
Anisotropic Friedel oscillations in a two-dimensional electron gas with a Rashba–
Dresselhaus spin–orbit interaction
I. V. Kozlov, and Yu. A. Kolesnichenko

Citation: Low Temperature Physics 43, 855 (2017); doi: 10.1063/1.4995636
View online: http://dx.doi.org/10.1063/1.4995636
View Table of Contents: http://aip.scitation.org/toc/ltp/43/7
Published by the American Institute of Physics

Articles you may be interested in
 Fano resonance via quasibound states in time-dependent three-band pseudospin-1 Dirac-Weyl systems
Journal of Applied Physics 122, 124302 (2017); 10.1063/1.4999805

 Resonant transparency of a photonic crystal containing layered superconductor as a defect
Low Temperature Physics 43, 848 (2017); 10.1063/1.4995635

 Single-particle emission at finite temperatures
Low Temperature Physics 43, 865 (2017); 10.1063/1.4995639

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1558170155/x01/AIP-PT/MontanaInst_LTPArticleDL_2017_2/Banner---Horizontal-1640x440---App-Notes---11-29-16.png/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Kozlov%2C+I+V
http://aip.scitation.org/author/Kolesnichenko%2C+Yu+A
/loi/ltp
http://dx.doi.org/10.1063/1.4995636
http://aip.scitation.org/toc/ltp/43/7
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.4999805
http://aip.scitation.org/doi/abs/10.1063/1.4995635
http://aip.scitation.org/doi/abs/10.1063/1.4995639


Anisotropic Friedel oscillations in a two-dimensional electron gas with
a Rashba–Dresselhaus spin–orbit interaction

I. V. Kozlov and Yu. A. Kolesnichenkoa)

B. Verkin Institute for Low Temperature Physics and Engineering, National Academy of Science of Ukraine,
Kharkiv 61103, Ukraine
(Submitted February 17, 2017)

Fiz. Nizk. Temp. 43, 1067–1079 (July 2017)

We present a theoretical study of the spatial distribution of the local density of states (LDOS) and

the local magnetization density (LMD) in the vicinity of a magnetic point-defect in a degenerate

two-dimensional electron gas with a mixed Rashba-Dresselhaus spin-orbit coupling interaction

(SOI). The dependence of the Friedel oscillations, which arise under these conditions, on the ratio

of the SOI constants is investigated. We obtain asymptotic expressions for the oscillatory parts of

the LDOS and the LMD, that are accurate for large distances from the defect. It is shown, that the

Friedel oscillations are significantly anisotropic and contain several harmonics for certain ratios of

the SOI constants. Period of the oscillations for directions along the symmetry axes of the Fermi

contours are determined. Finally, we introduce a method for determining the values of the two SOI

constants by measuring the period of the Friedel oscillations of the LDOS and the LMD for differ-

ent harmonics. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4995636]

1. Introduction

In two-dimensional (2D) electronic systems, such as 2D

electronic gasses in quantum wells or 2D surface states, the

spin-orbit interaction (SOI) leads to a dependence of the spin

direction on the direction of the wavevector k (see Ref. 1)

This leads to the SOI having an influence on the electron-

defect interactions. Backscattering from non-magnetic impu-

rities is significantly reduced in the presence of SOI,2 while

additional scattering channels can become allowed in the

presence of magnetic impurities.3 These properties influence

conductivity and magnetoresistance of 2D systems, making

electron scattering from impurities in the presence of SOI, a

particularly interesting subject.

Friedel oscillations4,5 of the electron density near impuri-

ties are one of the clearest signs of the quantum nature of

scattering, caused by the interference and reflection of the elec-

tronic waves from impurities. Oscillations in the electron gas

magnetization, having a similar physical nature to the Friedel

oscillations (see for example Ref. 7), arise above the Kondo

temperature or during electron scattering from an incompletely

screened magnetic impurity with a magnetic moment S � 1.6

It is worth noting that compared to the seminal work of

Friedel,4 where the oscillations in the local density of the elec-

trons Dnosc(�F, r) were studied as a function of the distance

from the defect, r (Dnosc / r�2 in the 2D case), the oscillations

of the local density of states (LDOS) Dqosc(�, r)¼ @Dnosc

(�, r)/@� at energy � equal to the Fermi energy, decay much

more slowly with distance from the defect (Dnosc / r�1 in the

2D case). LDOS oscillations at the Fermi level are often called

Friedel-like oscillations.8 Consistent with modern literature,9

we use the term “Friedel oscillations” when dealing with spa-

tial oscillations in the LDOS and the oscillations in the local

magnetization density (LMD) at �¼ �F.

Observation and investigation of the Friedel oscillations

of LDOS and LMD have been made possible by the advances

in scanning tunneling microscopy (STM)10 and spin-polarized

scanning tunneling microscopy (SP-STM).11 The spherical

contact model of Tersoff and Hamann,12 as well as the flat,

inhomogeneous potential model of Kulik et al.13 account for

electron tunneling through extremely small areas. The latter

turned out to be especially effective when taking into account

the under-the-surface point-defects.14,15 Both approaches lead

to the same expression16,17 for the measured SP–STM tunnel-

ing current

ISP�STM rð Þ / qtq rð Þ þMtM rð Þ;

where q(r) is the local density of electronic states and M(r)

is the local density of the sample magnetization at a point r

underneath the STM contact, whose density of states and

density of magnetization are qt and Mt respectively.

A significant number of works are dedicated to theoreti-

cal10–16 and experimental17–19 investigations of the oscillating

dependence of the LDOS in the vicinity of a point defect in a

2D electron gas with a Rashba SOI.20,21 It was shown that

although scattering from a magnetic impurity accompanied by

a spin-flip, does open additional electron backscattering chan-

nels, it does not influence the inhomogeneous LDOS distribu-

tion.11,12 The same result12 was obtained for the Dresselhaus

SOI.22 Works11,12 predict that is possible to determine the SOI

constant from the period of the LDOS spatial oscillations.

A series of experiments (see for example, review Ref.

