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We present a theoretical study of the spatial distribution of the local density of states (LDOS) and
the local magnetization density (LMD) in the vicinity of a magnetic point-defect in a degenerate
two-dimensional electron gas with a mixed Rashba-Dresselhaus spin-orbit coupling interaction
(SOI). The dependence of the Friedel oscillations, which arise under these conditions, on the ratio
of the SOI constants is investigated. We obtain asymptotic expressions for the oscillatory parts of
the LDOS and the LMD, that are accurate for large distances from the defect. It is shown, that the
Friedel oscillations are significantly anisotropic and contain several harmonics for certain ratios of
the SOI constants. Period of the oscillations for directions along the symmetry axes of the Fermi
contours are determined. Finally, we introduce a method for determining the values of the two SOI
constants by measuring the period of the Friedel oscillations of the LDOS and the LMD for differ-
ent harmonics. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4995636]

1. Introduction

In two-dimensional (2D) electronic systems, such as 2D
electronic gasses in quantum wells or 2D surface states, the
spin-orbit interaction (SOI) leads to a dependence of the spin
direction on the direction of the wavevector k (see Ref. 1)
This leads to the SOI having an influence on the electron-
defect interactions. Backscattering from non-magnetic impu-
rities is significantly reduced in the presence of SOI> while
additional scattering channels can become allowed in the
presence of magnetic impurities.® These properties influence
conductivity and magnetoresistance of 2D systems, making
electron scattering from impurities in the presence of SOI, a
particularly interesting subject.

Friedel oscillations*” of the electron density near impuri-
ties are one of the clearest signs of the quantum nature of
scattering, caused by the interference and reflection of the elec-
tronic waves from impurities. Oscillations in the electron gas
magnetization, having a similar physical nature to the Friedel
oscillations (see for example Ref. 7), arise above the Kondo
temperature or during electron scattering from an incompletely
screened magnetic impurity with a magnetic moment § > 1.°
It is worth noting that compared to the seminal work of
Friedel,4 where the oscillations in the local density of the elec-
trons Ange(€r, 1) were studied as a function of the distance
from the defect, r (Ang,. o r~~ in the 2D case), the oscillations
of the local density of states (LDOS) Apys(€, 1) = 0Ang
(e, r)/0e at energy € equal to the Fermi energy, decay much
more slowly with distance from the defect (Angg. o< 7~ Vin the
2D case). LDOS oscillations at the Fermi level are often called
Friedel-like oscillations.® Consistent with modern literature,9
we use the term “Friedel oscillations” when dealing with spa-
tial oscillations in the LDOS and the oscillations in the local
magnetization density (LMD) at € = ¢f.

Observation and investigation of the Friedel oscillations
of LDOS and LMD have been made possible by the advances
in scanning tunneling microscopy (STM)'® and spin-polarized
scanning tunneling microscopy (SP-STM).'! The spherical
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contact model of Tersoff and Hamann,12 as well as the flat,
inhomogeneous potential model of Kulik ez al."* account for
electron tunneling through extremely small areas. The latter
turned out to be especially effective when taking into account
the under-the-surface point-defects.'*'> Both approaches lead
to the same expression'®!” for the measured SP-STM tunnel-
ing current

Isp_stu(r) o< p,p(r) + M;M(r),

where p(r) is the local density of electronic states and M(r)
is the local density of the sample magnetization at a point r
underneath the STM contact, whose density of states and
density of magnetization are p, and M, respectively.

A significant number of works are dedicated to theoreti-
cal'®'® and experimental'’~" investigations of the oscillating
dependence of the LDOS in the vicinity of a point defect in a
2D electron gas with a Rashba SOL?*?' It was shown that
although scattering from a magnetic impurity accompanied by
a spin-flip, does open additional electron backscattering chan-
nels, it does not influence the inhomogeneous LDOS distribu-
tion.'"'* The same result'> was obtained for the Dresselhaus
SOL* Works'""'? predict that is possible to determine the SOI
constant from the period of the LDOS spatial oscillations.

