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SUMMARY

We consider a general linear reaction—diffusion system in three dimensions and time, containing diffusion
(local interaction), jumps (nonlocal interaction) and memory effects. We prove a maximum principle and
positivity of the solution and investigate its asymptotic behavior. Moreover, we give an explicit expression
of the limit of the solution for large times. In order to obtain these results, we use the following method:
We construct a Riemannian manifold with complicated microstructure depending on a small parameter.
We study the asymptotic behavior of the solution to a simple diffusion equation on this manifold as
the small parameter tends to zero. It turns out that the homogenized system coincides with the original
reaction—diffusion system. Using this and the facts that the diffusion equation on manifolds satisfies the
maximum principle and its solution converges to a easily calculated constant, we can obtain analogous
properties for the original system. Copyright © 2008 John Wiley & Sons, Ltd.

KEY WORDS: homogenization; diffusion—reaction systems; Riemannian manifold; maximum principle;
positive solutions

1. INTRODUCTION

Linear reaction—diffusion systems play an important role in applied mathematics. They describe,
for instance, the transport of particles of various species in a random medium and the transformation
of the particles into each other, which means linear reactions. The transport can be forced by
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local (diffusion) and nonlocal interaction (jumps) of the particles with the medium. Moreover, the
transport and the reactions can be nonlocal in time (memory effects).

Let Q be a bounded domain in R3 and [0, o0) the time interval. We consider m kinds of species
with concentrations uy =uy(x,t), for k=1,...,m, x€Q and ¢ € [0, 00). In the following, we give
every species a special color and call transformations of the particles into each other ‘changing of
color’.

We consider a general linear reaction—diffusion system in Q x [0, 00), describing the mentioned
reactions and transport effects:

0
0= _Augt S A (e 1) —uy(x. 1)
ot I1=171%k

m 0 t
+3 fQ B (e, )k (6,0 = (v, ) dy+ = /O Cr(x)e Pk, (x 1) dr
=1

m. 0
/ Ep(x)e” @000 g (x, 1) +uy (x, 1) de
=171k Ot
&fo — Hyg(x.y)(1—1)
+> ), G (x, y)e  7H (g (x, ) +uy(y, 1)) dedy (D
=1
ur(x,0) = fr(x) (2)
6 0
”" ZUk, Y xeon 3)
with k=1, ..., m, a smooth function fj (x), strictly positive smooth functions Az;(x), Bxi(x,y), ...,

Hj(x, y) satisfying the following conditions

Ak (x) = Aie(x),  Bri(x,y)=Bi(y,x)

Ex(x) = Eix(x),  Fru(x)=Fi(x)
Gux,y) =Gu(y,x), Hu(x,y)=Hx(y,x)

Ak (x) > Ex(x),  Bu(x,y)>Gr(x,y)

“

and a symmetric matrix U ={Uy;, k,I=1,m} consisting of zeros and unities with one and only
one unity in every line.

From a physical point of view, our system can be understood in the following way. System (1)
describes the diffusion of particles of m colors with concentrations u#;, which can change their
coordinates and colors, in the following way in each point of Q:

Change their color (this is described by the terms with Ag;).

Jump from one point of Q to another (described by the By terms).

Jump and change its color simultaneously (described by the By, terms with k #1).
Disappear and appear after some period of time in the same place without change in color
(this is described by the terms with Cy and Dy).
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LINEAR REACTION-DIFFUSION SYSTEM

e Disappear and appear after some period of time in the same point of Q, but with another
color (described by the terms with Ey; and Fy;). This process also makes a contribution to
the terms with Ag;.

e Disappear and appear after some period of time without change in color, but in another point
of Q (described by the terms with Gy and Hyg). This process also makes a contribution to
the terms with Byy.

e Disappear and appear after some period of time with another color and in another point
(described by the terms with Gy; and Hy; for k #1). This process also makes a contribution
to the terms with By; for k#1.

When a particle with the kth color reaches the boundary of €, it is reflected and if Uy =1 for
some [ #k, it changes to the /th color.

Important for the positivity of the solution to our system is the absence of differential operators
on the off-diagonal of the main part. This problem was investigated in [1] for general linear
drift—diffusion systems without memory effects.

We analyze the system (1)—(3), transforming the analytical difficulties into geometric ones but
for a much simpler equation. The idea of this method comes from the article [2], where the authors
consider the diffusion equation on a Riemannian manifold with a complicated microstructure.
After homogenization they obtain a system of equations, which describes nonlocal spatial and time
interactions of a system of various species. In some sense we solve the inverse to this problem
such that we construct a special Riemannian manifold M® and homogenize the diffusion equation
(Theorem 3). As a result we obtain the desired system (1)—(3) and are able to prove some of its
important properties (Theorems 1 and 2).

The homogenization of the parabolic equation was studied by many authors (see, for example,
the monographs [3—8] and the references therein). The effect of the appearance of memory terms
in the homogenized equation was also investigated in many articles, see, in particular, [9—14].
Homogenization problems on manifolds with complicated microstructure were studied, except [2],
in [15-19].

This paper is organized as follows. In Section 2 we formulate our main results and give an
idea about how to construct the manifold M. Sections 3-5 are devoted to the homogenization of
the diffusion equation on this manifold: in Section 3 we give an explicit construction of M?, in
Section 4 we formulate the homogenization theorem and prove it in Section 5. In Section 6 we
prove the main results. The proof is based on the previously obtained homogenization result and
on a uniform (with respect to ¢) Poincare inequality.

2. THE IDEAS AND MAIN RESULTS

It is well known that the solution u(x,?) to the initial-boundary value problem for the simple
diffusion equation

0
2 Au=0 5)
ot
u(x,0)= f(x) (6)
0
L o0, xei 7)
on
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satisfies the following properties:

(D max,cqomax;~ou(x,t)=max,cq f(x) (maximum principle).
(IT) If the function f(x) is nonnegative, then u(x,?) is nonnegative for all >0 (conservation
of positivity).
(III) u(x,t) converges to the constant M = 1/|Q|fQ f(x)dx as t — oo, where |Q] is the volume
of the domain Q. M is the solution to the stationary equation.
AV) fqu(x,t)dx= [, f(x)dx for >0 (conservation of mass).

