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ABSTRACT. We consider the system of equations that describes small non-
stationary motions of viscous incompressible fluid with a large number of small
rigid interacting particles. This system is a microscopic mathematical model of
complex fluids such as colloidal suspensions, polymer solutions etc. We suppose
that the system of particles depends on a small parameter € in such a way that
the sizes of particles are of order €3, the distances between the nearest particles
are of order €, and the stiffness of the interaction force is of order £2.

We study the asymptotic behavior of the microscopic model as ¢ — 0 and
obtain the homogenized equations that can be considered as a macroscopic
model of diluted solutions of interacting colloidal particles.

1. Introduction. In the last years, in the literature on fluid mechanics we have
seen an increasing number of papers devoted to the study of complex fluids. The
examples of such fluids (substances) seen in nature are blood, honey, spider’s web
etc. Nowadays, complex fluids of artificial origin such as magnetic fluids, colloidal
suspensions, surfactant fluids, polymer fluids attract the increasing interest of the
researchers, because of their potential usefulness in various applications (see [7],
[12], [17], [18], [21], [30], [35]).

Generally, these fluids have a specific microstructure. The characteristic fea-
ture of this microstructure is the presence of a main fluid and small (of order of
angstroms) particles (atoms, molecules) of another substance located in the fluid.
These inclusions form flexible elastic chains, clusters, periodic grids and interact
between themselves due to the forces of various origins (Van-der-Waals forces, elec-
trostatic forces etc., see [17]). In general, such mixtures show a non-newtonian
behavior.

The simplest microscopic model of such substances is a mixture of a newtonian
fluid and small solid particles that interact between themselves and with the sur-
rounding fluid. The study of the properties of the fluids in the framework of such
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a model by using both analytical and numerical methods appears to be an unsur-
mountable problem because one have to take into consideration the interaction of a
great number of the small particles. Therefore it is necessary to develop adequate
macroscopic models that can help in studying such fluids. A number of authors,
both mathematicians and physicists, have addressed this development ([3],[5], [18],
[29], [31]). In particular, oscillations of a viscous incompressible fluid with small
solid interacting particles of arbitrary shape are considered in [5] under the assump-
tion that the diameters of particles, the distances between the neighboring particles
and the interaction forces are of the same order . The asymptotic analysis, as
e — 0, of this problem is given and the homogenized (macroscopic) model is con-
structed. It shows that, for € sufficiently small, the mixture behaves as a one-phase
viscoelastic medium.

In [3], a similar problem was studied in the case of very small particles (of order
e*, 1 < a < 3). It was shown that the homogenized model is qualitatively the same.

In this paper we study the case, when the diameters of particles are of order
e3, which is the well-known critical size of inclusions, leading to appearance of an
additional potential (named in [10] a “strange term”) in the homogenized equation
(see also [1], [22], [23]). It turns out that in this critical case the homogenized model
has another qualitative form: the model is two-component and the mixture acts as
if a main fluid oscillate penetrating through an elastic weightless skeleton. This
homogenized model can be considered as a more complex version of Brinkman’s
law introduced in [9].

A rigorous justification of Brinkman’s law requires the study of the homogeniza-
tion problem for the Stokes equations in perforated domains. This question has
been extensively studied in the mathematical literature (see, e.g., [1], [8], [15], [19],
[23], [33]). Particularly, the homogenization of the Navier-Stokes equations with
the Dirichlet boundary condition in a porous domain modelled as the periodic rep-
etition of an elementary cell of size ¢ containing a tiny solid obstacle was analyzed
in [1]. The convergence of the homogenization process to a Brinkman-type law
was proved, with the help of Tartar’s energy method, in the case where the solid
obstacle is of critical size €3 (in the three-dimensional case). If the size of the holes
is asymptotically larger than this critical size, then the homogenized problem is
governed by Darcy’s law; if the size of the holes is asymptotically smaller than the
critical size, then the homogenized problem turns out to be the Stokes equations
(for more details see [1], [15], [32]).

In [19] and [33], Brinkman’s law was also derived by means of a three-scale
expansion method. A similar result was obtained in [8] by using the framework of
epi-convergence. We also refer to work [23], where it was proved that equations
corresponding to Brinkman’s law describe the limiting behavior of the Stokes flow
in a non-periodically perforated domain for the critical scaling of the holes.

The key feature of our paper is the interaction between particles. Our main pur-
pose is to develop a rigorous mathematical model that shows how the interaction
affects the homogenized medium. Namely, for generic non-periodic arrays of par-
ticles we describe the homogenized model in terms of the meso-characteristic of a
discrete elastic skeleton, which represents local interaction energy on the meso-scale
(intermediate scale between the inter-particle distances (microscale) and the domain
sizes (macroscale)). We show that in the case of the critical sizes of particles, the
homogenized medium exhibits a two-phase behavior.
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To this end, we use the Laplace transform to obtain a time-independent version
(with spectral parameter \) of the problem describing small motions of the fluid
with solid interacting particles. Then we reduce it to a variational form for AO.
In sections 4-7, we study the asymptotic behavior of solution of the variational
problem as ¢ — 0 by using a method of the computation of a I'-limit. We find the
homogenized variational functional and the system of Euler equations corresponding
to this functional. Finally, in section 8 we study the analytic properties of the
solutions of these equations with respect to A, and, applying the inverse Laplace
transform, obtain the homogenized non-stationary problem.

2. The microscopic model. Let Q be a bounded domain in R3 with smooth
boundary 9f). The domain is occupied by a composite medium, which is a suspen-

sion of a large number N¢ = O(—g) of small, ball-shaped rigid interacting particles
€

Q! (i = 1,N¥) in a viscous incompressible fluid. We assume that the radii of the
particles are of order O(g?), the distances between the neighboring particles are
O(e), and interaction between the neighboring particles is determined by central
forces of order O(g?).

We also assume that the system of particles is in equilibrium when the fluid is at
rest. Let z¢ be a position of the center of particle Q% corresponding to its equilibrium
state. This equilibrium is determined by the minimum of the interaction potential
energy

Hf) = H0) + 5 3 (€l — ) o — ] )+ 1)
i
+ the terms of higher orders,
where u! are displacements of the centers of the particles, gg are symmetric positive
matrices, the parenthesis ( , ) stands for a dot product in R3.

Since the energy (2.1) is invariant under translation and rotation of the set of
particles as a whole, the energy minimization defines many equilibrium states. A
unique minimum is specified by the condition that the external boundary interacts
with all the particles which are at a distance smaller than Ce (C' > 0) from 9.
Then in addition to the energy (2.1) we need to take into account the energy due
to the interaction with the boundary 02. Formally, the energy can be written in
the same form, taking into account that some particles @QZ can lie on the boundary
with the correspondent displacements u! being equal to zero due to the boundary
condition on 9). Thus, in our consideration the system of particles has a unique
equilibrium state {zf,i =1,2,..., N¢}.

Ne
Introduce the following notations: Q. = Q '\ U Q' is a domain occupied by the

i=1

fluid; p is the specific density of the fluid; p is the dynamic viscosity of the fluid;

ps is the specific density of particles’ substance; m’. = ps|@QZ| is the mass of particle
i 0% is the rotation vector of Q%; I! = Zm!(r!)? is the inertia moment of Q°.

Then the linearized system of equations that describe small non-stationary mo-
tions of the fluid with solid interacting particles can be written in the form

Ov,

)

—pAv, =Vp., dive, =0, z€ Qg (2.2)
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vo=dl 0l x (2 —2i) ze Q) (2.3)
miiil + /o[ys]uds =—V.iH.; (2.4)
St
I;Q: + /(g —2') x glv Jvds = —Vyi H.(= 0). (2.5)
St

Here v, = v_(x,t) is the velocity of the fluid, p. = p.(x,t) is the pressure, ul
i
is the displacement of the center of particle Q%, i’ = (ﬁ: is the velocity of the
2, i
Le
a2
instant angular velocity of )%. By v we denote the unit inner normal to the sphere
S! = 0Q:. The stress tensor in the fluid is denoted by g[v.]. The components of
v _. v, ..
the stress tensor are defined as gv_|i; = p {ngj + ‘9&]} —pedi; (i, = 1,2,3).

The energy of interaction H. is defined by (2.1).
The system (2.2)-(2.5) is supplemented by the initial conditions

center of Qi il = is the acceleration of the center of Q7, and f. is the

v (2,0) = vo(z), =€y

22 =0, Q; = 2217 Q‘Zs =0, st - Q‘Zsl (2'6)
and the boundary condition on 02
v(z,t) =0, z €. (2.7)

The homogeneous Dirichlet boundary condition corresponds to the clamped
boundary 0€2. We choose this condition for the sake of simplicity; other types
of boundary condition can be treated in a similar way.

