [8], the authors apply their results for studying the asymptotic behaviour
of coloured particles, which wander in the domain with many small obstacles reflecting the
particles and changing their colour. The results in [10,11] are interpreted in terms of
general relativity.

In the present article, we study proper oscillation of the membrane M® with complex
‘bubbles-like’ structure.

The article is organized as follows. In Section 2 we describe the structure of the
manifold M® and formulate the main result of this article (Theorem 2.2). It is proved in
Section 3. In Section 4 we study the case of the ‘bubbles’ with different radii (Theorem 4.1).
In Section 5, we generalize our results for to a manifold with increasing topological
type (Theorem 5.1).

2. The problem setting and the main result

Let © be a bounded domain in R” (n>2) and {D?:i = 1..N(¢)} be the system of disjoint
balls in € depending on a small parameter ¢. Let x7 be the centre of the ball D? and let its
radius be equal to d°. Suppose that points x¢ form a periodic lattice with period e,
e xf =gy, efz;, where {e; i=1,...,n} is an orthonormal basis in R”", z} eZ.

We consider the following domain with ‘holes’

N(e)

Q =\ D
i=1

Suppose that each ‘hole’ D? is glued to the truncated n-dimensional sphere (‘bubble’) with
the radius b°

- . d°
B = {x:(@l,ez,...ﬁn) 10, €[0,27],6;, €[0,7], i=2,....,n—1,6,¢ [arcsmbs,n]},

where 6y, ...,0, are the spherical coordinates.
Namely, we identify dD? and the boundary of B;:

je
0B, = {x € B0, = arcsind}.
be
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As a result we obtain a manifold M* (the fragment is represented on the Figure 1)

—e N(E)_
M= u(lJB)
i=1

The boundary of M? coincides with Q2. We denote by X points of this manifold. If the
point X belongs to Q°, sometimes we write x instead of X having in mind a corresponding
point in €.

Clearly, M* can be covered by a system of charts and compatible local coordinates
{x1,...,x,} = X € M*? can be introduced.

We suppose that M* is equipped by the metric g° that coincides with the flat Euclidean
metric on Q° and coincides with the spherical metric on the ‘bubbles’.

We give more precise description of this metric at the points, where the boundary of the
‘holes’ is glued to the boundary of the ‘bubbles’. We introduce local coordinates (xy, ..., x,)
in a small neighbourhood of 9D? as follows. Let (61, . .., 6,_;,r) be the spherical coordinates
in Q with the origin at x{. Here 6, . .., 6,_; are the angular coordinates, r is the distance to x7
(in particular, r = & for the points of D%). Weset x;=6,(j=1,...,n—1),x,=r—d (x,>0)
for x € @° and x,=—-b°(0,—0°) (x,, < 0), where 6° = arcsin(d®/b%), for X € B;. Then the

components of the corresponding metric tensor gg4(x1, . . ., x,) have the following form:
n—1
géaﬁ = aaﬁ(xn + d£)2 1_[ Sin2 Xjs X, >0,
J=a+1 [
Zop = - a=1,n—1,g,5="0p

(X :
2% = 8up(h®)’ sin’ (b—:' - 98> i_]ll sin’ x;,  x, <0,

n—1

a1 sin’ x;j:=1). Here, 8,4 is the Kronecker’s delta.

(fora=n—1 weset [[

Remark 1 1t is clear that the components of the metric tensor g, introduced above are
continuous but not differentiable functions. In particular, they do not allow us to calculate
the curvature at the points of dDf. Nevertheless, this tensor can be approximated by
a smooth tensor gg‘fg that differs from g, only in a small neighbourhood of 8D;. Namely,

we define g5 by the formula

Sty Xn) = (X1 Xn) - @5(X) + Gag(xts s xa) - (1= @5(x)),

where ¢;(x,,) is a smooth positive function equal to 1 for x,, > § and equal to 0 for x, < -4,
8=25(g) > 0. The obtained tensor is smooth, so the curvature can be calculated everywhere.
Clearly, the curvature tends to infinity at the points of dD7 as § — 0.