A series of experiments (see for example, review Ref.
23) suggest that certain conditions facilitate a combined,
Rashba—Dresselhaus SOI (R-D SOI). In contrast to 2D sys-
tems with only a single type of SOI (Rashba or Dresselhaus),
where spin-split Fermi-contours (FC) assume a circular
shape, systems with R-D SOI exhibit an anisotropic disper-
sion relation. This imparts a significant influence on all elec-
tronic characteristics of the system. Beatings of the Friedel
oscillations®* and the existence of directionally enhanced
electron currents® were predicted on this basis.

The present manuscript is framed in the Born-
Oppenheimer approximation and investigates the spatial anisot-
ropy of the LDOS and the LMD oscillations around a point
defect having a partially screened magnetic moment J, oriented
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at an arbitrary angle with respect to the plane of the 2D elec-
tron gas with a R-D SOI. We obtain asymptotic expressions for
the LDOS and the LMD, for directions coinciding with the FC
symmetry axes, that are valid for distances from the defect that
are much larger than the de Broglie electron wavelength. It is
shown that the periods of the Friedel oscillations allow deter-
mination of the R-D SOI constant.

2. Problem formulation
2.1. System Hamiltonian

We start with a 2D electron gas, described by a
Hamiltonian (see for example Ref. 26)

. i X X X )
H(Kk) = S +a(6ky — Gyky) + p(0cky — Gyky), (1)
where k = —iV, m is the effective electron mass, ¢; are the

Pauli matrices, o and f§ are the Rashba and Dresselhaus SOI
constants, respectively. We assume that the spin-orbital
interaction constants are positive (o, § > 0).

Solving the Schrodinger equation yields the eigenvalues
and the eigenfunctions of the Hamiltonian (1)

12k?
€120 = —— 1/ k(02 + B?) + dofk,k,, )
’ 2m
R 1 o . ef9/2
= e 0); 0) = . ;
V() 212 ‘Pl,z( ) @172( ) <i6’0/2
ok, + fky
th—akijﬁkx. 3)

The spin part @, ,(0) of the wavefunction (3) satisfies the
following relations:

® 2(0)(2’172(9) =1 @I,2(0)¢2,1(6) =0;

.
O o @
@1,2<0)(P1,2(0+ n) =0; @1’2(0>(P2,1(0+ n) =—1.

The interaction of the electron with the magnetic defect,
located at the point py, is modeled with a two-dimensional
potential

R 1
D(p) = <véo + EJ6> o(p —Po)s (%)
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where p is the two-dimensional coordinate vector in the xy
plane; y is the constant of the electron-defect interaction, 6
= (6y,6y,06.) is the Pauli vector, 6o is a 2 x 2 identity
matrix, J is the effective magnetic moment of the defect.
We assume the direction of J to be fixed and will not consider

processes involving flipping or precession of the defect spin.

2.2. Curvature of the isoenergetic contours

The energies in (2) correspond to two FCs k=k,

(f’ 6F):

kio(f,er) == % \/oc2 + B* + 20f sin( 2f)

2
2 () g 2]
(6)

where ez > 0 is the Fermi energy and the angle, f determines
the direction of the 2D wavevector k

ke =kcosf; k,=ksinf. @)

The spin part of the wavefunction (3) allows the determina-
tion of the relation between the spin directions s, at each
contour and the wavevector direction (7)

Sio = QAD;Z(G)GQADL2(9) = *(sin 0, —cos 0,0). 8)

It is known,?? that under certain ratios of the R-D SOI
constants, the larger (outer) FC k= ky(f, €x) becomes non-
convex, whereas the smaller (inner) contour k=k(f, ¢r)
always shows a positive curvature K;(f, ¢) > 0 (see Fig. 1),

7. 1" / 2 ) 2
Ki(f) = ki(f)K(f) + 2ki(f) +2k,(f) ’

(k7 + 7))

i=1,2. 9

From simple symmetry considerations of the kx(f, €r)
FC, it is apparent that the critical values of the SOI con-
stants, corresponding to the onsets of concavity, occur when
the curvature of the contour becomes zero, Ki(f, ¢x) =0
along the k, = —k,, f=3n/4, —n/4 symmetry axes

la — b|\/(a — b)’ + 1=4ab

; (10)

Kio(f)lp=snjan/a =

where kr = \/2mep /T . Here and going forth we use the fol-
lowing dimensionless constants

mo mp . k1o I
a:—, :—, K = — = -+

1%kr ke ke
kp = \/1+a®+ b2 + 2absin ), (1

Ko = \/a* + b? + 2absin ( 2f).

kp|a—b\\/(a—b)2+ 1<\/(a—b)2+ 1:|a—b|>

As evident from the curvature expressions (10), in the limit
ofa—b

Kia(f) |f:3n/4,7n/4, — +00.