23) suggest that certain conditions facilitate a combined,

Rashba–Dresselhaus SOI (R-D SOI). In contrast to 2D sys-

tems with only a single type of SOI (Rashba or Dresselhaus),

where spin-split Fermi-contours (FC) assume a circular

shape, systems with R-D SOI exhibit an anisotropic disper-

sion relation. This imparts a significant influence on all elec-

tronic characteristics of the system. Beatings of the Friedel

oscillations24 and the existence of directionally enhanced

electron currents25 were predicted on this basis.

The present manuscript is framed in the Born-

Oppenheimer approximation and investigates the spatial anisot-

ropy of the LDOS and the LMD oscillations around a point

defect having a partially screened magnetic moment J, oriented
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at an arbitrary angle with respect to the plane of the 2D elec-

tron gas with a R-D SOI. We obtain asymptotic expressions for

the LDOS and the LMD, for directions coinciding with the FC

symmetry axes, that are valid for distances from the defect that

are much larger than the de Broglie electron wavelength. It is

shown that the periods of the Friedel oscillations allow deter-

mination of the R-D SOI constant.

2. Problem formulation

2.1. System Hamiltonian

We start with a 2D electron gas, described by a

Hamiltonian (see for example Ref. 26)

Ĥ kð Þ ¼ �h2k̂
2

2m
þ aðr̂xk̂y � r̂yk̂xÞ þ bðr̂xk̂x � r̂yk̂yÞ; (1)

where k̂ ¼ �ir, m is the effective electron mass, r̂i are the

Pauli matrices, a and b are the Rashba and Dresselhaus SOI

constants, respectively. We assume that the spin-orbital

interaction constants are positive (a, b > 0).

Solving the Schrodinger equation yields the eigenvalues

and the eigenfunctions of the Hamiltonian (1)

�1;2 ¼
�h2k2

2m
6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 a2 þ b2
� �

þ 4abkxky

q
; (2)

ŵ1;2 qð Þ ¼
1

2p
ffiffiffi
2
p eikqû1;2 hð Þ; û1;2 hð Þ ¼ eih=2

6e�ih=2

 !
;

tg h ¼ akx þ bky

aky þ bkx
: (3)

The spin part û1;2ðhÞ of the wavefunction (3) satisfies the

following relations:

û†
1;2 hð Þû1;2 hð Þ ¼ 1; û†

1;2 hð Þû2;1 hð Þ ¼ 0;

û†
1;2 hð Þû1;2 hþ pð Þ ¼ 0; û†

1;2 hð Þû2;1 hþ pð Þ ¼ �1:
(4)

The interaction of the electron with the magnetic defect,

located at the point q0, is modeled with a two-dimensional

potential

D̂ qð Þ ¼ cr̂0 þ
1

2
Jr̂

� �
d q� q0ð Þ; (5)

where q is the two-dimensional coordinate vector in the xy
plane; c is the constant of the electron-defect interaction, r̂
¼ ðr̂x; r̂y; r̂zÞ is the Pauli vector, r̂0 is a 2� 2 identity

matrix, J is the effective magnetic moment of the defect.

We assume the direction of J to be fixed and will not consider

processes involving flipping or precession of the defect spin.

2.2. Curvature of the isoenergetic contours

The energies in (2) correspond to two FCs k¼ k1,2

(f, �F):

k1;2 f ; �Fð Þ ¼ 7
m

�h2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ 2ab sin 2fð Þ

q

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�F

�h2
þ m

�h2

� �2

a2þb2 þ 2ab sin 2fð Þ
� �

;

s

(6)

where �F > 0 is the Fermi energy and the angle, f determines

the direction of the 2D wavevector k

kx ¼ k cos f ; ky ¼ k sin f : (7)

The spin part of the wavefunction (3) allows the determina-

tion of the relation between the spin directions s1,2 at each

contour and the wavevector direction (7)

s1;2 ¼ û†
1;2 hð Þrû1;2 hð Þ ¼ 6 sin h;�cos h; 0ð Þ: (8)

It is known,23 that under certain ratios of the R-D SOI

constants, the larger (outer) FC k¼ k2(f, �F) becomes non-

convex, whereas the smaller (inner) contour k¼ k1(f, �F)

always shows a positive curvature K1(f, �F) > 0 (see Fig. 1),

Ki fð Þ ¼ �ki fð Þk00i fð Þ þ 2k0i fð Þ2 þ ki fð Þ2

k0i fð Þ2 þ ki fð Þ2
	 
3=2

; i ¼ 1; 2: (9)

From simple symmetry considerations of the k2(f, �F)

FC, it is apparent that the critical values of the SOI con-

stants, corresponding to the onsets of concavity, occur when

the curvature of the contour becomes zero, K1(f, �F)¼ 0

along the kx¼ –ky, f¼ 3p/4, –p/4 symmetry axes

K1;2 fð Þjf¼3p=4;�p=4 ¼
ja� bj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q
64ab

kFja� bj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q
7ja� bj

� � ; (10)

where kF ¼
ffiffiffiffiffiffiffiffiffiffiffi
2m�F

p
=�h . Here and going forth we use the fol-

lowing dimensionless constants

a ¼ ma

�h2kF

; b ¼ mb

�h2kF

; j1;2 ¼
k1;2

kF
¼ jF7j0;

jF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2 þ b2 þ 2ab sin 2fð Þ;

q
j0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ 2ab sin 2fð Þ:

q (11)

As evident from the curvature expressions (10), in the limit

of a! b

K1;2 fð Þjf¼3p=4;�p=4; ! 71:

The lines in the ab plane, separating regions of positive

and negative curvature K2(f) at f¼ 3p/4, –p/4 are solutions

(a0, b0) to the equation

D a0; b0ð Þ ¼ 0; (12)
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where

D a; bð Þ ¼ ja� bj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q
� 4ab; (13)

reduces to a cubic equation with known solutions.

The shaded area in Fig. 2 shows the region of (a, b)

parameters D(a, b) > 0, where the �2(k)¼ �FFC is convex.

The red curves correspond to the pair of points (a0, b0) satis-

fying Eq. (12).