In order to simplify our calculations, we will further consider the piecewise
smooth tensor g;s. However, all results (in particular, the formula (2.5) below) are
still valid for the smooth tensor gi;}, if 8(¢) converges to 0 sufficiently fast as ¢ — 0
(see, also, [8, subsection 3.2], [11, section 2], for similar assertions).

Our main assumption is about the radii d® of the ‘holes’

ex( 1) n=2
ac =P\ Te2) T 2.1

agn/an’ n> 2,

where a is a positive constant.
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We suppose that the ‘bubbles’ radii »° are the following
b* =b-¢e, b isa positive constant. (2.2)

It is easy to see that the total volume of the ‘bubbles’ is bounded from above and
from below, namely lim,_ Zﬁ(f) |Bi| =b" - w, - 12|, where w, is the volume of the
n-dimensional unit sphere.

We consider the following eigenvalue problem
—Auf = f, xe M, W =0, XeiM, (2.3)

where A® is the Laplace—Beltrami operator on M*, which have the following form on the

local coordinates
| "9 e 9
Asz v G af ¥ .
UG 2 (‘F s aw)

ap=1""%

Here, G° = det gg, g%# are the components of the tensor inverse to 8op-

Let 0 <Aj <A <A <-.- <AL <---— oo be the eigenvalues of the problem (2.3),
written with account of their multiplicity and uj,u5,...,uf ... be the corresponding
eigenfunctions such that (uf,u),, = 8. We denote by Sp(—A®) the spectrum of the
problem (2.3):Sp(—A°) ={A%,i=1,...,00}.

The goal of this article is a description of asymptotic behaviour of Sp(—A®) as ¢ — 0.
Notice that the Dirichlet boundary condition on dM? is irrelevant; it can be replaced by
any other one.

We use the following notations:

R = ifc eQ:df < |x—xf| < %},
G =R UB,
S = |x € Q°lx — x| :%] = 3G".
We denote by o° the first eigenvalue of the Dirichlet problem
—ASY =25, xe G, v =0, xeSi. (2.4)

and let o = lim,_, (0. It is possible to show (see,e.g. [8,9] for close assertions) that o is
finite and equal to

a
BEG n=2 L
O=Vn=-2 " 2w, W (2.5
2 brw, ’

Note, that in spite of the fact that the volume of G converges to zero as ¢ — 0, ¢° does not
blow up because of a weak connection between B; and R;.
We introduce the following functional spaces:

L,(M?®) is the Hilbert space of real-valued functions on M* with the norm

12
1 llge = { (ug)zdfc} ,
ME
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where d¥ = +/G¢dx,...,dx, is the volume form on M?%;

H is the Hilbert space of real-valued two-vector-functions from L,(€2) x L,(2) with
the norm

1/2
||U||o:{ | [(ul(x)>2+p(u2(x)>2]dx} .U

Il
R
< =
-
N——

where the weight p = b"w,.

Definition 2.1 Let A°CR be a set depending on a positive parameter ¢. We say that A°
converges as ¢ — 0 in the Hausdorff sense to the set A if the following conditions hold:

(A) if A° € A° and lim,_o A° = A, then A € A,
(B) for any A € A there is A € A® such that lim,_oA* = A.

Now, we formulate the main theorem.