The lines in the ab plane, separating regions of positive
and negative curvature K»(f) at f=23n/4, —n/4 are solutions
(agp, bg) to the equation

A(ag,bg) = 0; (12)
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Fig. 1. Fermi contours for a combined R-D SOI. Red vectors indicate the
velocity direction, blue—spin direction. Green points correspond to the FC
inflection points. ¢;—(red) points where the velocity vector is oriented along
the symmetry axis.

where

Ala,b) =la—b\/(a—b)* +1—4dab,  (13)

reduces to a cubic equation with known solutions.

The shaded area in Fig. 2 shows the region of (a, b)
parameters A(a, b) > 0, where the €;(k) = ¢£FC is convex.
The red curves correspond to the pair of points (ag, bg) satis-
fying Eq. (12).

The non-convex contour (A(a, b) < 0) contains four
inflection points f;, shown as green points in Fig. 1 and posi-
tioned symmetrically with respect to the k, =—k, line,

0.225

0.175

0.125

0.075

0.025

0 0.2 0.4 0.6 0.8 1.0
a

Fig. 2. The shaded area corresponds to the values of the (a, b) parameters
with A(a, b) > 0. Red curves run along the boundary values A(a, b)=0.
Contours corresponding to constant values of the Afi,(a,b) = const angle,
that determines the positions of the inflection points (14), are shown in the
region where A(a, b) < 0.

I. V. Kozlov and Yu. A. Kolesnichenko 857

fiz(a,b) = 3n/4F Afin(a,b),
f3,4(a7b) = —7r/4iAﬁn(a, b)

It can be shown that the function Af;,(a,b) possesses the fol-
lowing properties:

lim Afia(a, b) = Afin(ao, bo) = 0. (15)

(14)

To determine the f; angles, the solution to the K>(f=f;)=0
equation can be reduced to an algebraic equation in the fourth
power of the sin(2f) function, the solution to which can be
found in standard references (see for example Ref. 27). We do
not present the concrete expression for Afj,, determining all
four inflection points (14) due its cumbersome size. Figure 2
shows the Afi,=const contours for different values of the
R-D SOI constants.

2.3. Green'’s function

At zero temperature, LDOS p(ef, p) and LMD M(eg, p)
can be written down using a retarded Green’s function
G (¢er,p,p’) in the coordinate representation

1 ~
plerp) = —m$p |G (erpp)|. (16

1 A
M(er,p) = ——ImSp 66" e pp)].  am

We account for the influence of the electron scattering
from the defect using the Born approximation (see for exam-
ple Ref. 28) with a scattering potential (5), and express the
Green’s function in terms of a decomposition

~R

~R
G (Evav p/) ~ G[) (Evaa p,)
AR . 1.\ 4R ,
+G (€r,Ps Po) VUO+§JG G0(€F7907P)’
(18)

AR . L
where G (er,p,p’) is the retarded Green’s function in the
absence of defects, that only depends on the difference
between the coordinates r=p—p’, and can be written as a
sum

Gg(r) = pap(er)[80(r)Go + gx(r)G, + gy (r)dy],  (19)

where pop(€er) = m/nh” is the density of states for an ideal,
degenerate two-dimensional gas. The dimensionless scalar
function gy ., can be conveniently represented as

y

_ b K5(f) 4 (is.
go(r) = ZEJZI;JO deF(f)A( Si(f,9)),  (20)
_ i PP N

8x(r) = 2”;:1‘2( 1) ideO(f)KF(f)( sin f + bcos f)

x B(FS;(f, ). @D
g(r) = ;_”,;2 (_l)jjdf_Ko(;j)(IQ_(f) (bsin f + acos f)

s 0
< B(iS;(f.9)). 22)
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where the angle ¢ determines the direction of the dimension-
less vector of the r = F(cos ¢, sin @), 7 = kgr, coordinate,
in the xy plane of the 2D electron gas,

Si(f, @) = xj(f)cos (f — o), (23)
A(x) = cos (x)Ci(Jx]) + sin (x)Si(x) — %rcos (x);  (24)
B(x) = sin (x)Ci(|x]) — cos (x)Si(x) — %nsin (x), (25

Si(x) and Ci(| x ) are the integral sine and cosine respectively.
Expressions (19)—(22) are analogous to those of Ref. 29.