These properties are valid for general linear evolution problems, conserving positivity (see, e.g.
[20, 21]).

The goal of the present paper is to prove analogous statements I, II and the first part of III
for problem (1)—(3). It is not possible to prove all properties I-IV because of the memory effects
contained in the system: A constant function equal to the time limit of the solution, u(x)=M,
is not to be a solution to the system, i.e. the time limit M is not necessarily a solution to the
stationary equation (second part of property III). Moreover, the conservation of mass can be invalid
(property IV).

Theorem 1
System (1)—(3) has a unique solution u(x, ) = (u1(x,?), ..., uy(x,t)) with the following properties:

(1) If M :=max; max,cq fr(x)=>0, we have

ur(x,t)<M for almost all (x,7)€Qx[0,00) Vk
(2) If m:=ming min,cq fx(x)<0, we have

m<uy(x,t) for almost all (x,1)eQx[0,00) Vk

Corollary
Let fr(x)=0, k=1,...,m. Then uy(x,t)>0 for almost all (x,)eQx[0,00), Vk.

Theorem 2
Let u(x,t)=@(x,t),...,un(x,t)) be the solution to (1)—(3). Then, Vk uy(x,t) converges in
L,(Q) as t — oo to the constant

. it Jo i) dx
m:- |Q| +ka:1 fQ(Ck/Dk)dx +22km,1:1|k¢1 fQ(Ekl/Fkl)dx+2ZZl:1 fQ fQ(le/Hkl)d-x dy
In order to prove these theorems, we use the following method. We construct a spec~ial Riemannian

manifold M¢, called the main manifold, depending on a small parameter ¢. On M* we consider
the initial-boundary problem for the usual diffusion equation

ou’ &€ = v
E—A u =0, (x,1)eM”x[0,T] ®)
ut(¥,0) = f°(%) )
ou® YA
— =0, XedM® (10)
on
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where f° is a smooth function, and A® is the Laplace-Beltrami operator. We prove that it is
possible to choose such manifolds M? and initial functions f° such that the solution to (8)—(10)
uf(x,t) converges (in a certain sense) to the solution to (1)-(3) u(x,t) = (x,1), ..., uyu(x,1))
as e > 0. It is well known that the statements I-III are still true for problem (8)—(10). Using the
convergence of u®(x,t) to u(x,t), we will extend the statements I-III to and problem (1)—(3).

It seems to be possible to prove Theorems 1 and 2 directly analyzing (1)—(3). This is done for
some particular cases. Our method gives a microscopic interpretation of the terms of the system
as diffusing particles in different domains and allows us to calculate the constant L explicitly.

At first, we give an idea about how to choose the manifold M* (see Figures 1 and 2). Note
that all objects in the following are three dimensional. Because we cannot draw them, we will use
two-dimensional figures and two-dimensional notations for the objects such as sheets, holes, tubes
and bubbles.

Instead of particles of m colors moving in the domain Q, we consider particles with one color
moving on m copies (sheets) of the domain Q which are connected between each other in a special
manner. On the sheets are distributed holes D,fi. All holes on all sheets are connected by special
manifolds consisting of tubes, or bubbles and tubes.

All kinds of interactions between the particles and the medium and between different kinds
of particles can be realized by a simple diffusion on explicitly constructed manifolds. We call

B-manifold (k = /)

B-manifold (k # /)
Dci
k

Gy/— A-manifold
WL o

Figure 1. Manifolds without bubbles.

GH-manifold (k = /)
GH-manifold (k # /)

L [

CD-manifold

Tk'f” \ EF-manifold
BiY \6 > y
2 /\ B}i

e I

o

1

Figure 2. Manifolds with bubbles.
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these manifolds A-, B-, CD-, EF- and GH-manifolds to show the underlying connection with
the term in system (1)—(3), containing the functions A;, Bx;, Cx and Dy, Ey; and Fy;, Gy and
Hy,, respectively. Note that the EF-manifolds give a contribution to the terms with Ag; and the
GH-manifolds to the terms with By, too.

e Color change: diffusion through a thin tube connecting two points with the same coordinate
in Q but on different sheets (see Figure 1: A-manifold).

e Jump from one point to another: diffusion through a thin tube connecting two points on the
same sheet, but with different coordinates in Q (see Figure 1: B-manifold (k=1)).

e Simultaneous change in color and jump from one point to another: diffusion through a thin
tube connecting two points with different coordinates in  and on different sheets (see
Figure 1: B-manifold (k #1)).

e Disappearance of a particle and appearance after some period of time: diffusion in a bubble
which is joined to the sheet by a thin tube (see Figure 2: CD-manifold).

e Disappearance of a particle and appearance after some period of time with another color
and/or in another place: diffusion through a manifold connecting two points with different
coordinates in Q and/or lying on the different sheets. This manifold consists of bubble and
two thin tubes (see Figure 2: EF-/GH-manifold).

e The behavior of particles on the boundary of the domain Q can be realized by connecting
the external boundaries of the kth and /th sheets if Uy; =1,k #1.

3. CONSTRUCTION OF THE MAIN MANIFOLD

Let Q be a bounded domain in R3, (D cQ,i=1,...,N(¢)} be a system of balls (holes) of radius
d? and centers x; and

NE
U D
i=1

We consider m copies of the domain Q°. We denote by Q; the kth copy and call it the kth sheet.
By Dgi we denote the copy of the ith ball on the kth sheet.
We associate with each hole DS’ at most one hole DE’ (possibly, k=1I;i = j) and connect them

81/

via a manifold G;;” with boundary O‘Fklj , where o counts the components of the boundary.

o If k=1 and i=j, we glue to 0D{' a three-dimensional manifold GfY with a boundary
consisting of one component °T" ii. More exactly, we suppose that °T" ,ii is diffeomorphic
to 0D;'; according to these diffeomorphisms, we glue the manifold Gy}’ to the sheet
identifying Or;" and aD,‘ii (see Figure 2: CD-manifold).

o If k#[ or i#j, we connect 0D}’ ' and 6Dl€. by a three-dimensional manifold Gi;j with
boundary consisting of components e/ « and ZFH’ More exactly, we suppose that 1F J
diffeomorphic to 6D5’ and ZFkl is diffeomorphic to 0D e according to these dlffeomor—

81]

phisms, we glue manifold G klj to sheets Q¢ and QF identifying 'T"; 1. and 0D§', and *I}
and éDl] (see Figures 1 and 2: A-, B-, EF-, GH-manifolds).
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As a result we obtain a differentiable manifold M?®

M8=(usz_,i)u U G
X ki, j

Let U ={Uk, k,I=1,m} be the symmetric matrix described in the previous section. If Uy =1 we
identify the boundaries of the kth and /th sheets. We denote the obtained manifold by M*®.