There exists a unique solution {v_(z), ul, Qi,i =1,2,...N¢} of the problem. The
main goal of this paper is to study the asymptotic behavior of the solution as ¢ — 0.

Before formulating the main result we introduce some definitions and assumptions.

3. Local energy characteristics. Formulation of main results. Let di =
dist{Q¢, U Q; U 09} be the distance between Q% and other particles and boundary
J#
99, and r’ be the radius of Q.
Assume that the following conditions hold.
I. The geometric conditions.
1) There exist positive constants C7,Co and C3 such that

018 S dé S CQE; (31)

rl < Cge. (3.2)
Constants C1,Csy, C3 do not depend on €.

2) The interaction is short-range, so that each point z' is connected by an edge
of some graph I' to neighbors z! which are at a distance less than Ce; C' > 0 is
fixed constant which does not depend on €. Moreover, we consider the graphs which
satisfy the so-called triangulization condition. Namely, there exists a subgraph I €
I such that IV forms a triangularization of R3, that is it partitions R? into simplexes
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with angles bounded from below by a constant C' > 0 which does not depend on ¢.
I need not contain all the vertices z¢.

Next we restrict all edges I' on the domain 2. If an edge of I intersects 9€) then
we add the intersection point to the graph and denote the obtained graph I'q.

This triangularization is sufficient for the discrete Korn’s inequality (5.3) to hold.

II. The interaction conditions.

1) The particles Q¢ and Q! interact if the distance between them is of order
O(e). Thus, g? =0, if dist(Q%, Q%) > Cie (C10). In particular, pairs of particles
which are connected by a common edge of a simplex are interacting.

2) The matrix gzj of interaction of particles Q¢ and @ is the matrix of the

ij

projection operator on vector z. — zZ up to a positive scalar multiplier =

zi —al|
ie.
7, 1.4] = 3
Clu=Fk; <7|$Z T ,gij>gij, Yu € R°. (3.3)
Lo Le
z: — 2] i 4
Here |e;; = ——— and k% is defined as follows
|zt — 22

k9 =kYe? a; < kY < ay, (3.4)

where the constants as > a1 > 0 do not depend on .

3.1. The qualitative characteristic of an elastic skeleton. We introduce a
meso-characteristic which characterizes the local (average on meso-scale) elastic
properties of elastic skeleton.

Denote by Kj- = K (z, h) the cube of side length h > 0 (¢ < h < 1) centered at
a point x € €. The orientation of the cube is arbitrary but independent of x and
h. For the sake of definiteness we assume that the edges of this cube are parallel to
the coordinate axes.

Let N(z,e,h) be the set of lattice vector-functions we(z). These functions are
defined at each point z?, that belongs to the cube K(x,h). Their values at the
points 2! we denote by wi = w.(z?) (i = 1,2,..., N*").

Consider a minimization problem in the class N(x,e,h) for the following func-
tional

1 o _ , _
ALfwes i T = 5 ) | 4 (CFTwl — wl], [wl — wl])+ (3.5)

i
i#g

2
3
RN jwl = Y el - 2)Ty,
i pyq=1
Here @,q(z) = 3(zpel +x4€P), T = {Tpq} is a symmetric second rank tensor, the
sum Y Ki stands for the summation over all indexes ¢ for which 2! € Kj7, 0 <7 <2

is a technical parameter.

Lemma 3.1. There exists a unique lattice function w = {w'} that minimizes the
functional (3.5). The minimum of this functional is a quadratic homogeneous func-
tion of the tensor T = {T,q}. Moreover, the following representation holds
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3
3 T . . _ T
wse%l(lﬁs,m AL [we; ;T = Z A (25 €5 1) Trp Ty, (3.6)
n,p,q,r=1
where aj,,..(z,€, h) are the components of a fourth rank tensor. These components

are defined as follows:

Wppgr (2, €5 1) = ;Z ki (CF [w (22) — "™ (D)), [w (22) — w? (D)) +  (3.7)
i#]

+hTPTER N e (W (@) — @™ (2l — ), w (2l) — 7 (2l — x)).

Hereafter we denote by w™P(z) the lattice vector-function that minimizes func-
1
tional (3.5) with T'=T"P = E(gn ®el +ef ®e").

The proof of this Lemma is given in [4]. It follows from (3.7) that the tensor
{a] pgr(z,,h)} is symmetric

anpqr - aqrnp — apnqr == ...

We call this tensor the local elasticity tensor of the elastic skeleton. This meso-
characteristic plays the key role in our considerations since it defines the effective
elastic modules in the continuum limit via discrete interactions.

Observe that the first sum in (3.5) represents the interaction energy in K. The
second sum is a penalty term which represents the deviation of the vectors w! from

the linear part Z Tpep??(zt — z). This linear part can be viewed as a symmetric
p,g=1
part of the differential of the second global minimizer w(x) (see Theorem 4.1) when

Tpq = epglw(z)]. Therefore we minimize the interaction energy in K by adding
the constraint that the minimizer w is “close” to the restriction of the symmetric
part of Vw(z) on the lattice {z’}.

We assume that the following limits exist uniformly for all x €

1 .

Jim lim - 2 P r(z), (3.8)
. . a’npqr(x &, h) T Er a’npqr(x S h) o
e U

where r(z) > 0 is a continuous function and {a,pq-(z)} is a continuous, positive
defined tensor.

Note, that the existence of limits (3.8)-(3.9) is a general restriction on the spatial
distributions of the locations of the particles and their radii. Since we do not require
any spatial periodicity, we have to impose some conditions on these distributions.
In section 9, we provide an example where limits (3.8)-(3.9) are calculated explicitly.
Remark. If the limits in (3.9) exist for some 70, then they exist for any = > 0
and the limiting tensor a,pqr(z) does not depend on 7 (this fact can be proved
analogously to [24]). This limiting tensor incorporates the information about the
geometric array of the particles and the strength of the interparticle interactions.

Let x.(z) be the characteristic function of the fluid domain ., and x(z) be the
characteristic function of the particles Q.
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Using the solution {v_(z,t), u’ (z,t),0"(t),i = 1,2,..., N.} of the problem (2.2)~
(2.7), construct the vector-functions

NE .
B.(z,t) = Xe(@)v. (2, 1) + > xE(@) [l (t) + 02 (1) x (z — a2)). (3.10)
i=1
The following theorem is the main result of the paper.

Theorem 3.2. Suppose that conditions I, II, (3.8), (3.9) hold. Suppose that the
initial conditions of the problem (2.2)-(2.7) converge as € — 0 in the following
sense

0 (2,0) = wo(z) in Ly(9). (3.11)

Then the vector-functions v (z,t) converge, as € — 0, weakly in Lo($2 x [0,T7])

(for any T0) to a vector-function v(x,t) such that the pair of vector-functions
{v(z,t),w(z,t)} is a solution of the following initial boundary value problem

pa—z—uAv—i-C'(g)(v—w):Vp, divoe =0, z€Q,t>0. (3.12)
5 t
Cz)(w—v) — Z . Anpgr (Z)eqr /wdT e"=0, xzet>0, (3.13)
p

n.p,g,T 0

v(z,t) =w(z,t) =0, z€dQ, (3.14)

v(z,0) =vo(z), z €. (3.15)
Here C(z) = 6mpr(z); the function r(x) and the tensor {anpqr(z)} are defined by
(3.8) and (3.9) respectively.

The proof of theorem 2.1 is given in sections 3-8.

First, in section 3, using Laplace transform, we formulate a stationary version of
the problem (2.2)—(2.7) with parameter A . Then we reduce it to a variational form
for X0. In sections 4-7, we study the asymptotic behavior of solution of the varia-
tional problem as ¢ — 0 by using a method close to the computation of a I'-limit.
We find the homogenized variational functional and the system of Euler equations
corresponding to this functional. Finally, in section 8 we study the analytic proper-
ties of the solutions of these equations in the parameter A, and, applying the inverse
Laplace transform, obtain the homogenized non-stationary problem (3.12) —(3.15).

In Section 9 we consider the special case of a periodic array of balls Q% and
calculate the tensor a(z) = {anpqr(x)} explicitly.

4. Variational formulation of the problem. We convert the evolutionary prob-
lem (2.2)—(2.7) into the stationary one by using the Laplace transform in time.