The g¢ ., components of the Green’s function (19) sat-
isfy the symmetry relations

go(—l') = g()(l'), gx,y(_r) = _gx,y(r)a (26)
gx(X,)’) = —gy(an)a atx = Vs (27)
8x(X,y) = &y(x,y), atx=—y,

allowing significant simplification of subsequent calculations.

3. LDOS oscillations
3.1. General picture of the LDOS oscillations

The anisotropic dispersion relation leads to several interest-
ing features of the elastic scattering of a charged carrier from the
defects (see for example Ref. 30). The scattering angle is deter-
mined by the direction of the velocity, which does not necessar-
ily coincide with the direction of the wavevector. Moreover, for
a nonconvex energy surface, a single scattering angle corre-
sponds to several values of the wavevector.>’ However, if the
isoenergetic surface has a flattening (where the curvature is
small and the velocity barely changes), an enhanced electronic
current appears in the direction of its normal.®' Reference 32
shows that the geometry of the constant-phase lines for Friedel-
type oscillations in the LDOS depends on the local FC geometry
of the 2D electrons (k) = ¢. The amplitude of the oscillations
in a particular direction p, lying in real space and at a large dis-
tance from the defect is determined by the curvature of the FC at
a point where the electron velocity, v = de(k)/hdk, is oriented
along p.*> The period of the oscillation, Ar= 7/S, depends on
the projection S of the wavevector k onto the direction v. The
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features of the electron scattering in conductors with anisotropic
dispersion relations should appear in the Friedel oscillations of
LDOS and LMD in the presence of a combined R-D SOI.

Using expressions (16), (18), (19), and (26) we can write
down the LDOS as

p(er,T) = pap(er) [1 + Ap(er, 1), (28)
Ap(r) = — 2 1pap {Imgo ()Rego (r)Tmg (r)Rez 1)
—Img, (r)Reg,(r)}. (29)

As in the case of either Rashba or Dresselhaus SOI, the
magnetic part of the scattering potential (that is proportional
to J) of the combined SOI does not contribute to the LDOS.

Figure 3(a) shows a characteristic shape of the Ap(X,y)
spatial distribution with parameter values corresponding to
A(a,b) < 0 (12), which leads to the outer FC, k = k»(f, €x) hav-
ing four inflection points (14) (green points on the outside con-
tour of Fig. 1). The amplitude of the Friedel oscillations of the
LDOS is maximum for directions coinciding with that of the
velocity v»(f;) = dey/hdk at the zero-curvature points f; (14).

The “fan” of directions that contain additional oscilla-
tion harmonics is bounded, at the inflection points f; (14) of
the outer FC curve, by the angles of the charged carrier
velocity vector. Red lines in Fig. 3(a) show directions in real
space that bound the A0 angle. The tangent of the 0;= 0(f;)
angle can be determined from the ratio of the velocity com-
ponents: tg(0;) = vu(f)/vy(f;). We do not present the con-
crete form of the 0;=0(a,b) functions due to their overly
cumbersome size. It follows from expressions (15), that the
A0 “fan” collapses and the amplitude of the LDOS oscilla-
tions is maximum for the ¥ = —y direction [see Fig. 3(b)] at
the boundary values of the SOI constants (ay, by) (12), where
the convexity of the outer FC disappears, and when a=b.
The amplitude of the LDOS oscillations at the “fan” bound-
aries is determined by pairs of points: the inflection point
and the point of zero curvature.