The non-convex contour (D(a, b) < 0) contains four

inflection points fi, shown as green points in Fig. 1 and posi-

tioned symmetrically with respect to the kx¼ –ky line,

f1;2 a; bð Þ ¼ 3p=47Dfin a; bð Þ;

f3;4 a; bð Þ ¼ �p=46Dfin a; bð Þ:
(14)

It can be shown that the function Dfin(a,b) possesses the fol-

lowing properties:

lim
a!b

Dfin a; bð Þ ¼ Dfin a0; b0ð Þ ¼ 0: (15)

To determine the fi angles, the solution to the K2(f¼ fi)¼ 0

equation can be reduced to an algebraic equation in the fourth

power of the sin(2f) function, the solution to which can be

found in standard references (see for example Ref. 27). We do

not present the concrete expression for Dfin, determining all

four inflection points (14) due its cumbersome size. Figure 2

shows the Dfin¼ const contours for different values of the

R-D SOI constants.

2.3. Green’s function

At zero temperature, LDOS q(�F, q) and LMD M(�F, q)

can be written down using a retarded Green’s function

Ĝ
Rð�F; q; q0Þ in the coordinate representation

q �F; qð Þ ¼ �
1

p
Im Sp Ĝ

R
�F; q; qð Þ

h i
; (16)

M �F; qð Þ ¼ �
1

p
Im Sp r̂Ĝ

R
�F; q; qð Þ

h i
: (17)

We account for the influence of the electron scattering

from the defect using the Born approximation (see for exam-

ple Ref. 28) with a scattering potential (5), and express the

Green’s function in terms of a decomposition

Ĝ
R
�F; q; q

0ð Þ � Ĝ
R

0 �F; q; q
0ð Þ

þĜ
R

0 �F; q; q0ð Þ cr̂0 þ
1

2
Jr̂

� �
Ĝ

R

0 �F; q0; q
0� �
;

(18)

where Ĝ
R

0 ð�F; q; q0Þ is the retarded Green’s function in the

absence of defects, that only depends on the difference

between the coordinates r¼ q–q0, and can be written as a

sum

Ĝ
R

0 rð Þ ¼ q2D �Fð Þ g0 rð Þr̂0 þ gx rð Þr̂x þ gy rð Þr̂y

� �
; (19)

where q2D(�F)¼m/p�h2 is the density of states for an ideal,

degenerate two-dimensional gas. The dimensionless scalar

function g0,x,y can be conveniently represented as

g0 rð Þ ¼ 1

2p

X
j¼1;2

ðp

0

d f
jj fð Þ
jF fð ÞA

~rSj f ;uð Þ
� �

; (20)

gx rð Þ ¼ � i

2p

X
j¼1;2

�1ð Þj
ðp
0

d f
jj fð Þ

j0 fð ÞjF fð Þ a sin f þ b cos fð Þ

� B ~rSj f ;uð Þ
� �

; (21)

gy rð Þ ¼ i

2p

X
j¼1;2

�1ð Þj
ðp
0

d f
jj fð Þ

j0 fð ÞjF fð Þ b sin f þ a cos fð Þ

� B ~rSj f ;uð Þ
� �

; (22)

Fig. 2. The shaded area corresponds to the values of the (a, b) parameters

with D(a, b) > 0. Red curves run along the boundary values D(a, b)¼ 0.

Contours corresponding to constant values of the Dfin(a,b)¼ const angle,

that determines the positions of the inflection points (14), are shown in the

region where D(a, b) < 0.

Fig. 1. Fermi contours for a combined R-D SOI. Red vectors indicate the

velocity direction, blue—spin direction. Green points correspond to the FC

inflection points. cik—(red) points where the velocity vector is oriented along

the symmetry axis.
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where the angle u determines the direction of the dimension-

less vector of the ~r ¼ ~rðcos u; sin uÞ; ~r ¼ kFr; coordinate,

in the xy plane of the 2D electron gas,

Sj f ;uð Þ ¼ jj fð Þcos f � uð Þ; (23)

A xð Þ ¼ cos xð ÞCi jxjð Þ þ sin xð ÞSi xð Þ � ip
2

cos xð Þ; (24)

B xð Þ ¼ sin xð ÞCi jxjð Þ � cos xð ÞSi xð Þ � ip
2

sin xð Þ; (25)

Si(x) and Ci(j x j) are the integral sine and cosine respectively.

Expressions (19)–(22) are analogous to those of Ref. 29.

The g0,x,y components of the Green’s function (19) sat-

isfy the symmetry relations

g0 �rð Þ ¼ g0 rð Þ; gx;y �rð Þ ¼ �gx;y rð Þ; (26)

gx x; yð Þ ¼ �gy x; yð Þ; at x ¼ y;

gx x; yð Þ ¼ gy x; yð Þ; at x ¼ �y;
(27)

allowing significant simplification of subsequent calculations.

3. LDOS oscillations

3.1. General picture of the LDOS oscillations

The anisotropic dispersion relation leads to several interest-

ing features of the elastic scattering of a charged carrier from the

defects (see for example Ref. 30). The scattering angle is deter-

mined by the direction of the velocity, which does not necessar-

ily coincide with the direction of the wavevector. Moreover, for

a nonconvex energy surface, a single scattering angle corre-

sponds to several values of the wavevector.30 However, if the

isoenergetic surface has a flattening (where the curvature is

small and the velocity barely changes), an enhanced electronic

current appears in the direction of its normal.31 Reference 32

shows that the geometry of the constant-phase lines for Friedel-

type oscillations in the LDOS depends on the local FC geometry

of the 2D electrons �(k)¼ �F. The amplitude of the oscillations

in a particular direction q, lying in real space and at a large dis-

tance from the defect is determined by the curvature of the FC at

a point where the electron velocity, v¼ d�(k)/�hdk, is oriented

along q.32 The period of the oscillation, Dr¼ p/S, depends on

the projection S of the wavevector k onto the direction v. The

features of the electron scattering in conductors with anisotropic

dispersion relations should appear in the Friedel oscillations of

LDOS and LMD in the presence of a combined R-D SOI.