For the sake of simplicity, we keep the same notations for the Laplace images
as for the corresponding time-dependent quantities: v_(z,t) — v.(x, \), pe(z,t) —
pe(z, \), ul(t) — ul(N\), 0L(t) — 0°(\) (ReX > 0). Then using (2.1) we obtain the
following boundary value problem for Laplace transforms

— pAv, + Apv. — Vpe = puo(z), dive. =0, z€ Qe (4.1)
ve(z) = Aluz + 02 x (z—2i)], z€ QL (4.2)
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Nmlu® + / cvds = Z C’” — ] +miuly, (4.3)
Sé J#z
210+ [(o - at) x ol vds = Li0h, (4.4
St
v.(z) =0, z €. (4.5)
We extend the velocity function v_(z, A) onto the particles Q¢ by equality (4.2)
and keep the Same notation for the extended function v, = v, (z, /\) It is easy to

see that v, € H (©) and that dive, =0 i In 2. We now denote by J () the class
of divergence free vector functions from H (©) which are equal to al + b x (z—zb)
for z € Q with arbitrary constant vectors Qi and by.

Consider the minimization problem in 3 () for the following functional:

3
P, (v, / 2 Z eplve] + Mpeve, v) — 2(pevgg, vo) ¢ da+ (4.6)
3 k=1

)~ )] ) — ),

where vy = v.(2,0), A > 0, p. = pxe(x)+ps sz ), and ex[v] = & (g—g’; + g—;;)

are the components of the strain tensor.

Taking into account the fact that the matrix C% is non-negative, it is easy to
show that there exists a unique minimizer v, = v_(z, \) of the functional (4.6) in
the class J -(Q). This minimizer is a solution {v_(z, \)x.(z),u’ +0° x (z —z!) =
v.(z,A\)xi(x)} of the boundary value problem (4.1)—(4.5) for A > 0.

The main goal is to investigate the asymptotic behavior of the solution v_(x) of
the minimization problem

O .(v.) = min  $.(v)), (4.7)

as € — 0.
Introduce the functional

Do(v, w) = /{ uzg:el + Apv, v)+ (4.8)

+<C(x)[ﬂ_ﬂ]v[ﬂ_ﬂ]>+§ Z Anpgr (T)enp[W]eqr [w] — 2(pvy, >}dx,

where v, = vy(x) is the limiting vector function defined by (3.11). We will show
that (4.8) is the limiting functional for (4.7) as e — 0.

Denote the class of divergence free vector-functions from H*(Q) by j (Q) and
introduce the following class of pairs (v/,w’): ;[(Q) = 3(9) x H'(Q) such that
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v e 3((2) and w’ € H*(Q). Consider the minimization problem for the functional
(4.8)
o(v, w) = inf (2, w). (4.9)
(v'w)e H(S)
It follows from (4.8) that the solution (v, w) of the problem (4.9) is a generalized
solution of the boundary value problem

—,uAv+C[v— w] + Apv = pyy + Vp, dive =0, z€Q, (4.10)

)\ Z {a’"PqT )eqr[ ]}§n+o[ﬂ_y] :Ov HARS Qa
n,p,q,r
v=w=0, ze€d. (4.11)
(this is valid for a,per € L>(Q2)).
For the sake of simplicity, we assume that @, € C'(€2). Then a strong solution
of the problem (4.10)—(4.11) exists.
Since C(z) > 0 and the tensor a(x) = {anpe-(2)} is positive defined, a unique
solution of the problem (4.9) exists and it is a solution of the problem (4.10)—(4.11).
Using the solution v_(z,\) of the minimization problem (4.7), we construct a
piecewise linear spline

Ne
A)=Zys(£i —AZUE L, (4.12)

where u? = ul(\) is defined by equality A\~ 'v_(z,\) = ul(\) + 02 (\) x (z — z’) for
z € QL and Li is a finite element of sunplexes deﬁned in geometrical condition 2
(Section 2). The function L’ is continuous in R?, is linear in each simplex of the
subgraph T, and L (z1) = &;;.

Theorem 4.1. Suppose that conditions I, IT (Section 2) and conditions (3.8), (3.9)
hold. Then the solution of the problem (4.7) converges to the solution
(v(z, \),w(z, N)) of the problem (4.9), as € — 0, in the following sense. For any
A0

v.(z,A) — v(z,\) in La(9), (4.13)
w_(z,\) — w(z,\) in Ly(Q). (4.14)

The proof of this theorem is given in §§5-7.

5. The compactness of solutions of the variational problem (4.7). Let

v.(z,\), € > 0, be a solution of the minimization problem (4.7). Since 0 € 7 (),
we have ®.(v,) < ®.(0) = 0. Then (4.6) implies

3
/{ Z eil d‘r+)‘<p8—s7—s>} dr + AI ( 57—5) < 2||p€—sOHL2(Q || ||L2(Q)7

a k=1
(5.1)
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where
L(v,w.) =Y (CYwl -l [w! — wl]), vl =vi(zl), wl=uwi(zl). (5.2)
J#i

We now apply the second Korn’s inequality [28]

v ||H1(Q <C / Z ekl v ]dz + ||v. HLQ(Q

o k=1
and the discrete Korn’s inequality (see [4])
4C3 i i ,
2w, HHl(Q < 30,0, ZJ <Qj[u —ul], [ul —ul]), (5.3)

where the constants C1,Cy and ay are defined in (3.1) and (3.4), respectively, the

sum Z " is taken over the pairs (i, ;) corresponding to the edges (z%,z?) of the
4,3

simplexes that triangulate 2. Then, since p > 0, A > 0, p-(z) > min(p, ps)0,

(5.1)-(5.3) yield

||U5||H1(Q + ||Es||H1(Q C,
where C' does not depend on ¢.
Therefore, the sets of vector functions {v_(z, \),e0} and {w_(z,\),e > 0} (see
(4.12)) are weakly compact in H'(Q). Let us choose subsequences v, (z,\) and

w, (z,A) that converge to some vector functions v € H'(2) and w € H'(1),

respectively (weakly in H'(Q), as ex — 0). Due to the Embedding Theorem, they

converge to v(z) and w(z) strongly in Lo(Q2). Clearly, v(z) € 3(9)

We will show that the pair {v, w} is a minimizer of (4.9). Since this problem has a
unique solution and the sets {v_,£0} and {w_,e > 0} are compact, we conclude that
v. — v and w, — w weakly in H'(Q) and strongly in L2(Q), as ¢ — 0. The proof

of the fact that the pair {v, w} minimizes functional ®g[v, w] in J (Q) x H (Q) will
be given in two steps in Sections 6 and 7. This is done by proving a I'-convergence
result with respect to the convergence (4.13)-(4.14).

The scheme of the proof is the following. Starting from an arbitrary pair {v/,w'} €
(j( X H1 )ﬂCz we construct a special test function v, (z) € 35(9),

where h is a meso-parameter such that e < h < 1. Since v, (z) minimizes (4.7), we
have

Dc(v.) < Pe(vep)- (5-4)

Using the explicit construction of the function v, (z), we show that

lim hm D (v.y,) < Po(v,w'). (5.5)

h—0e—0

It follows from (5.4) — (5.5) that

i ®.(v.) < ®olv',u], V' € J(Q), w e HY(Q). (5.6)
E—
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Next, in Section 7 we show that if the functions v € j(Q) and w € H'(Q) are
the weak limits of v_(z) and w_(z), respectively (as € = e, — 0), then the inverse
inequality holds:

lim @ (v.) > $o(v,w). (5.7)

e=er—0

o (o)

It follows from (5.6) and (5.7) that for any pair (v/,w') € H(Q2) = 3(9) x H'(Q),

Do (v, w) < Po(v', w).

Thus the pair (v, w) is a solution of the minimization problem (4.9).