The boundary of M® consists of (., ,—1 9% and the boundaries of holes D§" which do not
have an associated hole Dlgj .

We denote the points of M by X. If X € Q;, then we assign the pair (x, k) to X, where x is the
corresponding point in Q.

We supposed that M* is equipped by the Riemannian metrics g 8 (x), which coincides with the

Euclidian metrics on J; Q;.
Now, we specify the size of the holes D® and the form of the manifold G,‘il/ . We consider two
holes D,ﬁi and Df] associated with each other. We set

ag’, i=j,
di=1 a>0 (11)
ag’, i#],
Moreover, we suppose that
dcy, >0, Vi:cy -rf3<df<cz-rf3, £<go (12)

where ¥ =min; (dist(x?, x%)).
. J .. .
We introduce a set of smooth positive functions
4G, gh ), qr ), bR, i), bu(), g y), bl y)

such that

) =qii0), qf,=qf>.x), qE)=qfx), bEx)=bf(x)
(13)
a5, =qf (%), b, y)=b(y,x)

They will describe the metrics on the manifolds GZj and the coefficients of (1) will depend on
these functions. -
We describe the form of the manifolds GZJ and the metrics on them.

e If k=[ and i =, then

Gy =BI'UTE"  (CD-manifold) (14)
where
B ={(p,¥,0):0€[0,27],€[0,n],0€[05, 7]} (bubble)
T = {(¢, ¥, 2): @ €[0, 2], €[0, 7], z€[0, 1]}  (tube)
Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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so that Ol“};z{ieTkSilz:O}, B,fi and Tk” are connected in the points 0:0,8{" and z=1,

correspondingly. The metrics is defined by the formula for the element of length:

G2 (g2 d2® + (dD)*(sin® Y dp> +-dy?), FeT
(bk) (sin® Osin” Y dp? +sin® Ody®> +d6?), ieB,ﬁi
where bl =bP (xf)- /. qf' =g (xf)-df . sin O =df /' *

e If k#I[ or i £ j, then two situations are possible
(¢]

Gy =((@. . 2): 9 €[0,2n], Y €[0, 7],z [0, 1]}

(15)

so that 1F26_{xeGk7|z 0} and ZFle_{xeGk |z=1}. The metrics is defined by the

formula

ds? —(qk”) dz? +(d8 )2 (sin® Y dg? +dy?)
where

6ij g (x$)-df, i=j (A-manifold)

T = Clkl(xi,xj-)'d,-, i #j (B-manifold)

o
G =Ti T UB UTY

where

By ={(@,,0):0€[0, 27,y €[0, ], 0 07, m— 03,1}
T =15 ={(p. . 2): 9 €[0,271, €[0, 7], z€ [0, 1]}

(16)

(17
(18)

so that 1l“kjl—{)ceTkl‘””z— }, Zrk,_{ ekaUIZ—l} kl” and Tkl J are joined in the

Slj

points with =0,

with 0=n— Gk/ and z7=0, correspondingly.
The metrics is defined by the formula

i o s m2ei)
42 (g5 2%+ (@) (sin® Y dp? +-dy?), TeTy T uTyV
(b,’”:”) (sin® Osin® Y d? +sin® Ody® +d6?), xeBgU

where
F . .
b = b ()i =]
by (xf, x5)- JJdf, i
sij q,g(xe) df, i=j (EF-manifold) e _ de
=) gG e x$)df, i#j (GH-manifold) S

tThe metrics on B,fi is the usual metrics on the sphere 3 CR* with radius bii. The metrics on T,fi

metrics on the cylinder $2 x [0, 1] with radius df and length q,fi.

and z=1, correspondingly, and Bk ;. and Tkl are joined in the points

(19)

is the usual

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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4. HOMOGENIZATION OF THE DIFFUSION EQUATION

We consider the following Cauchy problem on Me:

ou® . ~
=AU =0, (E0ell*x[0.T] (20)
u®(x,0) = f*(X) 2D
2,,€
M 0, zeobr® (22)
on

where A® is the Laplace—Beltrami operator which has the following form in local coordinates

1 3.0 0
ASZ JRE— 4/G8 O(ﬁ_
/Ga a,%il 6xoc < Ee 6x/;)

are the components of the tensor inverse to g° 5 and f¢ is a smooth

where G* =det giﬁ, g?ﬁ

function, which coincides with fi(x) on the sheets and is equal to zero on Gi;] (outside some
eij

small neighborhood of 0G,;"). More exactly
fi(x), X=@x,k) e
fr@= S
0, FeGINUT(5)
where
(FeGHF=(p,Y,2) €T :|2|<d} if G5 is of type (14)
[FeGy 1F=(p. V.2 €Gy :1zl<dV |1 —z|<d}
Uy @)=1 if G5V is of type (15)

FeGyli=(p. ¥, 20Ty 1|z]<d v

Vi=(p. Y, €Ty |1 —2|<8) if G is of type (16)

.....