Using expressions (16), (18), (19), and (26) we can write

down the LDOS as

q �F; rð Þ ¼ q2D �Fð Þ 1þ Dq �F; rð Þ
� �

; (28)

Dq rð Þ ¼ � 2

p
cq2D Img0 rð ÞReg0 rð Þ�Imgx rð ÞRegx rð Þ

�
� Imgy rð ÞRegy rð Þ

�
: (29)

As in the case of either Rashba or Dresselhaus SOI, the

magnetic part of the scattering potential (that is proportional

to J) of the combined SOI does not contribute to the LDOS.

Figure 3(a) shows a characteristic shape of the Dqð~x; ~yÞ
spatial distribution with parameter values corresponding to

D(a,b) < 0 (12), which leads to the outer FC, k¼ k2(f, �F) hav-

ing four inflection points (14) (green points on the outside con-

tour of Fig. 1). The amplitude of the Friedel oscillations of the

LDOS is maximum for directions coinciding with that of the

velocity v2(fi)¼ d�2/�hdk at the zero-curvature points fi (14).

The “fan” of directions that contain additional oscilla-

tion harmonics is bounded, at the inflection points fi (14) of

the outer FC curve, by the angles of the charged carrier

velocity vector. Red lines in Fig. 3(a) show directions in real

space that bound the Dh angle. The tangent of the hi¼ h(fi)
angle can be determined from the ratio of the velocity com-

ponents: tg(hi)¼ �x2(fi)/�y2(fi). We do not present the con-

crete form of the hi¼ h(a,b) functions due to their overly

cumbersome size. It follows from expressions (15), that the

Dh “fan” collapses and the amplitude of the LDOS oscilla-

tions is maximum for the ~x ¼ �~y direction [see Fig. 3(b)] at

the boundary values of the SOI constants (a0, b0) (12), where

the convexity of the outer FC disappears, and when a¼ b.

The amplitude of the LDOS oscillations at the “fan” bound-

aries is determined by pairs of points: the inflection point

and the point of zero curvature.

To analyze the dependence of Friedel oscillations of the

LDOS on the SOI constants, we obtain asymptotic expres-

sions for the general formula (29) at large distances from the

defect. When j1,2r � 1 (see Ref. 32) the main contribution

to the LDOS oscillations q(�F, r) comes from the FC points

Fig. 3. Local density of states Dqð~x; ~yÞ with (a) a¼ 0.7, b¼ 0.5; (b) a¼ 0.7, b¼ 0.19976.

858 Low Temp. Phys. 43 (7), July 2017 I. V. Kozlov and Yu. A. Kolesnichenko



where the velocities of the electron impinging and backscat-

tering from the defect are oriented along r. These asymptotes

assume the simplest form for directions coinciding with the

~x ¼ ~y and ~x ¼ �~y symmetry axes. In this case, the constant-

phase points of the fast-oscillating functions (23) in the inte-

grals (20)–(22) coincide with the FC points (red cik points in

Fig. 1) where the electron velocities (shown as red arrows)

are oriented along the symmetry axes. For the x¼�y direc-

tion, along with the contribution of the points where v1,2jjk
(points c11, c31, c23, c27 in Fig. 1), the LDOS oscillations

contain harmonics, caused by the presence of additional

points on the outer FC (points c22, c24, c26, c28 in Fig. 1).

These points do not lie on the contour symmetry axis, but

their corresponding velocity vector v2(f) is parallel to the

kx¼�ky direction.

3.2. LDOS oscillations along the x 5 6y symmetry axes

The v1,2jjk velocity vectors along the x¼ y direction cor-

respond to the FC points that lie along the kx¼ ky symmetry

axis (points c14, c34, c21, c25 in Fig. 1). Substituting the

asymptotic expressions (A.7) for the gi(r) Green’s function

components into Eq. (29) yields the following expression for

the additional dimensionless oscillating contribution Dq(�F,

r) to the LDOS:

Dq rð Þ ’ �cq2D

U0
1U

0
2

~r
ffiffiffiffiffiffiffiffiffiffiffiffi
jS001S002j

p cos ~r S1 þ S2ð Þ½ �; (30)

where the S1,2(u,f) (23) functions are taken at the values of

the x¼ y line (i.e., when u¼p/4) and at the stationary phase

points f st
1 ¼ p=4

S1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bð Þ2 þ 1

q
7 aþ bð Þ: (31)

These values are determined by the magnitudes of the wave-

vectors oriented towards the c11, c13 and the c21, c25 FC

points (see Fig. 1). The Appendix contains the coefficients

U1,2 (A.8) and the second derivatives S001;2 (A.9) which are

related to the curvature of the contours K1,2 [see Eq. (A.4) in

the Appendix] with sgn S001;2ðf Þ ¼ �sgnK1;2ðf Þ.
Presence of a single harmonic in the expression (30),

that is dependent on the sum of the wavevectors belonging

to different contours, can be explained by the fact that the

pairs of points c11, c13 and c21, c25 (see Fig. 1) belonging to

the same FC, correspond to opposite directions of the spin.

The orthogonality properties of the spin part of the wave-

function for opposing wavevector directions (4) lead to the

lack of corresponding contributions to the LDOS.

For the x¼�y direction, when D(a,b) > 0 (13), i.e., in

the absence of concave FC regions, the asymptotic form of

the LDOS oscillations is determined by the stationary phase

point f st
1 ¼ 3p=4 and can also be written in the form of (30).

The S1,2, K1,2 functions for the x¼�y direction (i.e., when

u¼ 3p/4) have the form:

S1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q
7ja� bj: (32)

The values of the U0
1;2 and S001;2 functions are determined by

formulas (A.10) and (A.11) of the Appendix.