6. The proof of upper bound (5.5). Cover the domain Q by cubes K, =
K (xz, h) with the edges of length h, which are parallel to coordinate axes. The
centers z% of the cubes form a cubic lattice of the h —d (0 < ¢ < § < h), so that
the cubes overlap. Due to the overlap of the cubes, we can further select smaller
cubes K| = K(z* h) with the same center z, and edges of length ' = h — 2.
Clearly, K/, = Ko\ | K5.
BF#a
Let {¢f(z), a = 1,2,...} be the partition of unity which corresponds to the

covering UKQ: 1) 0 < e%(z) <1, ¢%x) € C3R3); 2) p2(z) =1 in K/, and

o¥(z) = 0in R3\ K,; 3) Zwﬁ(g) =1in R3 4) Ve (z)| < %, where C' does

not depend on h and 4.
Let w(z ) be an arbitrary vector-function in C2(9). Introduce the discrete vector
function w®"(z) defined at each point 2t € Q,i=1,..., N,

3

w (@) =" {w@“) + > enplw(@®)w (zl)+ (6.1)

a n,p=1

Y el e 2 i)
n,p=1
Here " (z) = 1 (e"xp—ePxy,) and {enp[w(z®)]}, {wnp[w(z®)]} are, respectively, the
symmetric and skew-symmetric parts of the tensor Vw(x) respectively at the point

2% enplw(@)] = 3 (92 (@) + 522 ); waplw(@®)] = § (322 @) - 522@)),
Y"(z) = 1(e"xp —€Pwy,). The vector function w*"?(z) is a discrete vector function
that minimizes the functional A7, (w;z®;T') (see (3.5)) in the cube K (z®,h) with
T=T" = %(Qn ® eP + e @ e™); therefore it is close to ¢"?.
Remark. We construct this function in order to satisfy the following conditions:

1) for sufficiently small h and e < &(h), the function w(z) is close (in some
sense) to the restriction of w(z) on the lattice {z!};

2) for h < 1 and ¢ < é(h), the function w*"(x) is an “almost” minimizer of the
functional (3.5) in every cube K(z®, h) when T, = enp[w(z®)].

Note that any function w(z) € CQ( (z*,h)) can be represented in the form
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w(z) = w(@®) + Y <€np [w(z™)]e™ (2 — %)+ (6.2)

Fanplule e - 2%)) + O(2),
and that the term
waplw(z®)]P"™ (2 — %) = b*" x (z — %) (6.3)

(b is a constant vector) does not contribute to the elastic energy. Thus 1)-2) in
Remark hold. Hereafter O(h*) stands for a vector function with the norm of order
O(h*).

To go further, we need the following theorem on the representation of divergence
free functions [13].

Theorem 6.1. Let G be a domain in R® that is a homeomorphic image of a ball.
Let J(G) be a subspace of La(G) that is the closure of the set of smooth divergence
free vector functions. Then for any u(z) € J(G), the following representation holds:

u(z) = curlu(z)
where the vector function @(z) ia such that a(z) € H(G), divi =0 and (@,n) =0
on OG. The function u(x) is defined uniquely by these three conditions.
If u(z) € J(G)NH™(G), then a(z) € H™(Q), and the following inequality
holds: ||| gm+1(qy < Cllullgm(a)- Here the constant C' depends only on the domain
G.

Let G = B, be a ball of radius a. Then Theorem 6.1 and the scaling considera-
tions give the following estimates

2] 2,8,y < Callullr,y(B,)s (6.4)
D@ pyp) < C | @ Nullrosy+ Y. IDulliym, |, (65)
181=lal—1

where C' does not depend on a and u € J(B,), |a| =1, 2.
We denote by Bi_ and Bj_ the balls of radii r{, and r5_ with a common center
at the point zZ. Choose 7{. equal to the doubled radius of the ball Q. (see Sec.2)

) d* ) ) .
and ry, = ?E’ where d, is the distance from @} to U Q? U osd.
J#i
Consider the following boundary value problem in R3 \ Qt:

pAv(z) = Vp(z), dive(z) =0, =eR*\QL (6.6)
v(z) =" +q* x (z—2l), ze€0Ql =S5 (6.7)
/ (z —2!) x g[v]vds = 0 (6.8)
Q!
v(z) € H'(R®\ Q7). (6.9)
Here e* is a unit vector of axis z, ¢'* is a constant vector, o[v] is the stress

tensor with components oy [v] = p (g—;’; + gvac) — poy.
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There exists a unique solution of this problem. We will denote it by (v (z), ¢**).
We will continue the velocity vector v**(z) on Q% by equality (6.7).

Since the particles Q% are balls (and, hence, the above problem is symmetric), the
vector gik in the boundary condition (6.7) equals zero and the boundary condition
(6.8) is satisfied automatically and thus can be dropped. Therefore, problem (6.6)
— (6.9) is equivalent to the Stokes problem (the problem of viscous incompressible
flow around the ball).

The solution of this problem is well-known (see [20]). Using the exact form of
this solution, it is easy to show that

2u Z epg[v™F]epg[vide = 6mprion, (6.10)
R3 p,q=1
o i AlTi i AgT‘i
| D" ()| < T P k) < EEETE (6.11)
and
[ 1Dt @) < Aa [0l 4 () (6.12)

Bj.
where ri is the radius of the ball Qé, 0r; is a Kronecker delta, v;k(_) are the
components of the solution v**(z) of problem (6.6) — (6.9), |a| = 0,1,2, and z in
(6.11) is outside the ball Bi_.

Let v(z) be a divergence free vector function of class C3(Q2) and v**(z) be
the solution of problem (6.6)—(6.9) extended onto Q% by equality (6.7) such that
dive™* = 0 in R3.

In accordance with Theorem 6.1, we introduce the vector-functions 2*(z) and
() by equalities

curld’ (z) = v(zl) —v(z), z € Bi.; cwli™(z)=v*(), z€Bi. (6.13)

v
[e]
We now construct a test vector function v"(x) € J .(Q) using given v(z) €

TN CF(Q) and w(z) € CF(9):

(z) +Zcur1 z)¢h. (2)]+ (6.14)

P30S ) - vulad el (), o).
i=1 k=1
Here ¢.(2) = o (E251), oho(@) = o (1252).

The function ¢(r) € C3(0,00) is equal to 1 as r < 1/2 and 0 as r > 1. The
functions vg(z) and wi’(z) are, respectively, the components of the given vector
function v(z) and of the lattice vector function w®"(x) constructed according to
(6.1).

It follows from (6.7), (6.13)-(6.14) and the properties of the functions ¢i_(z),

©b_(z) that v (z) € H'(Q), dive™(z) =0, =€ Q, and v (z) = w(z!), =€
Q:. Thus v¥"(z) € 35(9)
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Remark. Vector-function (6.14) possesses the following properties:

1) for sufficiently small h and e < £(h), v°"(z) is close (in Ly-norm) to the vector
function v(x);

2) v°" () coincides with the first given vector-function v(z) far from the particles
while its restriction on the lattice {2} coincides with the discrete vector-function

¢ (z) that approximates (in some sense) the second given vector-function w(z) and

“almost” minimizes functional (3.5) on every cube K (2%, h) when T}, = enpw(z®)].

The latter property allows us to pass to the limit as € — 0 and to compute the
limiting functional via meso-characteristics. In fact, this procedure corresponds to
what is usually referred to as the I'-upper limit (for more details see, for example,
[2], [11], [14], [16], [34] and references therein).

To calculate ®. (v°") (see (4.6)) for small h, §, and ¢ (¢ < § = h'T7/2 < h < 1),
we need estimates on the solution w”/(z) of the minimization problem for the
functional (3.5).

Lemma 6.2. For sufficiently small h, § = h'*7/2 and € < £(h,§), the lattice func-
tions w2 (x) that minimize the functional (3.5) for T = T™ satisfy the following
estimates:

Z o (CF Ty (2) — wi™ (@D)), [wy™ (22) — we® (@d)]) = O(h%);  (6.15)

S @l — ol - 2) [’ = o) (6.16)

%

Z e (CY P (@) — wlh® (@), [wi (2l) — wiP (@) = o(h®);  (6.17)

P
> v, [
i

Here K|, = K(z“,h), k' = h—23, and the sum ., is taken over z' € G, VG C Q.