U,flij(é). We set 0<1.
Let Lo(M?) be the Hilbert space of real-valued functions with the norm

1/2
||u8||05={/N (ua)zdaz}
ME

where dx =+/G?¢dx;dxpdx3 is a volume element on M¢ ; let H 1(1\78) be the Hilbert space of
real-valued functions with the norm

2 2 2
1 12,1 ey = 10 13 1V 13,

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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Let L(€2)™ be the Hilbert space of the real-valued m vector functions with the norm

m 12
||u||o={/ 2(uk>2dx}
Qk=1

It is well known that system (20)—(22) has a unique generalized solution in Ly(0, T; H'(M?®))
(see, e.g. [22,23]). -
We say that €€ Ly(M?) converges to the function f € L,(Q)™ if

gi_r)rg)llQ‘sfe—flle(Q)m =0 (23)

where the operator Q°: L2(1l71 &) — Lo()™ is defined by the equality

uf? (X)), x=(x,k) ifxeQ?
(Qu® ) (x)=

if xeJ, D"

Similarly, we say that u® € LQ(ME x [0, T]) converges to the function u € Lo(Q x [0, T])™ if

T
tim [ 10°u .= I e 1 =0 4

Theorem 3

Let Ay (x), Bri(x,y),..., Hy(x,y) be an arbitrary set of smooth positive functions that satisfy
conditions (4). Then there exist a number a>0 (see, (11)), a distribution of the points x?, which
satisfy (12), and a set of functions qg} (x), ...,bg (x, y), which satisfies condition (13), such that
the solution u®(x,7) to (20)—(22) converges in the sense (24) to the solution u(x,?) to the initial-
boundary value problem (1)—(3). Moreover, the following equalities are valid:

dar

A (x) = Ey(x)+ Biy(x)=Gr+

a0 +2° g5 (x.y)+2
G = T D)= 2
qf (x)+2 n(b (X)) (gf (x)+2) 05)
Ep(x) = A, Fr(x)= h
qf(x)+2 (bl ()3 (g (x)+2)
sz(x,y)=02a—n, Fr(x, y)=—5 !
g5 (x, y)+2 n(bf (x, y)3(qf (x, ) +2)

5. PROOF OF THEOREM 3

The asymptotic behavior of the solution to the diffusion equation on Riemannian manifolds with
the same form as in Section 3 was investigated in [2]. We will use the results obtained there.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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Let
RE = {(F=(x,k) €Q :df <|x —xf|<rf/2)

SE = {F=(x, k) et |x —xf|=rf/2)

~ RIUGH, k=Ini=j
Gy =
R,f’UG“JURSJ k#IVi#j

We consider the following boundary value problem in the domain Gi;j :

—_—~

—Avt g v=0, TeGi, >0 (26)
v=1, xes 27)
v=0, FeSy (fk#IVi])) (28)

where X,i;j is the characteristic function of szj .
Let v,i;" be the solution to problem (26)—(28). We set

i j 3 ov eij avé?lj
VSU = | — Z glﬁ kl + ) Slj( I;‘lj)
. Gy’ \wp=1 ¢ Oxy Oxg Lt Yk
[ ] 3 avslj a Sjl
wel — —_ Z g aff 7kl ;Aelj gljvs i &
. Gy | p=1 & Oxy Ox[; Vel Vik

and introduce the following m x m matrix-valued generalized functions

Vg(x,/l)z{ZWk”é(x X))k, I=1,. m,k;él}

+diag{ Z V,flljé(x x;)k=1,. }
i,j=1
Nee) sl
We(x,l) = b ](S(x X))oy —x5)sk, =1,
i, j=1,i%j

We suppose that it VA>0, the following limits exist (in Z'(R") and Z’'(R" x R"), respectively)
lim VE(x, )=V (x,A), limW®(x,y, )=W(x,y,A) (29)
e—0 e—0

where V (x, 1) and W (x, y, A) are continuous matrix-valued functions in Q and Q x Q, respectively.

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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It is possible to show that V(x,1) and W(x, ) have an analytic continuation with respect
to parameter A to the domain C\{argi=m}, where the matrix-valued functions /I_IV(x,/l)
and 27! W (x, Z) are the Laplace transforms of the matrix-valued functions V (x,t) and W (x, ¢):

1 o+i00 \% ’/1
Vix.r) = —/ (%)ei’d,l
ag

27‘“ —100 v

1 o+ioo w )y, A
Wi(x,t)= 2—/ 7()6,)) A)emdi, >0
i Js

—ioco A

Now, we formulate the main result of [2].

Theorem 4
Let

(i) condition (12) be fulfilled;
(i) the limits (29) exist;
(iii) the function f?(X) converges in the sense (23) to the vector function f(x)=(f1(x),...,
Sm(X));
(i) lime o 375y 02 e (F () i =0

Then the solution u®(x, t) to problem (20)—(22) converges in the sense (24) to the solution to the
following problem:

0 mog !
%—Auk—i—lgafo Vi (x, t —tu(x,7)dr
m 0 t
+Z/—/ Wi (x,y,t—Du(y,t)dtdy=0, k=1,...,m (30)
i=1Ja dt Jo
ug(x,0) = fi(x) (31)
0 m 0
Mk Sy —0, xeon (32)
on I=1 on

In the case when G,i'/ has a structure such as (14), (15) or (16), then (with a suitable distribution
of the points x;) the limits (29) exist and it is possible to find the functions V (x,¢) and W (x, 1)
explicitly.

At first we consider some typical cases of the manifold M¢ with different types of G,il/ . We
restrict ourself to the case of a manifold M¢ , which consist of m =2 sheets. For the case m>2,
the theorem is proved in a similar way.

We do not replay all details in every case and explain in more detail the most complicated
Case 4 (for another cases see [24]).

Case 1: We divide the domain Q into cubes K* in such a way that they form a periodic cubic
lattice with side length . The number i counts the cubes, and x; are the centers of the cubes.
Further, in the center of each cube K¢, fully lying in Q, we cut out a ball D with radius d? =asg’

and center x; (Figure 3). As before, Q° =Q\ UlNz(f) D*', Qf and Qf are the two copies of the

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
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(¢)
(¢)
(¢)
(@)

olo|eo °
\o e <]
M~ —

0Q

Figure 3. Case 1.

domain Q, and D,ii is the copy of the ith ball on the kth sheet, k=1, 2. We connect the boundaries
of D*fi and Dgi by the manifold Gi’zj which has the form (15). Finally, we obtain the manifold

=QiUQ] U(UN(’?) G”Z). It is easy to see that the conditions (i), (iii) and (iv) of Theorem 4
hold
We obtain