In the presence of concave regions on the outer FC,

D(a,b) < 0 (13), the LDOS oscillations contain harmonics

due to the additional stationary phase points c22, c24, c26, c28

(Fig. 1). The values of the angles f st
3;4 ¼ 3p=46Dfst (A.5),

that determine the wavevector direction oriented towards

these points can be found in the Appendix. Utilizing the

asymptotic expression for the components of the Green’s

function gi(r) (A.12), we arrive at the following expression

for the oscillatory part of the LDOS:

Dq rð Þ � cq2D

~r

U0
1U

0
2ffiffiffiffiffiffiffiffiffiffiffiffi

jS001S002j
p sin ~r S1 þ S2ð Þð Þ

(

þ U0
2

ffiffiffi
2
p

Uadd � Usum

� �
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffi

jS002S003j
p sin ~r S2 þ S3ð Þð Þ

�U0
1

ffiffiffi
2
p

Uadd þ Usum

� �
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffi

jS001S003j
p cos ~r S1 þ S3ð Þð Þ

þU2
sum � 2U2

add

2jS003j
cos 2~rS3ð Þ

)
; (33)

where

S3 ¼ S2 f st
3;4;

3p
4

� �
¼

aþ bð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bð Þ2 þ 1

q
2
ffiffiffiffiffi
ab
p ; (34)

definitions of U0
1;2 (A.10), Uadd (A.14), Usum (A.13), S001;2

(A.11), S003 (A.15) at the corresponding points of stationary

phase are presented in the Appendix. The following inequal-

ity becomes apparent from examining Fig. 1:

S1 þ S2 ¼ c230þ 0c14 < S1 þ S3 ¼ c120þ oc26 < S2 þ S3

¼ c230þ oc26 < 2S3 ¼ c24c26; (35)

and enables identification of every harmonic during Fourier

analysis of the experimental data. As in the expression (30),

formula (33) lacks contributions from pairs of FC points posi-

tioned symmetrically relative to the origin of the coordinates

for which the spins are necessarily antiparallel. Presence of

the additional periods of oscillations is related to the nonzero

probability of backscattering from c22(c28), c24(c26) points to

c28(c22), c26(c24), c27(c23) points of the same FC and to the

c14(c12) points from the inner contour, where the spins are

not parallel to the electron spins prior to scattering.

Each harmonic of the LDOS Dqð~rÞ (30), (33) is due to a

pair of points on the FC, that are related to the Si þ Sj sums,

that determine the LDOS oscillation periods in the coordi-

nate space

Drij fð Þ ¼ 2p
kF Si þ Sjð Þ

; (36)

containing information about the SOI constants.

4. LMD oscillations

Using the M(r) expression (17) to describe the LDOS

and expanding the Green’s function in terms of the Pauli

matrices (19), we can write the vector components of M(r)

in the following form:
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Mx ¼ �
2

p
q2

2DIm Jx g2
0 rð Þ � g2

x rð Þ þ g2
y rð Þ

h in
� 2Jygx rð Þgy rð Þ þ 2iJzg0 rð Þgy rð Þ

o
; (37)

My ¼ �
2

p
q2

2DIm Jy g2
0 rð Þ þ g2

x rð Þ � g2
y rð Þ

h in
� 2Jxgx rð Þgy rð Þ � 2iJzg0 rð Þgx rð Þ

o
; (38)

Mz ¼ �
2

p
q2

2DIm Jz g2
0 rð Þ þ g2

x rð Þ þ g2
y rð Þ

h in
� 2iJxg0 rð Þgy rð Þ þ 2iJyg0 rð Þgx rð Þ

o
: (39)

It is clear the LMD only depends on the magnetic part of the

impurity potential (5).

In contrast to the LDOS, the contributions to the LMD

comes from scattering processes accompanied by a spin-flip.

Friedel oscillations of the LMD develop harmonics due to

the interference of contributions, characterized by opposite

spin directions (c11, c13 and c21, c25 pairs of points in Fig. 1).

Many features of the LMD oscillations can be under-

stood from the following considerations. The squared moduli

of the matrix elements belonging to backscattering between

states belonging to the same or different FC are calculated

using the function (3) and have the form

jû†
1;2 hð ÞJrû1;2 hþpð Þj2 ¼ jJzj2þjJx coshþ Jy sinhj2

¼ jJzj2þj J� s1;2 hð Þ
� �

zj
2; (40)

jû†
1;2 hð ÞJrû2;1 hþ pð Þj2 ¼ jJy cos h� Jx sin hj2 ¼ jJs1;2 hð Þj2:

(41)

If the J vector is perpendicular to the spin direction s1,2,

backscattering occurs into a state on the same FC with an

opposite spin. However, if the J and s1,2 vectors are collin-

ear, the electron spin is conserved, whereas the state after

scattering belongs to a different FC as in the case of a non-

magnetic defect.

4.1. The effective magnetic moment of the defect is perpendicular
to the plane of a 2D conductor

In this case, the effective magnetic moment of the

defect J¼ (0,0,J) is always perpendicular to the spin of the

2D electron, lying in the plane. Due to the features of the

matrix elements (40), (41), contributions to the LMD oscilla-

tions come from backscattering with a complete spin flip and

a transition to a state on the same FC. In the case of backscat-

tering, transitions between different contours are only possible

for states on the nonconvex FC, in the points where the veloc-

ity is oriented at an angle to the wavevector. Figure 4 shows

the characteristic shape of the LMD Friedel oscillations.

In contrast to the LDOS, the large amplitude of the

LMD oscillations in Fig. 4, for directions determined by the

inflection points, is due to backscattering processes with a

spin flip accompanied by a transition between two states cor-

responding to the zero curvature of the outer FC and the

opposite direction of the velocity and the wavevector.

We introduce an asymptotic expression for the oscilla-

tions in the x¼6y LDOS vector directions when ~r � 1, by

expressing them as a sum of two terms,

Mi ~rð Þ ¼ M 1ð Þ
i ~rð Þ þ vM 2ð Þ

i ~rð Þ; (42)

where M
ð1Þ
i ð~rÞ is the contribution of the stationary phase

points f st
1;2 ¼ p=4; 3p=4, lying on the symmetry axes and

M
ð2Þ
i ð~rÞ is the contribution of the additional points f st

3;4 (A.5)

into the x¼ – y direction, that appear on the outer contour in

the presence of a concave region which only exists when

D(a, b) < 0 (13),

v ¼ H �D a; bð Þð ÞH �xyð Þ; (43)

H(x) is the Heaviside function. In the formula (42)

M 1ð Þ
z ��

q2
2D

2~r
J

U0
1

� �2

jS001j
cos 2~rS1ð Þþ 1�2vð Þ U0

2

� �2

jS002j
cos 2~rS2ð Þ

" #
;