To analyze the dependence of Friedel oscillations of the
LDOS on the SOI constants, we obtain asymptotic expres-
sions for the general formula (29) at large distances from the
defect. When ;o > 1 (see Ref. 32) the main contribution
to the LDOS oscillations p(¢f, r) comes from the FC points

(b)
40 |
0,004 20|
i, \ 0.002 0.004
, i y 0 0.002
\\\& ‘1311’5,:/’-"".'4,‘1" 0 B
N =2 20l —0.002
=K ~0.002 0,004
20,004 40|
40 20 0 20 40
X

Fig. 3. Local density of states Ap(%,y) with (a) a=0.7, b=0.5; (b) a=0.7, b =0.19976.
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where the velocities of the electron impinging and backscat-
tering from the defect are oriented along r. These asymptotes
assume the simplest form for directions coinciding with the
X =y and X = —y symmetry axes. In this case, the constant-
phase points of the fast-oscillating functions (23) in the inte-
grals (20)—(22) coincide with the FC points (red c;; points in
Fig. 1) where the electron velocities (shown as red arrows)
are oriented along the symmetry axes. For the x = —y direc-
tion, along with the contribution of the points where v, |k
(points ¢y, c31, €23, c27 in Fig. 1), the LDOS oscillations
contain harmonics, caused by the presence of additional
points on the outer FC (points ¢»5, €24, 26, C2g in Fig. 1).
These points do not lie on the contour symmetry axis, but
their corresponding velocity vector v,(f) is parallel to the
k.= —k, direction.

3.2. LDOS oscillations along the x = =y symmetry axes

The vy ||k velocity vectors along the x =y direction cor-
respond to the FC points that lie along the k. =k, symmetry
axis (points ¢4, C34, C21, C25 in Fig. 1). Substituting the
asymptotic expressions (A.7) for the gi{r) Green’s function
components into Eq. (29) yields the following expression for
the additional dimensionless oscillating contribution Ap(eg,
r) to the LDOS:

050
Ap(r) ~ — 12
p(r) e K

where the S; 2(¢.f) (23) functions are taken at the values of
the x =y line (i.e., when ¢ = /4) and at the stationary phase
points /' = n/4

cos [F(S1 + S»)], (30)

Si2 =\ (a+b) +1F(a+b). (31)
These values are determined by the magnitudes of the wave-
vectors oriented towards the ¢y, ¢;3 and the c¢,;, cos FC
points (see Fig. 1). The Appendix contains the coefficients
®,, (A.8) and the second derivatives S7, (A.9) which are
related to the curvature of the contours K 1;2 [see Eq. (A.4) in
the Appendix] with sgnS7,(f) = —sgnK »(f).

Presence of a single harmonic in the expression (30),
that is dependent on the sum of the wavevectors belonging
to different contours, can be explained by the fact that the
pairs of points ¢y, c13 and ¢;1, ¢35 (see Fig. 1) belonging to
the same FC, correspond to opposite directions of the spin.
The orthogonality properties of the spin part of the wave-
function for opposing wavevector directions (4) lead to the
lack of corresponding contributions to the LDOS.

For the x = —y direction, when A(a,b) > 0 (13), i.e., in
the absence of concave FC regions, the asymptotic form of
the LDOS oscillations is determined by the stationary phase
point f{' = 371/4 and can also be written in the form of (30).
The S, 5, K, functions for the x = —y direction (i.e., when
¢ = 3m/4) have the form:

Siy=1\/(a—b)+1%|a—bl. (32)

The values of the @, and SY, functions are determined by
formulas (A.10) and (A.11) of the Appendix.
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In the presence of concave regions on the outer FC,
A(a,b) < 0 (13), the LDOS oscillations contain harmonics
due to the additional stationary phase points ¢, €24, C26, C28
(Fig. 1). The values of the angles f3, = 3n/4=Af; (A.5),
that determine the wavevector direction oriented towards
these points can be found in the Appendix. Utilizing the
asymptotic expression for the components of the Green’s
function g;(r) (A.12), we arrive at the following expression
for the oscillatory part of the LDOS:

R (I)O(DO
~ 1020 {— 2_sin (7(S1 + 52))

A = =
S W/

(I)(z) (\/zq)add - q)sum)
VIS
o (D(l) (\/E(Dadd + (Dsum)

V2./18757]

> 207
4 —sum__Z "add o6 (278;3) } (33)

+ sin (7(S2 + 53))

cos (F(S1+ S3))