. - dane’
V]é‘zll — VSH — WEH — W28]ll — (1 +5(1))
gy (xf)+2

Let ¢(x) € C*(Q), then

<Z Vellé(x_xl{?); (P(x)> Z VSlqu(x )(1 +0(1))

dano(x}) danp(x)dx
=X a2 K (14+3(1) — / U
( )+2 -0Ja qlz(x)+2
ie.
, 4an
Via(x, ) = Vau(x, h==Wix,)=-Wa(x, ) =—F——
qi,(x)+2
4amn
= Vio(x, ) =Va1(x, ) ==Wpx, ) ==Wa (x, 1) = ————
g (x)+2
Thus, the homogenized system has the form
ouq darn
——Au1+—(u1(x 1) —uz(x,1))=0
ot 12( x)+2
Ouy damn
——Auz—i—i( 2(x,t)—ui(x,1))=0
ot 12( x)+2
This is a two species diffusion—reaction system.
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Case 2: We divide the domain Q into cubes K® in such a way that they form a periodic
cubic lattice with side length €. Let n(e) be the number of cubes that fully lie in Q. In each
of such cubes, we cut out n(e) balls D¥ with radii df:m:6 and centers x?. Thus, the total
number of holes is equal to n?(g). Moreover, we distribute the balls in such a way that condition
(12) 2holds (e.g. choosing the centers of the balls in the knots of the periodic lattice with period
~ce’).

Again Q° =Q\ UlN:(f) D, Qf and Qf are the two copies of Q, and D,‘ii is the copy of the ball
D? on the kth sheet, k=1, 2.

Within each cube K®*, we renumber the out-cut balls from 1 to n(e). For each ball D%, we
denote by o(i) the number of the cube containing the ball and by f(i) the number of the balls
inside this cube. If a(i)=f(j),a(j)=p() (and only in this case), we join the boundaries of the
balls D’fi and D;’ by manifolds G‘i;j having form (15). Figure 4 shows an example of two copies
of Q where some holes are connected by tubes.

We obtain the manifold M¢ =QIUQ U, j Gi’zj). Conditions (i), (iii) and (iv) of Theorem 4
hold.

In this case we have

6

&
————=({+o(1))
afh(xf, x5)+2

y . y . damn
eij _ y,Eji eij eji
V12 - V21 - _W12 - _WZI -

Let ¢(x,y) e C®(QxQ), then
<Z Wi/ 6 —xf)d(x —x5); q)(x>> =2 Wi oGf, x5 (1+6(1)
L] LJ

danp(x?, x%) . .
==L e KK+ 63)
Lj 412\

Figure 4. Case 2.
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where the sum contains only the terms with pairs (i, j), which are connected by the tube GZj .
Since VK™, K¢ there exists a joining pair of the holes Dfi and D;j such that D'fi C K&,
D;j C K®”2 (by the construction of the 1\715), the sum (33) is an integral sum for the function
dnp(x, ) /(gL (x, ) +2), ie.

darn darn

WIZ(X,Y’;L):_—’ W2l(x9ya/l):_4
gty (x,y)+2 g3 (x,y)+2

Vlz(x,i)=—/QW12(x,y)dy, V21(x71)=—/QW21(x,y)dy

Finally, the homogenized system has the form

ouq damn
— —Au —|—/ ————(u1(x, 1) —un(y,t))dy=0
o 1 qu(x,y)—i—Z 1 2y y

Oz _p +f YT (e =1 (v, 1)) dy =0
—— —Aup — U 2X,1)—uily, y=
ot Qqﬁ(x,y)—i-Z

This is a two-species diffusion—reaction system with nonlocal spatial interaction.

Case 3: Let Q° be the domain constructed in Case 1. To the boundary of the ith hole, we glue
a manifold G‘iil of the form (14). Hence, we obtain the manifold M®=Q° U (| J; G’iil).

In this case we have

4an?(bP (x))32

A=
= P 0P @ ) +2)

Hence

Vii(x t)—4a7nex —2
U= e 2 P\ 2P ) @) +2)

The homogenized equation has the form

6_M_Au+é/t aan ex —2(t—T) u(x r)dr—O
ot or Jo g€ x)+2 P (P (x))3 (¢ (x)+2) ' N

This is a one-species diffusion equation with memory. -
Case 4: We construct the manifold M? in the same way as in Case 1, but G’i’zl we choose in

the form (16). The metrics on G55 is defined by (19).
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Now, we show how to calculate the function Vi>(x, A). Let v _v‘f’Z’ X, 4) be the solution to

(26)—(28). In order to find a suitable approximation for v®, we consider the function
d&‘
1+of; x— |(D(|x x;|-e” b, F=(, D) e
l

A‘it +Bll’ x=(o, lﬁ7Z)ET11j€ii
cotf

O B — D Wr-0), F=(p.0.0e By (34)

12 cott,

AS.z+BS, X=(p,,2)eTH"

se={Crap,

&

dt
o ——O(lx—xf-e7), F=(x,2)€Q
—X

|

4
]

where ®(r) is a smooth function equal to 1 when r<JT and equal to 0 when r}% and W(0) is a
smooth function equal to 1 when 0<7r/4 and equal to 0 when 0>7r/2.

We choose the constants oc’ii, i AY;. B, C?L oczl,ﬁzl, 5i»B5; in such a way that the
limiting values and normal derivatives of the functlon v*¢ coincide on the places of gluing between

Qf, Tlg” Bf’zl, Tze” Q5. Moreover, we require that the following equality

/ (AT 47D dF=0 (35)
G
holds. As a result we obtain for ¢ — 0 the asymptotics
2a+in(bh (x))3 (g5 (x6) +2)
(g5 +2)da+in(bh (x5))3 (g5 (xF)+2))
2a
1+ 1 — Ell
B0+ 2 dat il b 12y o) T (36)
cs= 2a (1+5(1))
Y da+im(bf, (63 (g (x) +2)

AL =05,qh (), Ay =—obq5(xf),  Bf;=1+of;, B =0u5—A5

1

5= (1+o0(1)=— OC“COSOSH

Pai=

We represent v¢ in the form v® =7¢ +w®.
Estimating w®, we set

3 v v .