2h) — " (gl — 2%) "€ = o(R*+7). (6.18)

The proof of this lemma is given in [4].
Next, we rearrange (6.14) to distinguish the terms that give non-vanishing con-
tribution to the integral term in ®.(v°"), as ¢ — 0 and h — 0:

5

ey (z z) + Z Z wi(2l) — v (2™ (@)phe (x) + Y 0%, (x).  (6.19)

i=1 k=1 s=1

Here we use the equality curl(pv) = pcurlu + v x Vi to obtain

NE 3 . . . .
6Ln(@) = [wi" (@h) — wi(zl) o™ (z)ehe (),
=1 k=1
N:. 3 .
02 () =D [wi(zl) — vr(zh)]o™ (z) x Vb (2)
=1 k=1
N. 3 ) . . )
8,@) = Y0 Y i a) — weah)n (@) x Vi (o), (6.20)
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N Ne
Shn(z) =) [(@l) —v(@)ei(z), 8h(x) =) ¥'(z) x Vi ().
i=1 =1

Since the supports of the functions }_(x) do not intersect, we have

3
/2/,6 Z ekl Eh d.T = /2/,6 Z ekl d.T+ (621)

k.l=1

+chw wp(@l) — vpal)) (wy(zL) — vgzt)) + Ale, ),
i=1 p,q
where

3
/2,u Z ert] ik <p2 €kl[QiqSﬁéa]d$;

k=1

5 3
M) = Y [ 2 D euldyen(szyldot (6.22)

r,s:l k=1

3 3
Z €kl U+’LU ekl[égh dCC+/ e Z ekl ekl dx.

s=1 k=1 k=1

5
> [
Q
Here we have used the notation w, = 23:1 92 ().
Using lemma 6.2 and inequalities (6.11)-(6.12), we can show that

lim hm A(e, h) = 0. (6.23)

h—0e—0
We demonstrate the proof of (6.23) only for two terms in the first sum in (6.22)

which involve 8!, and §2,. Since the supports Bi_ of ¢b_(x) do not intersect, from
(6.20) it follows that

3 N: 3
/ S 20 )dr <230 [t () — w, (2t ? / S e urgh) <
o ki=1

i=1 p=1 k=1
N: 3

<2> > i (@l) —w, @) [ {IVePPeh + PPV |} da.
i=1 p=1 i

5i,
Using (6.12), conditions (3.1), (3.2) and properties of pb_(z) (ph. < 1 and |[Vb_| <
O(d) ), we get

[ty <> ) -y @) (624

o ki i=1
From (6.1) and (6.2), it follows that for 22 € K (2, h) we have

wep (22) —w(al)* < Colw™(a2) — 9" (at — 2)* + O(hY).
Substituting this inequality into (6.24), we obtain
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3
/ S euh) < Y3 e () — (gl — %)+ O(hY).

Q k,l=1 a =1

Now, using lemma 6.2 (estimate (6.16)), we have that for h < 1 and € < é(h),

3
Z e%l(éih) = O(h**7) and %12% glﬂ%/ Z ci(0k) =
Q ki=1 o k=1
To estimate the contribution of 6%, (z), we use (6.4)-(6.5) and (6.11)- (6.12).
Taking into account the properties of ¢ (z) and using (6.4)—(6.5), (6.12), and

conditions (3.1)- (3.2), we get

3 3 N:
[ 3 ctlezilde < €030 > (192 ) 4 12512 o () <
a ki=1 k=11i=1
3 N. Ne
<O Y (113, @) ?) = - O
k=1 1i=1 i=1

Since N. = O(e~?), we deduce that lim f Z e (8%,) = 0.
00 {5
The remaining terms in A(e, h) can be estimated in the same way. Analogously,
using (6.1), (6.19), (6.20), inequalities (6.4), (6.11)-(6.12) and lemma 6.2, we obtain

3:2% ||y5h - Q||L2(Q) =0 (625)

which is used for the estimation of the second and third terms in the integral in
(4.6).

Finally, using (6.11)-(6.12) and the properties of ¢ (z), we derive the following
asymptotic relations for the numbers C7¢ (see (6.22))

Cle = 6murion + O(e") (e — 0). (6.26)

Combining (6.21), (6.23), (6.25), (6.26) and taking into account conditions (3.1),
(3.2), (3.8) and (3.9), we get

3
%1_)1%5112(1) {2M Z €k l Eh +)‘ p€—ah7_ah> 2<p8K507y€h>}dx =

k=1
3
= [ {2 3 il + Mp) + (€@l - - ) - 2pre) fao (627
) k=1
Here C(z) = 6mur(x), r(z) is defined in (3.8), and vy(z) is defined in (3.11).
Now we consider the sum I[v.,] = I.(v.,,0.,) (see (5 2)) in the functional

®.(v_,) defined in (4.6). According to (6.14), v_,,(z¢) = w"(z). Thus,

Llvg) =) (C7lw™(2l) — w(@d)], [w™(al) —w™(z))]).  (6.28)

2%
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Denote by @®(zt), 2t € K}, the lattice function in the braces in (6.1). Then we
can write

w(zl) —w(2l) = Y [0 (al) - @ (a +Zw (@)l (z2) — ¢ ().

(03

Taking into account that Z i (z) =1 for x € Q, we get

«

w (@l) —wh(2l) =) [ (zh) — @ (z))eh (al)+ (6.29)

[e3

+ Z [* (22) — w(ad)][ef () — it (1)),

where w(z) € C3(Q) deﬁnes the lattice vector function w"(z!), i = 1,..., N,
according to (6.1).
It follows from (6.28) and (6.29) that

o) =)0 (€ [ (2h) — ™ (@d)), [ (af) — @’ (@) eh (@) ey () +

a,B i,j

+ 3N (CT A (@d), AP (@) eh () — o5 (2]l () — p @)+ (6.30)

a,f i,j

+2) 0 (CY " (@) — @ (21)], AP (2D)) @) (@) — oy (2l)] o () =
a,B g
eh
POEDIED D
1).

where A%(z!) = @ (21) — w(x

Now we want to show that

}llll)lbslljﬂ(l) / anpqr enp [w]eqr [w] d(E,
O TP
— eh — eh
lim lim =0, lim lim =0. (6.31)
h—0e—0 2 h—0e—0 3

Notice that the third equality follows from the previous two ones, due to the in-

equality
eh sh 1/2 eh 1/2
=) (=)

Taking into account the properties of the partition of unity {¢f(z)}and (3.3),
we have

> N Y e €0 ) - 0" @) 16" ) - w Dot eied +

(CYa" (2l) — @ ()], [@” (L) — w” (EZ)D‘ o (zl)op (2l) <
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Recalling the definition of @®(x) (see the braces in (6.1)) and taking into account
(6.3), we write

3
@ (2h) — o (2d) = ) enplw® (@) P (zl) —w P (2l)] +0% x (¢l —zl). (6.33)

n,p=1

Then (6.33) and (3.3)-(3.4) imply

3
Cl*(al) —a™(@))] = Y enplw(@)CY [w™ ™ (xf) — w™ (z)] + O(e*). (6.34)

n,p=1
Now substitute (6.33) and (6.34) into (6.32). Using the estimate (6.17) and
conditions (3.2) and IT;, we conclude that

J— eh
lim b= o(1) (h—0),. (6.35)

e—0

It follows from (3.7) that

S Y el fw@)] Y wl (@) — w (o], (6.36)

o n,p,q,r %,

[w*™ () ~w " (@))+0() <Y D enplw(e®)egrlw(@)ar,, (2,6, h) +0(e).

o n,p,q,T

The regularity of w(z), condition (3.9) and (6.36) imply that

tin Ty 37 < [ gy (@ o(e)en u(z)da, (6.37)

Taking into account (6.32), (6.35) and (6.37), the first inequality in (6.31) follows.
Now we estimate 325", Using the definition of @®(z7) and equality (6.2) we have

3
A%(zl) = (@) —w@) = Y enplw(@)][w (zl) — ¢ (zl — z*)] + O(h%).

n,p=1

Using this equality and the definition of Z;h (see (6.30)), (3.3)-(3.4) and the prop-
erties of the partition of unity (the intersection multiplicity of K, () Kg is not more
than 8), we get

eh . . .
>, <CIEZZ le“"” @zl — ) Pleh (al) — of (@) + (6.38)

+Coeh® Y N e (el) — o ()|
a 1,7

Since g? =0, if dist(Q%, Q1) > Ce, the sums Z " are taken over the pairs (i, )
0,J
for which |z¢ — 27| < Ce.
It follows from the propertles of % (z) that *(2)—¢*(2l) =0 for i, 2l € K/,
and [p®(zl) — ¢ (§§)|§Cg if '€ K,\K, or 2/ € K,\ K.

Then (6.38) implies
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ch —2 anp (.t np(..J @) |2 .3
) , SCo > D ko WP (zh) — P (2l - z%) P+ (6.39)
a4,

+Ceh* Y N ko leh (ah) — (@),
o iy
where the constants C' do not depend on ¢, § and h.
It is easy to see that the second sum in (6.39) is of order O(h®/§) and the first
sum is of order o(h?*7 /§%) due to the estimate (6.18).
Choosing 6 = h'*% with 0 < 7 < 2 gives the second equality in (6.31). As we
noted above, the third inequality in (6.31) follows from the first and the second

ones. Using (6.30) and (6.31), we obtain

}lli_)n})‘zmolf:“[vah] < Z Anpar (Z)enp[w]eqr[w]dz. (6.40)
Q WP

Finally, (6.27) and (6.40) yield the required inequality (5.5).