(44)

M 2ð Þ
z � �

q2
2DJ

2~r

U2
sum þ 2U2

add

� �
jS003j

cos 2~rS3ð Þ
"

�
ffiffiffi
2
p U0

1 Usum �
ffiffiffi
2
p

Uadd

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jS001 S003j

p cos ~r S1 þ S3ð Þð Þ

�
ffiffiffi
2
p U0

2 Usum �
ffiffiffi
2
p

Uadd

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
jS002 S003j

p sin ~r S2 þ S3ð Þð Þ
#
; (45)

Fig. 4. Magnetization in the Mx;yð~x; ~yÞ conductor plane (direction and the square projection of the vector onto the plane) (a) Mzð~x; ~yÞ component (b) a¼ 0.7,

b¼ 0.5 due to an impurity with an effective magnetic moment, J¼ J(0,0,1) and normalized to M0¼m2J/�h4.
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where S1,2,3 correspond to expressions (31) and (34) for

y¼ –x > 0 directions, and the expressions for U0
1;2 (A.10),

S001;2 (A.11), Uadd (A.14), Usum (A.13) and S001;3 (A.15) are

defined in the Appendix. For the y¼ x > 0 direction, the S1,2

functions are defined by the expression (31), while the

expressions for the U1,2 coefficients and the S001;2 second

derivatives (A.9) are listed in the Appendix.

It is easy to notice, that aside from the frequencies pre-

sent in the LDOS oscillation spectrum (33), expression (45)

also contains harmonics with frequencies defined by chords

[(c12, c14) and (c23, c27) point in Fig. 1] of the small and the

large FC, respectively. Due to the symmetry of the FC, each

one of these harmonics is defined by the FCs characteristics

at only a single point (c12, c14, c23, c27) simplifying the prob-

lem of reconstructing the SOI constants.

For the x¼6y direction, the projection of the LMD vec-

tor onto the conductor plane will be parallel to r

Mx ¼ 6My ¼ M 1ð Þ ~rð Þ þ vM 2ð Þ ~rð Þ: (46)

For the x¼ y direction, in the case of ~r � 1, the LMD oscil-

lations in the conductor plane will be determined by the

expression

Mx;y ¼ M 1ð Þ ’ q2
2DJ

2
ffiffiffiffiffi
2~r
p U0

2

� �2

jS002j
sin 2~rS2ð Þ � U0

1

� �2

jS001j
sin 2~rS1ð Þ

" #
:

(47)

Notably, the appearance of in-plane components is a

consequence of the SOI, since in its absence the LMD vector

would be parallel to the J vector.

For the x¼�y direction, the Mx¼�My LMD compo-

nents (46) can be represented by the following functions:

M 1ð Þ ’ q2
2DJ0

2
ffiffiffiffiffi
2~r
p sgn a� bð Þ

� U0
1

� �2

jS001j
sin 2~rS1ð Þ � U0

2

� �2

jS002j
sin 2~rS2ð ÞsgnD a; bð Þ

" #
;

(48)

M 2ð Þ ’ �q2
2DJ0sgn a� bð Þ


UaddUsum

~rjS003j
sin 2~rS3ð Þ

þ U0
1 Usum �

ffiffiffi
2
p

Uadd

� �
2~r

ffiffiffiffiffiffiffiffiffiffiffiffi
jS001S003j

p sin ~rS1 þ S3ð ÞÞ

þU0
2 Usum þ

ffiffiffi
2
p

Uadd

� �
2~r

ffiffiffiffiffiffiffiffiffiffiffiffi
jS002S003j

p cos ~rS2 þ S3ð ÞÞ
�
: (49)

Expression (49) changes its sign upon rearrangement of the

a and b constants. In this way, investigation of the LMD

allows avoiding ambiguity in determining the SOI constants.

4.2. Effective magnetic moment of an impurity lies in the plane of
a 2D conductor

Figure 5 shows the characteristic shape of the LMD

oscillations when the J vector is oriented along the x¼ y line

(Jx¼ Jy and Jz¼ 0).

Based on the properties of the backscattering matrix ele-

ments (40), (41), the formulas for the asymptotes of the Mi

components contain terms of three types

Mi ~rð Þ ¼ M
jjð Þ

i ~rð Þ þM ?ð Þ
i ~rð Þ þ vM 2ð Þ

i ~rð Þ; (50)

where M
ðjjÞ
i ð~rÞ is the scattering contribution with a conserved

spin and a transition between contours (goes to zero when

Jjjs1;2ðf st
1;2Þ), M

ð?Þ
i ð~rÞ is the scattering contribution with a

spin flip without a transition between contours (goes to zero

when J?s1;2ðf st
1;2Þ), M

ð2Þ
i ð~rÞ is the contribution from the f st

3;4

(A.5) additional points on the nonconvex contour and the v
function is defined in (43).

To illustrate this point, we introduce the asymptotic

expressions for the LMD vector components in the x¼6y
directions with J ¼ J=

ffiffiffi
2
p
ð1; 1; 0Þ. Based on the Mi compo-

nent formulas (37)–(39), and gi function symmetry proper-

ties (27), Mx¼My, i.e., the projection of the M vector onto

the plane is always oriented along J, while the Mz � 0 com-

ponent is oriented along x¼�y.
When x¼ y, J?s1;2ðhðp=4ÞÞ, due to the properties of the

matrix elements (40), (41), the first ðMjjð~rÞ ¼ 0Þ and the third

(c¼ 0) terms of the general expression for Mi are absent. The

Mx and My components of the LDOS vector are equal to

.

.

.

.

Fig. 5. LMD distribution ðM2
x þM2

y Þ=M0 with a¼ 0.7, b¼ 0.5; J ¼ J=
ffiffiffi
2
p
ð1; 1; 0Þ; M0¼m2J/�h4. (a) Arrows indicate the in-plane direction of the M vector. (b)

Mz component for the same values of a,b and the direction of J.