Ilvf]= | { 2 g?‘a—a—+ﬂx’“‘“-(v€)2}dx
G’ a,ﬂzl Xo xﬁ

where »° is the characteristic function of Gflzl

Since v® minimizes the functional /¢ in the class of functions in H' (GS”) equal to 1 on S”
and equal to 0 on S¢', w® minimizes the functional

Js[wg]zla[ws]—Z/,v_(Aeﬁg £ we dF
G

eii
12
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—_~

in the class Hol(Giizi)' Therefore, J[w®]<J[0]=0 and using (35) we have

/ - Avfwdx
R{'URS
eii

where w® is the average value of w® in G} .

We have the following fact (see [2]): operator IT¢: HY(M?)— H'(Q)™ exists such that Vu® €
HY(M?):

(1) Tu®)(x)=us(x), Vk=1,...,m, Vx€Q®, x=(x,k);

2) ||(H”"us)k||H1(9)<y||u8||H1(QD, where 7y does not depend on ¢.

IF[wf1<2 +2

/ (AT —JD°)- (w —0°) dF (37)
G

eii
12

It follows from this fact and Friedrich’s and Poincare’s inequalities that

117, ey < CEX AW e SCEP LW, k=1,2 -
& — 22 2re &
— o<
=17 gy < CE2 17w
Moreover, from (34) and (36) we have
/ |A€ﬁ€|2d)€+/ (|A*DE)P? +2[0¢)?) di<C - & (39)
R{TURS! a3y

Taking into account the inequalities (38), (39) and using Cauchy’s inequality, from (37) we obtain
the estimate

Flwfl<C &’ (40)
On the other hand, from (34) and (36) we obtain
2+ (b)) (@ () +2)
@i (x))+2)- (4+2n(b1 () (g () +2)

Therefore, from (40)—(41) we have Vlgzii ~I¢[v¢],e— 0.
In the same way as in Case 1, we obtain

I[0¢]=4an &> (1+0(1)) (41)

2+ An (bt (2))* (g (x) +2)
(@5 () +2)- 4+ An(bf, ()) (g5 (x)+2))

Using the same methods, it is easy to obtain

Via(x, ) =Va1(x, ) =dan

2

W N ] =W ,;\, :_4
L A=W = ) G im0 PGB +2)

Hence,

Via(x. 1) = Voy (x t)_zain 1+ex —4t
= T Cahn+2 b An(bry () (150 +2)

Wi (x, 1) = Way (x t)__zain 1 —ex —4t
A R ) B VA PR e
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The homogenized system has the form

M p 25 D — ua (e 1)
('ﬁt 1 sz(x)—l—Z 1 5 2X,
—1—3/1 2ar ex il U (ur1(x,7)+uz(x,7))dr=0
oty aEm+2 P\ aeh by 1o ) PR I
Ouy i
X—Auz-i-m(uz(x,t)—ul(x,t))
—1—3/1 2ar ex il U (ua(x,7)+ui(x,7))dr=0
ot lo aEm+2 P\ aeh i ghay 1oy ) P R

Case 5: Finally, we construct the manifold M¢ in the same way as in Case 2, but G‘fizj we

choose in the form (16). In this case the homogenized system has the form

ouq 2am
——Au1+/ ————(u1(x, 1) —uz(y,1))dy
ot Qqh,y)+2

+/i/’ 2an exp —4(t—1)
ot Jo qfj(x,y)+2 n(bfh (x, y)3 (g (x, ) +2)

x(u1(x, 1) Fuz(y, 7)) drdy =0

Ouy

+/ an
uy _—
ot QS (x,y)+2

+/£/t 2amn o —4(t —71)
adt o ¢S t+2" P\ 2 & )P @S () +2)

X (uz(x, 1) Fui(y, 7)) drdy =0

(u2(x, 1) —u1(y,1))dy

Let us combine the results of Cases 1-5. We divide the domain Q into cubes K¢ in such a
way that they form a periodic cubic lattice with side length ¢. In each cube we pick out seven
disjoint cubes K***,s=1,...,7, such that diamK***~ce. We call them sub-cubes. In the sub-
cubes K¢, K26 K3 we cut out a single hole—a ball with radius a3, whereas in the sub-cubes
K% K3 K% K7¢ we cut out n(¢) holes—balls with radius as® (we require that condition (12)
holds—see Case 2). We obtain a system of balls D* ,i=1,..., N(s) =3n(e)+4n(e). As before,
QF =Q\ U,N:(f) D®'. Now, we consider two copies (sheets) of the domain Q°—Q5 and Q5. We
denote by D,ii the copy of the ith ball on the kth sheet (k=1,2). We can express the index i in
the form i =i, ; g, where « is the number of the cube containing the ball, s is the number of the
sub-cube, and index f§ appears only in the case s =4,5,6,7 and denote the number of the ball
within the sub-cube.
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Now, we connect the manifolds G,i;j with the sheets by the following rules:

(1) Via the manifold Gfiz“’li“’l of the form (15) (see Case 1) we join the boundaries of the holes

D! and DI
1 2 : . .

(2) Via the manifold Gilz"“zl“’z of the form (16) (see Case 4) we join the boundaries of the holes
Dil“’z and D;l“'z. . .

(3) We glue the manifold Gill“‘y“j of the form (14) to the boundary of the hole Df’“ and glue
the manifold G;;""SI“"3 of the form (14) to the boundary of the hole D;l“ (see Case 3).

(4) Via the manifold Gi;“’4’ﬁ B4 of the form (15) (see Case 2) we join the boundaries of the
holes Dfl“’ﬁ and D?M“.

(5) Via the manifold Gil;’s’ﬁ 3% of the form (16) (see Case 5) we join the boundaries of the
holes Dfl“‘s’ﬁ and D;llf‘s’“.. '

(6) Via the manifold Gilf"s"ﬂ/j‘ﬁ’“ of the form (15) we join the boundaries of the holes Dflm’ﬁ
and D;:l’j % and via the manifold G;l;’(’"ﬂ/j‘é’“ of the form (15) we join the boundaries of

the holes D;im’ﬁ and D;iﬂ % This is analogous to Case 2, but here the tube starts and ends
on the same sheet. i o
(7) Via the manifold G, 1“‘7’3 #7% of the form (16) we join the boundaries of the holes D, R

and Dfiﬂ 7% and via the manifold G;;“'”’ 7% 6f the form (16) we join the boundaries of

the holes D;l“'ﬂ and D;lﬁ "% This is analogous to Case 5, but as before the tube starts and
ends on the same sheet.