7. The proof of inequality (5.7). Assume that v(z) € j(Q) and w(z) € H(Q)
are, respectively, the weak limits in H'(2), as € = e — 0, of the solution v_(z)
of the problem (4.7) and the vector function w_(z) defined by (4.12). For the sake

of simplicity we first assume that v(z) € 3(9) ng(Q) and w(z) € C3(Q). We
partition the domain € by non-intersecting cubes K, = K (z*, h) whose centers z*

form a cubic lattice of period h and edges are parallel to the coordinate axes. In
each cube introduce the following discrete vector function

we(zl) = w,(z7) — (w(z®) + 6% x (z% - z)), (7.1)
where 2 € K,, 0” is a constant vector defined by % = Zl_)o‘"p, and vectors b*"P
n,p

are defined by (6.3).

We now explain the main idea of the construction of w®(z!). First, the RHS
of (7.1) is close to the discretization of the symmetric part of Vw(z) in K,. This
is sufficient to make the penalty term in (3.5) small. Second, due to (7.1) the
interaction term I.[w?] in (3.5) is such that I.[w?] = I [w.] in K,.

In accordance with (3.6)-(3.7) we have
ATw®iz; T > > af, (2% 6, )Ty Ty,
n,p,q,r

for any tensor T = {T},}3 ,—;. Choose Ty, = enp[w(z®)], then substitute (7.1) into
(3.8) to obtain

% > K€V [we(al) — w. (&), [we(al) - we (2d))+ (7.2)
3 2
FRTETE Y ko [l (@) = Y enplw(@]p™ (@ - 2| 2

> D anpg (@ e, Wenpw(@®)eqr [w(z®)]-

n,p,q,r
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Consider the second term in the LHS of (7.2). Taking into account (7.1) and
(6.2), we have

h_2_T63 Z K.,
i

<2072 g fw(2h) — w(alh)e® + O(hPTT).
Since w(z) € C2 and w_(z) € H(Q) (N C is bounded uniformly on ¢ in H(Q), we
have

2
< (7.3)

3

wl(zl) = Y enplw(a®)]e" (al — z°)

DPATREIEHE |253<c/|w (o) ds,
where C' does not depend on €.

Since the Embedding Theorem implies w, — w in Ly(Q) as € = ¢, — 0, we
obtain

im 27T w (a2) - w(ad) e = 0. (7.4)

Thus, (7.2), (7.3) and (7.4) imply that

fim lim Y (CVw,(2F) — we(@d)] [w.(2) — w.(2d) =

h—0 = er—0 i

> lim  lim Z Z 'n,pqr “, 6, h)enplw(z®]eq [w(z®].

h—0 e=er—0
@ n,p,q,T

Next we use condition (3.9) and take into account that w(z) € C3(Q) and w_(z¢) =
v.(z%) to obtain the lower bound for the sum in the functional (4.6):

Jim Lm Z;<Cij [ve(2f) = ve(@d), [ue(af) — (@) > (7.5)

> [ Y anpgr@enp[w(@))eg[w(z)]de.
Q P
It remains to estimate the integral in (4.6). Let v.(z) be a minimizer of (4.6) in
the class f]) <(Q2). We denote by j 1:(Q2) the class of divergence free vector functions

from H'(Q) that are equal to v_(z?) 4 b x (z —z%) on Q. Here the vectors v_(z!)
are given and the vectors I_)Z are arbitrary. Let v!(z) be a minimizer of the problem

¢1E[Q;] = gnin q)ls[ﬂi;]a (76)
E’EEJ la(Q)
where
q)la :/ 2ﬂzekl +)‘p8 Ve, 5> 2<p59507gls> dr. (7'7)

Q

From (4.6), (7.6) and the definition of J 1c(Q) we conclude that v!(z) = v_(z).
We seek the minimizer v!(z) in the form
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ve(z) = v (z) + ¢, (2) (=), (7.8)
where the function v, (z) is defined by equality (6.14), where vectors weh(xl) are
replaced by vectors v_(z?). _

Using equalities (6.13) and (6.7) we verify that v, (z) equals v_(z2) +b. x (z—z?)
on the particles Q¢, i.e. v, (z) € 7 15(9). Combining this fact with (7.6), (7.7)
and (7.8) we conclude that ¢ (z) € J 0=(2), where the class 305(9) consists of

divergence free vector functions from H' () equal to b’ x (z — z*) on the particles,
with arbitrary vectors b;. Moreover, the function ¢_(z) minimizes the following

functional in .J 0e()

(I)Os = /{Q;LZGM + 4,Uzekl vy Jer K 1+ )‘<ps£87£€> (7.9)

Q k,l

+2A (e, £5> = 2(p=0.p; £5> }dl‘

Let us show that
lim @.[¢ | =0. (7.10)

e=er—0
First, we reduce v,.(z) to the form (6.19), (6.20), where w5" (2!) are replaced by

v, (z!). Taking into account this representation, inequalities (6.11), (6.12) and the
weak convergence in H(2) of w_(z) (see (4.12)) to w(z) as € = e — 0, we get

lim v, — vl[z,@) = 0. (7.11)

e=er—0
Since v, converges to v(z) weakly in H(2) as ¢ = e, — 0 (therefore, v}(z) — v(x)
strongly in Ly(€)), (7.8) implies that

lim ¢ ||z, = 0. (7.12)

e=g, —0
Taking into account (3.10) and (3.11), we conclude that the integrals of the third,
forth and fifth terms in the integrand in (7.9) vanish as € = g, — 0.
It remains to estimate the integrals of the first two terms. Since ®o.[¢ | <
D [0] = 0, taking into account (7.9) we obtain

3 3
/ i Z ejul¢ Jdz < / " Z ext[vien[C |dz| + o(1), (7.13)

k=1 k=1
as e = ¢ — O.
Integrate the integral in the right-hand side of this inequality by parts. Since

v € 7 () 002(9 \ UQZ) and the integral in (7.13) is taken over the domain

Q\ UQ;, we have

3 N:
Jan Y enldenlclds=-2 [ widugiar+2 [ty
5 k=1 o\ e =1

(7.14)
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Here the components of the tensor ¢°[v] are defined by o, [v] = 2uer[v]. We now

use explicit form of v,_(z) (given by (6.14) and an equivalent formula (6.19), where
the functions w®" (x?) are replaced by v_(x!)). Thus, (6.19) and (6.20) imply that

6
(Avy., ¢ yde =T}, (7.15)
U, Q! =t

F= [ S ualehdr Ophdn, = [ (Bula)¢)ds
aue ©F U, @

e [ S T cuninig

i latB]=2

. &
Q\U,; QL lal<2

I§ = / Zzgk< > C’agDo‘Qi’kaDﬁ<péa,£€>d:c, (7.16)
k

SNVACI o=

£ = / Z< 3 Ca@D“[y(zi)—y(z)]VDﬁsois=£5>dx

SNV

Ig = / Z< > CapD"D' x VD5@§8,§E> da
U@ T MetAl=2
Here u_;, (z!) = v, (z8) — v, (z!) and C,p are nonnegative integer-valued coeffi-
cients. Taking into account (7.12), the boundedness of the vector functions (4.12)
in H'(Q), and inequalities (6.11), (6.12), we can get

lim IfF=0 (1=2,...,6). (7.17)

e=er—0
This happens to be the case for I§, since v(z) € C?(£2). Demonstrate this fact for
I5. Since |a| < 2 (and, thus, |3] > 1), then |[D*v’*| = O(¢2~%) on the support of

the functions D’} _(x) due to inequality (6. 11) and condition (3.2). Due to the
properties of the functions ¢b_(x) we have DPpb_(z) = O(¢7#). Thus, we arrive at
the estimate

151 < O3 Ju(af) - (et / ¢ |d.
7 Bis

Further, applying the Schwartz inequality, we get

1/2

1515 0D luelel) - 2B /|c|dw < o

1/2
(D 2)f |Bza|> [1cdo
Q

1/2
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Since the functions (4.12) are bounded, uniformly in ¢, in H*() and they con-
verge to w(z) € C%(Q) strongly in Lo(Q) as ¢ = g, — 0, taking into account
condition I; (|Bi.| < Ce?), we obtain

ZI 22)]?|Bj.| < C. (7.19)

where C' does not depend on €.

The required equality (7.17) for I§ follows from (7.18), (7.19) and (7.12). Anal-
ogously, using (6.13), equality (7.17) is obtained for other I7 (I =4,5,6).

The integral I§ is not small, but the sum of I7 and the surface integrals in the
RHS of (7.14) vanishes as € = ¢, — 0.