Low Temp. Phys. 43 (7), July 2017 I. V. Kozlov and Yu. A. Kolesnichenko 861



M ?ð Þ
x;y ~rð Þ ’ q2

2DJ0

2
ffiffiffiffiffi
2~r
p U0

1

� �2

jS001j
cos 2~rS1ð Þ � U0

2

� �2

jS002j
cos 2~rS2ð Þ

" #
;

(51)

while the component perpendicular to the plane has the form

Mz ’
q2

2DJ

2~r

U0
1

� �2

jS001j
sin 2~rS1ð Þ � U0

2

� �2

jS002j
sin 2~rS2ð Þ

" #
: (52)

For the x¼�y, J jj s1,2(h(3p/4)) direction, the M
ð?Þ
x;y ð~rÞ

¼ 0 contribution and the Mx¼My components of the magne-

tization contain the terms

M jjð Þ ~rð Þ ’ �q2
2DJ0

U0
1U

0
2ffiffiffi

2
p

~r
ffiffiffiffiffiffiffiffiffiffiffiffi
jS001S002j

p cos ~r S1 þ S2ð Þ þ p
2

v
� �

;

(53)

M 2ð Þ
x;y ’

q2
2DJ0

2~r

U2
sum � 2U2

addffiffiffiffiffiffiffiffiffiffi
2jS003j

p cos 2~rS3½ �
"

� U0
1 Usum þ

ffiffiffi
2
p

Uadd

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
jS001S003j

p cos ~r S1 þ S3ð Þð Þ

�U0
2 Usum þ

ffiffiffi
2
p

Uadd

� �
ffiffiffiffiffiffiffiffiffiffiffiffi
jS002S003j

p sin ~r S1 þ S3ð Þð Þ
#
: (54)

Formulas (51) and (52) show that in the direction of the

defect magnetic moment J, along the x¼ y symmetry axis, the

LDOS oscillations in the J direction are only determined by the

backscattering processes between points of the same FC, while

for the x¼�y direction that is perpendicular to J, only one har-

monic with a Dr33¼p/S3 period is due to such scattering.

5. Conclusions

Using Green’s functions (19)–(22) for a two-dimensional

gas with a combined Rashba-Dresselhaus SOI (1) yields the

general expressions for the local density of states (28) and the

local magnetization density (37)–(39) in the vicinity of a point

defect. Scattering of electrons by the defect is accounted for

by the Born approximation. We obtain asymptotic expressions

for the LDOS (30), (33) and the LMD (45) for directions coin-

ciding with the symmetry axes of the Fermi-contours and find

them to be accurate for defect distances that are much larger

than the de Broglie wavelength of the electron.

The LDOS oscillations (30) along the x¼ y symmetry

axis, with a period depending on the sum of the radii S1þS2,

of two FCs, are caused by the backscattering of electrons

between FCs with a conserved spin. For a nonconvex FC, the

LDOS oscillations along the x¼�y symmetry axis contain

four harmonics (33) (as opposed to two, as asserted in Ref.

24) Aside from harmonics that depend of the S1þS2 sum

of the FC radii, three additional harmonics are present for this

direction and are due to the presence of four f st
i (A.5) contour

points, where the velocity vector v2ðkðf st
i ÞÞ is oriented along

the kx¼�ky symmetry axis, and the kðf st
i Þ wavevector is

at an angle Dfst (A.5) relative to it. We note, that backscatter-

ing of electrons from the kðf st
i Þ points is possible for any

state with v2(k0)¼ –v2(k) except when k0 ¼k. These condi-

tions determine the nonzero amplitude of the harmonics with

S3 þ Sj (j¼ 1,2,3) periods, where 2kFS3 is the length parallel

to the kx¼�ky FC chord direction connecting the f st
i points.

Formulas (31) and (32) show that the ratio Drij/Drmn of

the periods of two LDOS oscillation harmonics depends

solely on the dimensionless SOI constants a, b and does not

contain any other terms characterizing the electronic subsys-

tem. It is possible to find a and b using two ratios of any peri-

ods. After finding the SOI constants, we can determine the

valuable kF ¼
ffiffiffiffiffiffiffiffiffiffiffi
2m�F

p
=�h parameter from one of the periods.

Determination of the SOI constants from the LDOS oscil-

lations is ambiguous. It is easy to notice that the picture of the

LDOS oscillations is insensitive to rearrangement of the a
and b constants or to the inversion of their sign. Investigation

of the LMD Friedel oscillations can aid in unambiguous iden-

tification of the SOI constants. For example, according to the

results in (46)–(49) in the case when the magnetic moment of

the defect is perpendicular to the xy plane of the 2D electron

gas, the phase of the Mx,y components of the LMD oscilla-

tions for a > b and a < b differs by p.

One of the authors (Yu.A.) expresses deep gratitude to

A. N. Omel’yanchuk for many years of productive collabora-

tion and numerous discussions of physics of normal and

superconducting systems.

APPENDIX: ASYMPTOTIC GREEN’S FUNCTIONS

Let’s consider the asymptotic behavior of the g0; x; yð~rÞ
(20)–(22) functions for large values of the dimensionless

coordinate, ~r � 1 . Using the approximate expressions for

the A(x) (24) and B(x) (25) functions for large values of the

argument, jxj � 1

A xð Þ ’ iB xð Þsgn xð Þ ’ � ip
2

eijxj; (A.1)

we write the integrals (21) and (22) in the form

gi ~rð Þ ’ i

4

X
j¼1;2

ci
j

ðp
0

df Ui
j fð Þexp i~rSj f ;uð Þ

� �
; (A.2)

where c0
j ¼ 0; cx

j ¼ ð�1Þj and cy
j ¼ ð�1Þjþ1

. The exact

form of the Ui
jðf Þ functions, and the sign before the expression

are clear from formulas (20)–(22). Ui
jðf Þ and Sj(f,u) functions

are continuous and bounded for all values of the argument f.
Calculation of the integrals with respect to f is possible by

using the stationary phase method.41 The points of stationary

phase, f¼ f st(u), can be found from

@Sj f ;uð Þ
@f

����
f¼f st

¼ 0: (A.3)

The second derivative, @2Sj=@f 2 is simply related to the

contour curvature, Kj

S00j fð Þ ¼ �kFKj fð Þ j0j fð Þ2 þ jj fð Þ2
	 


: (A.4)

We assume that @2S2=@f 2 6¼ 0 . The 2kFSj(f
st) term cor-

responds to the FC chord length oriented perpendicular to

the curve normal at the f¼ fst point.