THEOREM 2.2 The spectrum Sp(—AFf) converges to the spectrum SpA of the self-adjoint
operator A:H — H in the Hausdorff sense. A is defined by the operation

AU = (—Aul ~+ op(u; —u2)>, U— (M1> 2.6)

o(uy —uy) )
and the boundary condition
uy =0, xeo. 2.7

Before investigating the limit lim._.o Sp(—A°®) at first, we describe the spectrum of the
operator A. Namely, the following simple proposition is valid:

ProPOSITION 2.3 Let O<puj<pu5<p5<---<pui<---— o0 be the eigenvalues of
the Laplace operator in Ly(2) with Dirichlet boundary condition, fi,f>,..., fi... be the
corresponding eigenfunctions. Then the spectrum of the operator A (2.6) and (2.7) has
the following structure:

Sp(A) = M} U A k=1,2,3.. JU{A L k=1,2,3.. .}, (2.8)
where
+_ 1 2
=0, A =5 Uk +op+o £ (u +op+o) —dopuy ).
The points \F, k=1,2,3,..., belong to the discrete spectrum, Ay is a point of the essential
spectrum:

0<A] <A < <A > h=0 < opto<if <A < <A - 0.

The corresponding eigenfunctions have the form

, 1
= o —xty )
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3. Proof of the Theorem 1.2
3.1. Verification of the condition (A)

Let A® € Sp(—A?) converge to some A € R. We prove that A belongs to the spectrum of the
operator A (2.6) and (2.7).

Let u° be the eigenfunction corresponding to A° such that ||u8||§8 =1 (and so
||V8u£||§€ =A%). In order to describe the behaviour of #° in Q° as £—0, we
introduce an extension operator IT¢ : H'(M?) — H'(Q) with the following properties:
Vit € H'(M®)

1. Iu'(x) =u’(X), VxeQ°,

2. M{u | gy < Yillufllmqs), where y; does not depend on e.

3.1)

Such operator exists, see [8].
Also, we introduce the operator IT5 : Lo(M®) — Lo(2)

el
ut, x e ¥,

IT5u(x) = )
2 () !0, XGQ\UZ‘D“’

where [J; is the cube with the centre in x{ and the side-length ¢, uf = (1/|B]) [ u* dX
is the average value of the function u° over the domain B. IT5u* describes the behaviour
of u* in |, B as e — 0. It is easy to see that the following inequality holds:

IT5u° | 1oy < valluf Iy aee)» Where y» does not depend on e. (3.2)

Using (3.1), (3.2) and the imbedding theorem, we obtain the subsequence (still denoted
by ¢) such that

Mu® — u; € H(l)(Q) strongly in L,(£2),
T5u® — uy € Lr(Q2) weakly in Ly(£2).

We have two cases of the limit function u;.

Case Tuy #0. One has the following integral equality for any w* from the definitional
domain of the operator A® with Dirichlet boundary condition:

—/ Awfu® dx = )»8/ wou® dx. (3.3)
M M
We choose the following test-function w®:

wi(x), e\ R,

wi(x) + (wl(xf) — Wl(x))(b<|x8—d;gf|)

Wo(R) = — (3.4)
+(wz(xf) — m(xf))vf(fc)d)(T“’), XeR;,

wa(xf) 4+ (w1(x5) — wa(x)) (1 = ¥i(X)), X € BS.
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Here wi(x) € CF(R2), wa(x) € C*(R2) are arbitrary functions, ®(r) is a smooth function
equal to 1 as 0 <r<1/4 and equal to 0 as r>1/2, v{ is the eigenfunction of the
problem (2.4) corresponding to ¢° and normalized by the condition

[ viaz =101

i

At first we investigate the integrals in (3.3) over the domain Q°. One has:

N(F) .XE|
/} { (w1 (x5) — wi(x)) @ ( W )}ue(x)dx

N(e) _E
Vg{(wl(xf) - w](x))<b<|x8d;c" l)} - VeI {uf(x)|dx

S /
i=1 7 RIUDS

N(e) N(e)
+CY DI < C Y IDf UsuppVed| — 0, &— 0. (3.5)
i=1 i=1

We have for an arbitrary smooth function f(x)

N(F) X ’
/ f { wa(x?) — m(xf))vf(*)@(bcaix")}

N(s)
/; { wa(xf) — wi(x5)) 8(x)d>( )}f(x)dx

N(e)

- ;f(xf-)(wz(xf) —wi(x9)) /;Df % ds, +o(1)

dx < C, (3.6)