As a result we obtain the manifold M¢ as a combination of Cases 1-5. In this case the homogenized

system has the form

Ouj At S dar n 2amn (e (e, ) . 5)
— —Auy up(x,t)—u(x,
ot F\ g +2  gb()+2

2 4dan 2an
+ Z/Q< )(uk(x,t)—uz(y,t))dy

B 2+ G 2
=1 G (X, y)+ q (x, y)+

+é/t aan ex —Z(Z—T) u (x ‘L')d‘t'
arlo g€ m+2 P\ zPrEfm+) ) 4

+ Zé/t 2am ex —4Ht—) (up(x, 1) 4+u;(x,7))dr
gl g2 P\ reh e @i+ ) I T

+ Xz:f é/t Zan X _4(I_T)
ElaorJo gGoe 2 P\ 2t @ )3 @S ) +2)

x (g (x, D) +ug (v, D) drdy =0, k=1,2 42)
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We set

darn darn )
Arr(x) — Eg(x) By (x,y)—Gu(x,y)

Cpoy_ Ham D, ~_ 3 Cilx)
W= O e

g (x) = 2, qf)=

(43)
2an 2E(x)
E F 3
gEG() = ———2, bEx)=
M Er(x) K amn? Fyy(x)
2an 2G(x,y)
G H 3
CI (X,y)= —2, b (X,)’)Z
M G (x,y) M am?Hy (x. )

Functions (43) satisfy conditions (13) and are positive, if a is sufficiently large. Then system (42)
has the form (1). In the same way, the proof can be done for m>2 sheets . Theorem 3 is proved.

6. PROOFS OF THE MAIN THEOREMS

Proof of Theorem 1
Existence and uniqueness of the generalized solution to (1)—(3) u(x, )€ L2(0, T; Lo(Q2)™) follow
from the results in [2] (see also [14]).

We construct the manifold M? in the same way as in Theorem 3. Moreover, we require that the
point Xmax, providing the maximum to max; max,cq fk(x), does not lie in any out-cut ball Dt
This can be done, because of the construction of the manifold M?. Let the function f°(x) be the
same as in the proof of Theorem 3, i.e. it coincides with fi(x) if X =(x,k) €Q; and is equal to

zero in Gy, except for small neighborhoods of °T¢', T}/ and 2T};’. In these neighborhoods
we construct f° in such a way that 0< f*(X)<<maxg=1, ., maXycq fi(x). Then, maxjz. f°(X) is
reached on some sheet and, therefore, max j;. f°(X) =max; max,cq fi(x)=M.

In view of the maximum principle (see, e.g. [22, 23]), we have

u® (X, )<max f°(X)=M for almost all x €Q, >0
ME

where u® is a solution to problem (20)—(22). We obtain
(Q%u®)i(x,t)<M for almost all x €Q, >0 Vk

By Theorem 3, (Q%u®); converges to uy in Lo(Qx[0,T]), VT >0. Therefore, there exists a
sequence € =¢, such that for almost all x€Q, r€[0, T]:

(Q%u®)r(x,t) > up(x,t), e=¢£,—0

Then, for almost all x€Q, t>0,Vk: ui(x,1)<M.
In the same way, the minimum principle and Corollary can be proved. ]

Copyright © 2008 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. (2008)
DOI: 10.1002/mma



LINEAR REACTION-DIFFUSION SYSTEM

Remark
We give an example which shows that the condition max; max,cq fx(x)>0 is essential for the
maximum principle.

We consider a particular case of problem (1)—(3):

A

a t
‘i—”—Aqu/ B(x,y)(u(x)—u(y))dy—l——/ Ce PU=y(x, 1) dr
ot Q ot Jo

] t
+/ i/ Ge ") (u(x, 1)+ u(y, 1)) dr =0 (44)
Qdt Jo
. 0=f o (45)
on

where C, D and f are constants, D=H.
It is easy to see that the function

f —1(C+D+2G-1Q))
MN=——"—A(D+(C+2G-|Q))-
u(x,t) C+D+2G-|Q|{ +(C+ |Q2[)-e }

is a solution to (44)—(45). If f <0, then, obviously, the maximum principle is not fulfilled.

Proof of Theorem 2 -

We construct the manifold M? in the same way as in Theorem 3. Let u®(X,t) be the solution
to problem (20)—(22). In order to estimate u®(x,t), we prove the following uniform Poincare
inequality.

Lemma

e Lenge —e—_1 . oeriAdT — ot : .
For all u® € H' (M?) such that u° = B3 fMg u®(x)dx =0, the following inequality holds:

3 out out
/N (u® (¥)*di<cy /N > g di (46)
Me Mo p=1 OXy Oxp
where the constant ¢, does not depend on &.

Proof
We prove the Lemma for one special case of the manifold M?. For the general case, it can be
proved in a similar way (see the proof for another case in [24]).

Suppose that our manifold M?® has the same form as in Case 4 in the proof of Theorem 3:

- NE)
& & 12 &
1=
where G$ =TT UBS UTEY, TS, BEY, TE' are defined by formulas (17), (18).
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Proving the lemma indirectly, we assume the opp051te i.e. (46) does not hold. Then a sequence
(still denoted by ¢) exists and functions u®(x) € H! (M ) exist such that

f~ (uf(%))2dx=1
MS

= ! u®(x¥)dx=0
- |]\7IS| i - 47)

3 (')usau
/N Y g ——di—>0, £—0
Msozﬁl 8x(,6x5

It follows from (47) that a sequence (still denoted by &) exists such that (IT°x®); converges in
L2 () to some constant C; and (IT°u®), converges in L, (Q) to some constant Cy as ¢ — 0. The
operator I1°: H (M) — H'(Q)™ was introduced in the proof of Theorem 3 (Case 4).