Indeed, recall that the vector function v**(z) is a solution of problem (6.6) —
(6.9). Therefore, we have

= [ Eua @b
Q\QI ‘

Integrating by parts and using the properties of the functions %_(z) and the diver-
gence free constraint for the function ¢ E(:v) lead to

Z Z Uek(Z / (pe, ¢ )ds— (7.20)

S’L
1 i ik 1o, i
_;ZZHEIC(EE) ps <v<p2s7£5>d‘r
P B \By.
i
where v is the inner normal on S? and B4 is the ball of radius /" = %‘5 concentric

to BS. (thus, in accordance with condition (3.1), r’ > Ce).

Now we estimate the second sum in the right-hand side of (7.20). Since u', (z) =
v (z)—v, (), taking into account the properties of the functions }_(z) and (6.11),
to get

S ual) [T i <
nt Bi\By.

1/2

< O3 lun(at) ~ 1B\ B /|g8|2d:c <

B3 \BiL

1/2
< C{Dv o) |B25|} /|g€|2d:c
Q

Then (7.12) implies

Jim S el [ (e (e =0, (7.21)
B k

B3 \B5L

1/2
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Recall that ¢_(z) = b. x (z — xz) on Q. According to (6.19), v;.(z) = v(al) +
Z(gak(gi) — vy (zh))o’ (_ v(zl) + Zugk $)u™(z) in a neighborhood of Q!

and thus ¢®[v,.] = Y .y (z!)g’[v"™] on Sé-
k

Therefore, combining (7.14) — (7.17), (7.20) and (7.21), we get

3
/4H Z exi[vic]en[C ldz =
o

k=1

NE . . . .
=23 Y ualel) (- ) < gl b)ds 4 of1), as e = 0.

i=1 k S
Due to (6.8), the first term in the RHS of this equality vanishes and therefore
lim /4,u26kl [ ekl d:z: =0.

e=¢e—0

3
Taking into account (7.13), we have lim Of2u > oerl¢ _Jdz = 0. Thus, the
e=Er—Yq k,l=1

required equality (7.10) is proved.
Due to (7.8) the following equality holds

Q1efv] = Prefvy] + Poe [Qg]a (7.22)

where the functionals ®1.[v.] and ®o.[¢_] are defined in (7.7) and (7.9). Taking into

account the form of the vector function v;_(z) (see (6.19) and (6.20), where wy(z!)
are replaced by v (z2)) and (7.11), we obtain

3
Dy v,.] = / 2u Z exlu] + Mpy, v) — 2(pv.g,v) p dz+
5 k=1

+ YD Omprtdpglu, (xh) — wy(2h)][v, (2h) — w, ()] + o(1),
i Py
as e =¢p — 0.
Therefore, using the conditions (3.8), (3.11), and the regularity of the vector
functions v(z) and w(z), we obtain

3
_ 2?—»0(1)15[1}15 /{2,ukz ewv] + Apv, v)+ (7.23)

=1

HO@)w - wl, [v - w]) — 2<py0,y>}d:v.

Finally, combining (7.22), (7.23), (7.10), (7.5), (4.6) and (4.8) leads to inequality
(5.7).

We have proved this inequality for smooth limiting vector functions v(z), w(z) €
C?(£2). Since the regularity for these vector functions is not known in advance, the
complete proof is more technical, but its scheme is the same: introduce smooth
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approximations v, (z) and w,(z) of v(z) and w(z), obtain the corresponding in-
equalities for the vector functions v, (z) and w, (z), and pass to the limit as o — 0.
This can be done similarly to [4].

Theorem 4.1 is proved.

8. Analytic properties of solutions of problems (4.1) — (4.5) and (4.10) —
(4.11). Completion of the proof of main theorem. 1. Let us represent prob-

lem (4.1) — (4.5) in an operator form. For this purpose we introduce a space j ().
Let } () be the set of vector functions u_(x) such that the following conditions
hold: u,(z) € H (@) (HA(Q), diva(2) = 0, u.(2) = ai x b x (2 —z) as 2 € QL
(i=1,2,...,N.), where a and b. are arbitrary vectors. Denote by J () the clo-

sure in Ly (Q) of the set J .(Q) and by G.(2) the set of vector functions from Lo ()
such that they can be represented in the form g _(z) = grady(z)+ +30 1( Yxe(z).

Here () are the functions from H'(Q) and Xa( ) are the characteristic funct1ons of
the sets Q% (i =1,2,..., N.). The vector functions Yi(z) € Lo(QY) are orthogonal

in Ly(Q) to all vector functions of the form a’ 4 b’ x (z — z?).

Lemma 8.1. The following decomposition of the space Lo(§2) into an orthogonal
sum holds

Lo(Q) = T () © G-(9).

Introduce the operator A, that maps J () into Lo () according to the following
rule

_MAHE, HAS Qé‘a
Asﬂg =
Aplu) + Bolu] x (z —zl), z€Qi(i=1,2,...,N.),
where the constant vectors Aj[u.] and Bf[u.] are defined by Aj[u.] = £ [ ¢[u.]-
€ S; -
vds, Eg[ga] =ps(IH™ [(z—2l) x (go[gs] -v)ds. Let A, = P.A., where P. is the

St
orthogonal projection in L2(Q2) on J ().
The following lemma can be proved (see [5]).

Lemma 8.2. The operator A. is symmetric and positive definite in the space
J ().
Denote by A. the Friedreich’s extension of A. ([27]).

It easy to show that A. is self-adjoint and invertible in 3 -(Q) and that AZ!
is compact. The operator A. describes the fluid; now we construct operators that
describe the elasotic skeleton.

Introduce in J () the bounded operators By. = P- Bie (k=1,2), where Bi.,

Bs. map 35(9) into Ly(2) according to the formulas Bj.u_(z ) pe(z)u.(z) =



856 M. BEREZHNYI, L. BERLYAND AND E. KHRUSLOV

Ne i i\—1 g, i j
pxe(@)uc () + ps 320 xE(2)uc (2) and Baeu, (z) = X, 5 xé(@)ps(ml) ™' CF [ul — ul]
respectively, where x%(z) are the characteristic functions of Q%, u’ = u_(z!).

The following lemma can be easily proved.

Lemma 8.3. The operators By (k = 1,2) are self-adjoint in 35(9) B, is
positive definite and Bae is non-negative.

Introduce the function ¢.(z) = px-()vo.(z) + Zpsxs [ul, + 0%, x (x—2') €
L2(92), which corresponds to the RHS in equations (4.1), (4.2). Let g.(x) be the
projection of . (x) on J -(Q). Clearly, the function g.(z) is bounded in the norm
of Ly(€2) uniformly in €.

It follows from the definition of the operators A., Bic, Bo. and g (z) that problem

(4.1) — (4.5) can be represented in an operator form in the space 7 -(9), as follows:

1
Acve + AB1eve + 1 Bact: = g,

Due to the properties of the operator A. equation (8.1) can be written in the

1
form (I + L.(\))v, = A;lgs, where L.(\) = MZ!'By. + XAs_lBQE is a compact

(8.1)

operator for any A # 0.

The operator-function Co(\) = I + L.(\) is analytic in C'\ {0} and, due to the
properties of operators A., By and Ba., the operator C.(\) has a bounded inverse
for any A > 0. According to [26], C-()) is a regular pencil in C'\ {0} and, therefore,
its resolvent C-!()\) is meromorphic in C'\ 0. Moreover, using the properties of
the operators A., Bi. and Ba., we can show that C-1()\) is analytic in the domain
{ReX > 0}.

Let us show that v_()) satisfies the following estimate (as |A| — oo and |arg A —
7| > 9)

Ce
l2: (M L2) < ok (8.2)

where C. < oo, if [A|A(e, 0).
Take the scalar product in Lo () of equation (8.1) with v_()), and separate the
real and imaginary parts:

ReA

(A U57Us) + Re)‘(Blé“Us?—s) |)\|2 (328—57—5) Re(g‘g?ys)?
ImA
ImA(Biev,,v.) — |)\|2 (Baev,,v.) = Im(gg,ga). (8.3)

Taking into account the non-negativity of the operators A. and Bs., the fact
that the operator Bj. is positive definite uniformly in ¢ (i.e. (Bicu,u) > 3| ull?,
£ > 0), from the first equality in (8.3) we obtain

1
vl 2oy < m”gsﬂh(sz) (8.4)

for ReX > 0.
From the second equation in (8.3) we get (taking into account that Ba. is a
bounded operator)
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1 EA
lelesen < il (- 1220) (85)

for |arg A — w| > d > 0. Since g. is bounded uniformly in € and || Ba.|| < Cie < 00,
(8.4), (8.5) imply that inequality (8.2) holds as |A\| — oo and |arg\ — 7| > 0. It
means that the solution v_(z, \) of problem (4.1) — (4.5) is analytic in the domain
Aes ={A e C:|arg\ — x| > 4, \A(e,0)} U{ReX > 0}.