N(e)

=2 0f pe" [ (x5)(wa(xf) — wi(x§)) + a(1)
i=1
> op f S@0n) — @)y, - 0. 3.7)
Q
(ds, is an area form on 92.) We have used the following estimates proved in [9]

Ce?(In|x — |)(a) n=2,

IDE(x)] < Cen o, TeR and |x—xj= Z, (3.8)
|x _ xl§|n—2+|a\ ’ ’
V()P dx < Ce"2, (3.9)
R¢

It follows from (3.6) and (3.7) that — "M A{(wa(x%) — w1 (X)) D((Ix — x])/)} dxx
weakly converges to op(w; — w»). Using this fact, (3.1) and (3.5), we obtain

lim —Awufdx = / [ — Awyuy +op(w) — wz)ul] dx. (3.10)
: Q

=0 Jo



13:20 2 Septenber 2008

Andrii] At:

Downl oaded By: [Khrabustovskyi,

Applicable Analysis 9

In the same way, we obtain

lim AEWEUSdXZfAVV]u]dX. (3.11)
Q

e—>0 Jqe

Now, we investigate the behaviour of the integrals in (3.3) over the union of the
‘bubbles’. We have:

N(e)
Z/ AS[(Wl(xf) —wa(x))(1 — Vf(f))]u‘”’(i)di
i=1 v/ B;
N(e) . . . e .
= ;ui (w1 (x5) — wa(x)) /33;;5 ds. + a(1)
N(e)

=0"p Y ui(wi(x5) — wa(x))e" + (1)
i=1

= ng/ QE[W] — wz](x) -Thuf(x)dx 4+ o(1), & — 0,
Q
where the operator Q°: L,(2) — L,(R2) is defined by the formula

w(x?), xe 0¥,

Q'w(x) = {0’ ¥ e\, O.

Here we use the following estimate proved in [9]:
[ pieorax = 151+ 0" G.12)
B

It is clear that Q°[w; — w»](x) strongly converges to w;(x) — wy(x). Therefore,

N(e)
lim / —A{ (i) = wa) (1 = (@) fur d = o f () (w2(x) — w1 (x))dx.
=TI Q
(3.13)
In a similar manner, we obtain
N(e)
lim / Awu® dx = pf Awsundx. (3.14)
a—)Ol_Z: B Q 2

=1

Thus, from (3.10), (3.11), (3.13) and (3.14) we conclude that u; and u, satisfy to the
equality:

/ [ — Awquy + opui(wy — wr) + opur(wy — wl)]dx = A/ [ulwl + ,ouzwz]dx (3.15)
Q

Q

for any functions w; € CP(R2), wp € C(2).
It follows easily from (3.15) that A is an eigenvalue of A.

Case I u;=0. We prove that lim,_oA° = 0.
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In order to prove this, we construct a suitable approximation v* for the eigenvalue u°.
We represent the eigenvalue »° in the form u®=1° — g+ w*. Here

0. e\ R,
— x¢
V=1 uivi(x)P <|x$xl|>’ X e R, (3.16)
u; v (%), XeB.

Recall, that ¢ is the average value of the function ° over the domain B¢; vf and & are

introduced in the Case 1. g° is the projection of v* onto the linear span of the eigenfunctions
uy, ..., ue_1, where n° is a number of the eigenvalue A*:

n°—1
&

g =) u (v, up ).
1

~
Il

From Poincare inequality for the ‘bubble’ B;, one has

N(e)
=1 12 =i )2 BE). 3.17
lim 215 glg(l];(u,)l | (3.17)