Denote by C; the average value of u® in the domain Bf’z’,

i Ba”|/mu (x)dx

We represent u® in the form u® =v®+w?, where

N ) d° )
C1—|—Zall| — |<I)(|x xil-e” b, I=(x,1)eQ]
l
A?l +Bll’ —((P lp Z)€T11€”
vi=] CEt w0+ w0, i=( 0) € Bii
Pi ot ig P teig oV
ASz+ By, F=(p.Y,0)eTH"
N(e) d?
Cz—l—Zoczll | O(|x —x; £l.g™ ), )Z:(x,Z)EQ‘;
i=1
with
CS—C
o = ‘ ==, -cos 05}

1+cos 055 +q5(x¢)

Aiizfxii'qlEz(xig), B{;=C;+uaj;
C:—Cy

14cos 055 +q5(x¢)

&
% =

s =0 -cos 055

A =~ "IlEz(x'g)’ By =Cr+05, — Ay

®(r) is a smooth function equal to 1 when r<}1 and equal to 0 when r} Y() is a
smooth functlon equal to 1 when f<n/4 and equal to 0 when 0>m/2. The coefficients
ol Bl Ay By o5, B AZI’B2I are taken in such a way that the limiting values and normal
derivatives of the function v® coincide on the places of gluing between QF, Tls” Bf’zl, ng” Q5.
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We have
IVEu(|Z, = | VEvE |13, +2(VEvE, VEw)ge = | VEVE[IZ, — 2(A% 0, w)oe (48)

From the explicit form of the function v® and using Poincare inequality for the domain Bf’Z’, we

obtain the following inequalities:
M o <||V’3v8||0€ M;-c°
IA*v® 1§, < M3-0°

2 2 4
1012, ey <21 = C1l3, o) 42016 = Call} )+ Mse® - 0°

N(e) ) N(S)
T, g, < 52 SV + / ci—var)

i=1 i= 1|B£”
<262 Mo (| VEVE |13, + IVEul I13,) +&* M7 - o° (49)

where ¢° =ZN(S)[(C C8)2+(C2—C€) IE |BS”| and M;,i=1,...,7, are positive constants.
Further we prove that

Ay, ¢, >0:c1<0® < (50)
From the inequalities (49), (50), using Cauchy inequality, we have
IV 5, > c1-M1>0
(A%, w*)oe | < IA*VE [l Ly@eu0s) - W8Il Ly us)
2 e 1/2
LZI A2 (Bg,,)} [ > w2 (Bg,,)] —0

Then, from (48) we have lim,_. ¢ || Vu?||ge >0—a contradiction.

Now, we prove inequality (50). The right-hand side follows from the equality ||u?||o. = 1. Suppose
that the left-hand side inequality does not hold. Then there exists a sequence (again denoted by &)
such that

N(e) N(e) .
lim 3 (C1—CH? B |=0, lim Y. (Ca—CH)?|B|=0 (51)
£— i=1 e—0 i=1

From (51) follow the inequalities

i=1

N(¢e) 2 N(e)
(Zl(Ca CS)IBS”I) <N(e) Y (Co—CH? BY|?

N(e)
¢ Y (Cyu—CH?|BEL|, >0, a=1,2 (52)
i=1

and so the left-hand side of (52) also converges to zero.
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Using Poincare inequality for the domain Bféi, we have

N(e)
0< Z {f (U ()7 dF — (CH?|BEY | | <c-&? Z IIVSMEIIL 2B T

i=1

o 12

Moreover, it is easy to show that lim
y 8—)02 L (Tllaz]UTZSz])

Hence,
1= hm lu® ||08—(C2+C2) |Q|+ hr% Z (Cs) |B‘9”| (53)
Further we obtain

O=1lim | u (x)dx—(C1+C2)|Q|+hm Z Ce|BeH|
e—0 ) pre
N(e) . N(e) -
Ci( lim 3 B | 4+1Q] | +C2|Q|+lim 3 (CE—Cy)|BEY
e—0 i=1 e—0 i=1
(54)
N(e)
C> (hm 3 |B€”|+|Q|>+C1|Q|+hn%) 3 (CE—Cy)| B

It follows from (52), (54) that C; = C> =0. However, this together with (51) contradicts (53). Then
the right-hand side of (50) is true.
The lemma is proved. (]

We continue the proof of Theorem 2.
From Gronwall’s lemma, we obtain that the solution to (20)—(22) satisfies the inequality

—2t 1
2 2
||M8—L8||og<||fg—L8||og'exp|:g}, Lf= g fg(x)dx (55)

It is clear that the norms || f¢ — L?||o. are uniformly bounded with respect to ¢. Therefore, 3 ¢;>0:
—2t

llu® — L8|, <c1-exp [—} (56)
Cp

Hence,
m N(g)

10°u® — L8 |5<er - eXp[ A }Jr(Ls) > > |Df] (57)
P

k=1i=1

By the construction of M ¢ we have

e e m NGE) eii 1 X N ) eii 2 NE) eij
|M|=m- Q|+ Y Y G +5 ZI |+ X2 Gy (58)
k=1i=1 2 j =Tk i= 20 =i
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LINEAR REACTION-DIFFUSION SYSTEM

From formulas (13), (25) and (58), it follows that

|M‘8|—(>)m-|Q|+2n2(ifa(b;?(x)ﬁdx% S TG HEEE

k=1JQ k=1]k#l JQ

//a(bk[(x ) dXd}’)
kl l

Cr(x) n /Ekl(X) n // Gp(x, y)
= Q dx+2 dx+2
" '+Z 0 D0 2 2 o Fao YT oo Hateon

/N £ () dF — fffkmdx
Me e=>0,—1JQ
ie.

lim L =L (59)

e—0

Note that only manifolds of types (14), (16) (i.e. CD, EF and GH-manifolds) make a contribution
to L.
Let >0 be an arbitrary number and let us fix ¢. For all >0, we have

.= LIZE3-{1Q%u (. —uC DIF+1Q%u (. )= L B+ 1127~ LI (60)

From Theorem 3 and (59), it follows that there exists £>0 such that

m N(e)
1Q%uf .y —uC DI+ LS~ LIB+(LA? Y 3 D<o
k=1 i=1
Then
—2t
lu(-, 1) —L|3<36+3¢- exp[ }
Cp

Passing to the limit as  — 0, we have
) -2t
lu(-,t) —L||;<3-ci-exp| — | V>0
Cp

Theorem 2 is proved. O
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