2. Consider now the homogenized problem (4.10)—(4.11) for A € C. To this end
we write it in an operator form in a Hilbert space defined as follows. Denote by

o

H(Q) the set of the pairs (v, w), where v € 3((2) ﬂ H?*(Q)andw € H'(Q) ﬂ H?(Q)

Thus H ( ﬂ H*(Q ) (f_cl)l (Q) m H2(Q)) . Denote by ]PJ(Q) the closure

of this set in (L2(£2))2. This is a Hilbert space with the scalar product defined
as in (L2(9))?. The following orthogonal decomposition (analogous to the Weil
decomposition) holds

(L2(2))* = H(Q) & G(9), (8.6)
where we denote by G(Q) a subspace in (L2(€))?, which consists of the pairs of

the vector functions of the form (grade, 0). Here ¢(z) is an arbitrary function from
HY(Q).

o

Introduce the linear operators A, By and By in ;[(Q) that map H(Q) into
(L2(2))*:

s e
0
Eﬂ=w’&ﬂ:_2£ﬁmmmm5' Y

Here we use the fact that a,p,(z) € C1(9).
Let P be the projection operator in Lo(2) onto the space ]o{(Q) Introduce the

operators A= PA, By = PB;, By = PB,that map H(f) into ]o{(Q) According
to (86) Bl = Bl and Bg = EQ.

We keep the same notation for the Friedreich’s extension of operators A, By and
Bs. In the standard way, one can show that the operators By and B are self-adjoint
and non-negative. The operator A is positive definite, invertible, and the operator
A~!is compact.

It follows from (8.7) — (8.8) that problem (4.10)—(4.11) can be written in the

following operator form (in o (Q)):
1
Au + AByu + XBQQ =g, (89)
PYy

0
tion can be rewritten in the form (I + L(\))u = A~'g, where L(\) = AA™'B; +

where g = [ } € H°(Q). Due to the properties of the operator A, this equa-
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1
XAleQ.Taking into account the fact that the operator A is positive definite and

B; and Bs are non-negative, one can show that equation (8.9) has a unique solution
for ReA > 0. Moreover, this solution is analytic in the right half-plane.

To obtain the estimates in some angle analogous to (8.2) for the solution of
equation (8.9), we use directly equalities (4.10)-(4.11).

Let A be from the right half-plane (ReA > 0). Then the problem (4.10)-(4.11)

has a unique solution (v, w). Multiply the first equation (4.10) by z(x) € 3(9)

and the second equation (4.10) by @w(z) € H (€2), where the bar stands for complex
conjugation. Next, integrate them over {2 and sum up the obtained equalities. Then
separate the real and imaginary parts to get (after integrating by parts and taking

into account that v(z) € J(Q) w(z) € Hl(Q), C(z) >0)

3

{203 cubenta + €@ - w2 - 0 + R+

Q k,l=1

Ti\ijZanqu )enplwleqr[w ]}dw—Re/ (vg, D)dx (8.10)

Q
and

ImA
Im/\/p@ v)ydx — |i\n|2 /Zanmr z)enpwleqr[w d:c—Im/ p(vy, v)dz. (8.11)
Q
It follows from (8.10) that for ReA > 0

1
lellzac@) € o ollzao). (312)

Multiply equation (4.10) by @w(z) and integrate over 2. Then separate the real
and imaginary parts to get

T{;'?/ Z npqrenplW]eq: @ ]da:+/<0w w>d:c—Re/<Ov @)z (8.13)

n,p,q,r=1 Q Q
and
ImA _ -

“DE Z AnpgrenpW]egr[@]dx =Im [ (Cv, w)dz. (8.14)

Q Q
Since C(z) > 0, from (8.13)-(8.14) it follows that for ImA # 0,
|ReA|

ey < € (1+ 9D leloacor .15

Taking into account the positiveness of p, from (8.11) and (8.14) we get

C
[2llza(2) < [y (lvoll 2oy + llwllzo(0)) -
Combining this inequality with (8.15) we get that for [Re)A| < |ImA|,

C1
< — 8.16
HQHLz(Q) = |Im)\|’ ( )
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where C'; does not depend on .
Thus, taking into account (8.12), (8.15) and (8.16), we get that in the domain
ReX — |Im)\|, the following inequalities hold:

el < 7570 s < 5 (817)

From (8.17) it follows that the solution (v(X),w(A)) of problem (4.10)—(4.11) is
analytic in the infinite domain A that contains the half plane ReA > 0 and such
that its boundary asymptotically tends to the rays ReA = —[ImJ|.

Let Ls and L.s be the contours that intersect the real axis at some point o > 0,
lie in the domains A and A.s, respectively, and tend asymptotically to the lines
argh = £ (5 +6) as [\| — oo.

For t > 0 consider the integrals

1
v (z,t) = 5 /ys(z, Nerd, (8.18)
Vw2
L55
- 1 A\t _ 1 At
v(z,t) = 27”./2(1, NettdA,  w(z,t) = 27”./&(1, Ae”dA. (8.19)
Ls Ls

Taking into account (8.2) and (8.17), it is easy to show that this improper inte-
grals are convergent (in the Lo norm with respect to ). From this, recalling (4.1) —
(4.5) and (4.10)—(4.11), we conclude that the functions v, (z,t) and (v(z,t),w(z, t))
are the solutions of problems (2.2) — (2.5) and (3.12) — (3.15), respectively.

Note that the analyticity of v.(z, A) and v(z, A) allows the deformation of con-

tours in the integrals (8.18)—(8.19), so that they can be written as

o+i00

1
ys(z,t):% / v (z, \)eMa, (8.20)
o+i00
y(g,t):% / v(z, N)erd. (8.21)

It was proved in Section 3 and Section 6 that for any A > 0 the solution v_ of
problem (4.1) — (4.5) converges to the solution v of problem (4.10)—(4.11) in L2(€2).
Thus, taking into account the analyticity of v_(x, A) in ReA0 and the uniform bound
(8.4), with the help of the Vitaly theorem we conclude that v_(z, \) converges to
v(z, A) in L2(Q), uniformly with respect to A in any compact subset of the domain
ReX > o > 0. This, together with (8.4), (8.17), (8.20), (8.21), gives the statement
of Theorem 3.2.

9. A periodic structure. We now present a case when conditions I, II, IIT are
satisfied and the tensors {C, (2)} and {anpqr(2)} can be calculated explicitly.
Consider a periodic array formed by the balls Q¢ of the same radius rt = re3 (r >
0), whose centers z' form a cubic lattice. For the sake of simplicity we assume that
each vertex of this lattice is connected by a spring to its nearest neighbors NN
(the edges of the unit periodicity cube), to its next nearest neighbors NNN (the
diagonals of the faces of the cube) and to next-to-next neighbors NNNN (the
diagonals of the cube). So, each vertex is connected to 3> — 1 = 26 vertices in
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the lattice. The elastic constants k% (see (3.4)) of these springs are ki, ka2, k3
respectively, see Figure 1).

FIGURE 1. The basic periodic cell

In this figure, a fixed ball Q¢ with the center at the point z! is shown as a dark
ball and all its neighbors Q! are shown as lighter balls.

Theorem 9.1. For the cubic lattice described above (see also Fig. 1) the elastic
modules anpqr(z) in (3.7) are constants and are given by the following formulas:

4 1 4 _
Anpnnn = kl + \/§k2 + 5\/§k37 annpp = anpnp = EﬁkQ + 5\/§k3; n,p= 15 35
Anpgr = 0 in all other cases.

This theorem can be proved in much the same way as Theorem 4 in [4].

It is clear that in this case, C'(z) = 6mur. If we set ky = \k/—% + g\k/%, then we obtain

the isotropic model of an elastic skeleton (i.e., the equality anpnn = 20npnp + Annpp
holds). In this case, equations (3.12) — (3.13) can be written as follows:

Pa_:_:“AU—I-G?T,uT(v—d):Vp; divv=0 z€Q,t>0,

6mur(t —v) — aAu(z, t) — (a+ b)Vdivu(z, t) =0, z € Q,t>0.

t
Here @ = anpnp, b = @nnpp, and u(z,t) = [w(z, 7)dr is the displacement of the
0

elastic skeleton.
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