Using (3.17) and the properties of v§ (3.8), (3.9) and (3.12), we have

N(e)
VG, = pRLARRZS 3.18
V5 I, o;(u,n [1+a(l) — o, (3.18)
N(e)
g2 &\2 =
115 = ;(ui) |Bil +a(1) — 1, (3.19)
1A [15, < C, (3.20)
1 2 2 2 X 2 )
B) flu® — VSHOg = ||”8||0,Qe + ||V8||0,Qe + Z {””8 - u?”(),gf + v - M?HO,B’?} 8:)0 0. (3.21)
i=1
Using the Bessel’s inequality and (3.21), one has
n°—1 ne—1
Ig°l5e = D 107 1dacl” = D107 = oo < e = v7 I, = 0. (3.22)
k=1 k=1
n°—1
||V8g8||%e = A0 =, u2)08|2 < A%\ — VS“(Z)E €:>0 0. (3.23)
k=1

Now, we estimate the remainder w®. It follows from (3.21) and (3.22) that
W lloe = 0, &—0.

It is clear that " =1* —g° is orthogonal to the eigenfunctions uf,...,u%_,. Therefore,
we have
V9113,

2
v 115

Af = (IVEUEG, <
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and so
N vsAe 2 R
IVEWE 12 < 2179, V)| + %— VIR,
Oe
Vs X
= [(A%VE, w¥).| + |(VEG®, VEWS),| + TH;) — IVE¥113. |-
0¢
Using (3.18)—(3.23), we obtain that
lim [|V5w* g, = 0. (3.24)

Therefore, from (3.18), (3.23) and (3.24) we have
Af = |\ VEEIS = IV, +0(1) = o, & 0.

The fulfilment of the condition (A) is proved.

3.2. Verification of the condition (B)

Let 2 belong to the spectrum of the operator A. We prove that there exists A° € Sp(—Af)
such that lim,_,o A®* = A.

Proving this indirectly we assume the opposite. Then the subsequence (still denoted
by ¢) exists and a positive number § exists such that

dist(A, Sp(—A%)) > 6. (3.25)
Since A € Sp(A) there exists the function f(x) = ( fléz;) € H, such that f¢ Im(A — Al),
where I is the identical operator. ‘
We consider the following problem
=A% — i =f%, Xe M u* =0, XM, (3.26)
where f4(X) € Ly(M°®):
S1(x), X € Qf,
() —
FO=1 L[ node. zeB

07| e

In consequence of (3.25), the problem (3.26) has the unique solution u*(¥) € H)(M?)
such that

2
[F&dl
]|, < TOS <Cy,

where C| does not depend on ¢. Moreover, it is easy to see that

196 8, = 20017 e - 1 lloe + 2113, ) < €,

where C> does not depend on e.
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Then there exists a subsequence (still denoted by ¢) such that
Mu® — u; € H(l)(Q) strongly in L,(£2),
IT5u® — uy € Ly(2) weakly in Ly(S2).
Using the same calculations as in Case I of the previous section, we obtain
u
AU - AU =, U=< )
125)

Therefore, feIlm(A—XAI) and we obtain a contradiction. The fulfilment of
condition (B) and so Theorem 2.2 are proved.

4. Case of the ‘bubbles’ with different radii

We consider the manifold M® constructed in the same way as in Section 2. We again
suppose that the radii of the ‘holes’ D¢ satisfy (2.1), while the radii of the ‘bubbles’ are
the following

b = b,
where b(x) be a positive function from C>®(Q).
We denote
VT n=2,
() — (b( " B 4(b(x))
pLX) = X)) cwy,  o(x) = n_>2 d”_zwnq
e, N> 2.

2 (b(x) 0,

Let H be the Hilbert space of real-valued two-vector-function from L,(2) x L,(2) with
the scalar product

(u, v}y = /Q [0 (¥)v1 (%) + p(x)u2(x)v2(x)] do.

We have the analogous to the Theorem 2.2 result.

THEOREM 4.1  The spectrum Sp(—A®) of the problem (2.3) converges in the Hausdorff sense
to the spectrum Sp A of the self-adjoint operator A:H — H defined by the operation

U— (—Aul + o(x)p(x) (1 —u2)>’ U— (“1), @
o(x)(ur — uy) u
and the boundary condition (2.7).
The proof is based on the following

LemMMA 4.2 The essential spectrum o.3(A) of the operator A contains the segment
[min, _go(x), max, _go(x)].