Keeping in mind the symmetry of the problem, we con-

sider the regions with 0 	 f, u 	 p, the upper half-plane in

the coordinate space and the wavevector space. For the x¼ y,

u¼p/4 direction, each contour contains a single stationary

phase point f st
1 ðu ¼ p=4Þ ¼ p=4 (c11, c21 points in Fig. 4).
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In the x¼ – y, u¼ 3p/4 direction, along with the f st
2 ðu ¼ 3p=4Þ ¼ 3p=4 points (c14, c27 points in Fig. 4), in presence of regions

with a negative curvature D(a,b) < 0 (13) there exist two additional stationary points that do not lie on the symmetry axis

(c26,c28 points in Fig. 4)

f st
3;4 u ¼ 3p=4ð Þ ¼ 3p

4
6Dfst; Dfst ¼

1

2
arcsin

a2 � b2ð Þ2 þ a2 � b2ð Þ

2ab 2 aþ bð Þ2 þ 1

	 

0
@

1
A: (A.5)

Using expression (A.1), the asymptotes of the Green’s function components, gið~rÞ (20)–(22), can be written down in general

form:

gi ~rð Þ ’ i

4

X
j¼1;2

X
s

ci
j

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

S00j f st
sð Þ

s
Ui

j f st
s

� �
exp i~rSj u; f st

s

� �
þ ip

4
sgnS00j f st

s

� �� �
; ~r !1: (A.6)

Indices i and j enumerate the gið~rÞ components and the contours, respectively. Summing over s is performed over the sta-

tionary phase points on the j¼ 2 contour.

1. Fermi contours do not contain concave regions D(a,b) > 0

At large values of ~r , the components of the Green’s function, gið~rÞ (20)–(22) have the form

gi ’
i

4

X
j¼1;2

ci
j

ffiffiffiffiffiffiffiffiffiffi
2p
jS00j j~r

s
Ui

j exp iSj~r �
ip
4

� �����
f¼f st

k

: (A.7)

For the x¼ y, u¼p/4 direction at the stationary phase point, f st
1 ðu ¼ p=4Þ ¼ p=4

U0
1;2 ¼ 17

aþ bð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ bð Þ2

q ; Ux
1;2 ¼ �Uy

1;2 ¼
1ffiffiffi
2
p U0

1;2; (A.8)

S001;2
p
4
;
p
4

� �
¼ �

aþ bð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bð Þ2 þ 1

q
74ab

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bð Þ2 þ 1

q
7 aþ bð Þ

� �

aþ bð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bð Þ2 þ 1

q ; (A.9)

the S1;2ðp4 ; p4Þ functions are introduced in (31).

For the x¼ – y, u¼ 3p/4 direction, at the stationary phase point, f st
2 ðu ¼ 3p=4Þ ¼ 3p=4

U0
1;2 ¼ 17

ja� bjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a� bð Þ2

q ; Ux
1;2 ¼ �Uy

1;2 ¼
sgn a� bð Þffiffiffi

2
p U0

1;2: (A.10)

S001;2
3p
4
;
3p
4

� �
¼ �

ja� bj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q
64ab

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q
7ja� bj

� �

ja� bj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� bð Þ2 þ 1

q : (A.11)

2. The outer FC contour contains convex regions D(a,b) < 0

For the x¼ – y, u¼ 3p/4 direction, aside from the f st
2 ðu ¼ 3p=4Þ ¼ 3p=4 points, there exist two additional stationary

phase points f st
3;4ðu ¼ 3p=4Þ (A.5). In this case, the asymptote of the gið~rÞ functions (20)–(22) contains four contributions:

gi ’
i

4
ci

1

ffiffiffiffiffiffiffiffiffiffi
2p
jS001j~r

s
Ui

1 exp iS1~r � ip
4

� �����
f¼3p=4

þ i

4
ci

2

�
ffiffiffiffiffiffiffiffiffiffi
2p
jS002j~r

s
Ui

2 exp iS2~r � ip
4

� �����
f¼3p=4

þ
ffiffiffiffiffiffiffiffiffiffi
2p
jS002j~r

s
Ui

2 exp iS2~r � ip
4

� �����
f¼f st

3

þ
ffiffiffiffiffiffiffiffiffiffi
2p
jS002j~r

s
Ui

2 exp iS2~r � ip
4

� �����
f¼f st

4

8<
:

9=
;; (A.12)

where Uj
1;2; S1;2; S

00
1;2 and f ¼ f st

2 ¼ 3p=4 are defined by Eqs. (A.10) and (A.11), the expression for S3 ¼ S2ðf st
i ; 3p=4Þ is intro-

duced in (34). Values of the Ui
2; S2; S

00
2 function at the additional stationary phase points of the second contour, f ¼ f st

3;4 are

jUx;y
2 f st

3

� �
þ Ux;y

2 f st
4

� �
j ¼

2 aþ bð Þ2 þ 1

	 

ja� bjffiffiffiffiffiffiffiffi

2ab
p

aþ bð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ bð Þ2 þ 1

q ¼ Usum; (A.13)
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U0
2 f st

3

� �
¼ U0

2 f st
4

� �
¼ 2 aþ bð Þ2 þ 1

aþ bð Þ2 þ 1
¼ Uadd; (A.14)

S002 f st
3;4; 3p=4

	 

¼ �ð16a2b2 � a� bð Þ2Þð1þ a� bð Þ2ÞÞð2 aþ bð Þ2 þ 1Þ2

2
ffiffiffiffiffi
ab
p

aþ bð Þ3ð aþ bð Þ2 þ 1Þ3=2
¼ S003: (A.15)

Notably, when a! b the second derivative, S001;2 ! 61
(A.11) and the first two terms in the (A.12) asymptote go to

zero. With that Ux;y
3 ¼ 0 and

S1

p
4
;
p
4

� �
þ S2

p
4
;
p
4

� �
¼ 2S2 f st

i ;
3p
4

� �
: (A.16)
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