Proof Let o is a point of the segment [min, _go(x), max _go(x)]. Then there exists
the point xy €  such that o(xg)=0y. We denote pg= p(xp). First, we suppose that
XQGthQ.
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In order to prove that o € o.s(A), we construct the sequence U” € H with the following
properties: (1) U" is bounded, (2) U" is noncompact, (3)(A — oo)U" — 0 strongly in H.
n— 00

We denote by A the operation
—A _
A0U=< ut + oopo(uy uz)>’ U (m) 42)

oo(uy — uy) u

Let B” be the ball with the centre in the point x( and the radius 1/x. Let u} be the kth
eigenvalue of the Laplace operator on the domain B" with Dirichlet boundary conditions.
Let ¢} be the corresponding eigenfunction, such that (e}, ¢}),,g:) = o We redefine ¢ by
zero in Q\B".

We denote

1
= 3 <MZ + oppo + 00 — \/(MZ + 00po + 00)” — 400:““2)'

Analogous to Proposition 2.3, we have that A} is the eigenvalue of the operator defined by
the operation Ay and Dirichlet boundary condition on dB". The corresponding
eigenfunction has the form:

A 1

m k n k:

= C, €] _ ¢’ 18 a constant.
k n /\(O_O(O_O _ )\-Z) 1 ’ n

We choose the constant factor ¢ in such a way as to have || lAfﬁHO = 1. Then one has

2
k2 2 2 90
()" = |:”6Z”Lz(9) + ”eZHsz(Q)(m) }

It is easy to obtain the inequalities

—1

H 7n 2
min p(x) < fleglz,, = max p(x), 4.3)
M
A — ool < —nl, M, does not depend on n and k, (4.4)
He
K _ Mo
¢, <—-, M; does not depend on n and k. 4.5)
k

Now we redefine U7 by zero in ©\B" and set
U' = 0Zq)l1(|x - X0|), k = k(l/l),

where ®,,(r) = ®(nr), ®(r) is a smooth function equal to 1 as r < (1/2) and equal to 0 as
r>1. The number k=k(n) we choose later. It is clear that U” is from the definitional
domain of the operator A.

It is easy to see that ||[U"|, < ||l7”||0 =1 and exists constant C >0 such that
C < ||lU"lo- On the other hand, U" converges nearly everywhere to zero (since the support
of U" tightens to the point x,). Therefore, U" is non-compact.

We have

(A —aoDU"[lp < [I(Ao — oD U [lp + (A — A0)U" [lo. (4.6)



13:20 2 Septenber 2008

Andrii] At:

Downl oaded By: [Khrabustovskyi,

14 A. Khrabustovskyi
It is obvious that the second term in (4.6) converges to zero as n— oo
n M
(A = A0)U"llg = M max (1o(x)p(x) = 0po| + () = o0l ) <
Now we estimate the first term. Using the inequalities (4.3)—(4.5), we have

I(Ag — o) U llg < (Ao — aoDTL) - @y llg + 1125 VEE} - VoD, + kel - A* Dyl (0

2
n n

§|)»Z—00|+M +— ]
M

VHE

We choose k=k(n) such that puf >n®. Then the first term also converges to zero.
We obtain that (A —oyl) U"— 0, n— oo and so oy is the point of o,.(A).

We have proved that any o, such that oq = o(x() with x, € intQ2 belongs to the essential
spectrum. The set of such o is dense in the segment [min _so(x), max, go(x)].

Since the essential spectrum is a closed set we conclude that Lemma is valid for any
point of this segment.

Proof of Theorem 4.1 The fulfilment of the condition (B) is proved in the similar way as it
proved in Theorem 2.2. As for the property (A), similar to the proof of the Theorem 2.2
computations show that if A* € Sp(—A®) converges to some A, then A is an eigenvalue of
the operator A (Case 1) or A € [min _go(x), max _so(x)] (Case 2) and therefore, by
Lemma 4.2 A belongs to the essential spectrum of the operator A.

5. One generalization

We consider the manifold M*® whose structure differs from the manifold in previous
sections. Namely, let Qf and Q4 be the two copies (‘sheets’) of the domain with ‘holes’ ©°
constructed in Section 2. We denote by dDj,, k=1, 2 the boundary of the ith ‘hole’ on the
kth ‘sheet’. Let B; be the n-dimensional sphere of radius »° with two truncated small
segments (‘bubble’):

B = {x:(@l,ég,...,en):éle [0,27], 6;€[0,n], i=2,....n—1,

1
de &
6, € [arcsinbs, T — arcsin b*?i| .

Recall, that &° is the radius of the ‘holes’ Dj,. Suppose that the boundaries of the ‘holes’

dD{; and 9Dj; are connected by means of the ‘bubble’ B;. Namely, we identify dDj; and the
first component of the boundary of B}

[0B7], = {x € B0, = arcsin%}.

and identify dDj; and the second component of the boundary of Bf

. df
[0B:], = {x €B:O,=m— arcsmﬁ}.
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As a result, we obtain a manifold M* (the fragment is represented on Figure 2)

N(e)

M =Q U <UF§> U<
i=1

We denote by X points of this manifold. If the point X belongs to €, we assign the pair
(x,k) to X where x is the corresponding point in .

We introduce on M*® a metric tensor g,5(X) such that the metric is the flat Euclidean
metric on 7 U Q5 and the spherical metric on B{ outside some small neighbourhood of the
boundary of B;.

We suppose that the radii d° of the ‘holes’ satisfy (2.1) and the ‘bubbles’ radii have the
form (2.2).

We consider the eigenvalue problem (2.3) on this manifold. An asymptotic behaviour
of the spectrum Sp(—A®) of this problem as ¢ — 0, is described by the following theorem.

THEOREM 5.1  The set Sp(—A®) converges in the Hausdorff sense to the spectrum Sp A of
the operator A defined by the operation

—Auy +op(u; —v) Uy
U= o(2v —u; — up), , U=1]v
—Auy +op(us —v) us

and the boundary conditions uy =u, =0, x € 02, where o is defined by the formula (2.5),
p=>b"w,.

The spectrum of the operator Sp(A) has the structure (2.8), where iy =20,
)»/:f = 1/2(M/€ +op+ 20 + \/(l/-k +op+20) — SO'M/‘).

Proof  The proof is similar to that of Theorem 2.2. We only underline the main
difference — a choice of a test-function w® in the integral equality (3.3). Namely,

wi(x), Xxe Q\U; R, k=1,2,

(X)) — AT ¢ oA
W) = + (VD) — Wk(xls'))q><u>» YeRy k=12,
g

W(xs) 4+ (vidX) — W(x5)) W(6,)
+ (V2l~(56) — W(xf))\p(n —6,), X=(6y,...,6,) € B.

Here R, ={Xx=(xk)eQ_:d <|x—x}| <e/2} (k=1,2), wi,wa(x) e C3°(), W(x) €
C>*(2), ®(r) is a smooth function equal to 1 as 0 <r <(1/4) and equal to 0 as
r>(1/2), ¥(0) is a smooth function equal to 1 as 0 <6 < (w/6) and equal to 0 as
0 > (m/3), v{; and v}, are the following functions:

A®Y], =0, X € Rj;U By, A®Y5, =0, X € R5; U By,
v =wi(x5), xeSy, V5 = wa(x5), X eS5,
vi; = W(x5), XxeTlfUBy; vi; = W(x3), xel{UBy,
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W= lf=eapn-x=2) k=12,
~ . L df
= {x=(91,...,9n) € B arcsmﬁfen < g},

~ . L df
B, = {x:(@l,...,en) S Bf:g <6, < n—arcsmbs},

rf:{;z:(el,...,e,,)erzen:g}.
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