2185

where

o ( 3n>_(a+b) (a+b) +1
BT B 2\/ab ’

definitions of @), (A.10), ®,4q (A.14), Dy, (A.13), A
(A.11), S5 (A.15) at the corresponding points of stationary
phase are presented in the Appendix. The following inequal-
ity becomes apparent from examining Fig. 1:

3407 (34)

S14+ 8 =230 +0c14 <S1+ 853 =120+ 0026 < S2 + 53
= 30 + 00y < 253 = C24C26, (35)

and enables identification of every harmonic during Fourier
analysis of the experimental data. As in the expression (30),
formula (33) lacks contributions from pairs of FC points posi-
tioned symmetrically relative to the origin of the coordinates
for which the spins are necessarily antiparallel. Presence of
the additional periods of oscillations is related to the nonzero
probability of backscattering from c22(c2g), €24(c26) points to
€28(€22), €26(C24), C27(cp3) points of the same FC and to the
c14(c12) points from the inner contour, where the spins are
not parallel to the electron spins prior to scattering.

Each harmonic of the LDOS Ap(7) (30), (33) is due to a
pair of points on the FC, that are related to the S; + S; sums,
that determine the LDOS oscillation periods in the coordi-
nate space

2n

Ary(f) = S (36)

containing information about the SOI constants.

4. LMD oscillations

Using the M(r) expression (17) to describe the LDOS
and expanding the Green’s function in terms of the Pauli
matrices (19), we can write the vector components of M(r)
in the following form:
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M= =2 ppimd 1. [0) - £(r) + £

~2,8(P)e(r) +2ikeMe M) 6D
My =~ ppm{ [+ £20) — 2]

20,81, (1) ~ 2P} GY)
M= =2 {1 [06) +£20) + (1))

— 2iJ,g0(r)gy (r) + 2, g0(r) gx(r)}. (39)

It is clear the LMD only depends on the magnetic part of the
impurity potential (5).

In contrast to the LDOS, the contributions to the LMD
comes from scattering processes accompanied by a spin-flip.
Friedel oscillations of the LMD develop harmonics due to
the interference of contributions, characterized by opposite
spin directions (¢, ¢13 and c,1, ¢»5 pairs of points in Fig. 1).

Many features of the LMD oscillations can be under-
stood from the following considerations. The squared moduli
of the matrix elements belonging to backscattering between
states belonging to the same or different FC are calculated
using the function (3) and have the form

101200360, ,(0+ ) = |J-|* + |/, cos 0+ J, sin 0]
=P+ |[Ixsi20)] )7 40)

915(0)J6¢, (0 + m)|> = |Jy cos 0 — T sin O = |Js12(0)*.
(41)

z

If the J vector is perpendicular to the spin direction s, »,
backscattering occurs into a state on the same FC with an
opposite spin. However, if the J and s;, vectors are collin-
ear, the electron spin is conserved, whereas the state after
scattering belongs to a different FC as in the case of a non-
magnetic defect.

4.1. The effective magnetic moment of the defect is perpendicular
to the plane of a 2D conductor

In this case, the effective magnetic moment of the
defect J=(0,0,/) is always perpendicular to the spin of the

81070
61070
41070

2:107°

40 20 0 20 40
X

Fig. 4. Magnetization in the M, ,(X,y) conductor plane (direction and the square projection of the vector onto the plane) (a) M. (.
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2D electron, lying in the plane. Due to the features of the
matrix elements (40), (41), contributions to the LMD oscilla-
tions come from backscattering with a complete spin flip and
a transition to a state on the same FC. In the case of backscat-
tering, transitions between different contours are only possible
for states on the nonconvex FC, in the points where the veloc-
ity is oriented at an angle to the wavevector. Figure 4 shows
the characteristic shape of the LMD Friedel oscillations.

In contrast to the LDOS, the large amplitude of the
LMD oscillations in Fig. 4, for directions determined by the
inflection points, is due to backscattering processes with a
spin flip accompanied by a transition between two states cor-
responding to the zero curvature of the outer FC and the
opposite direction of the velocity and the wavevector.

We introduce an asymptotic expression for the oscilla-
tions in the x = *y LDOS vector directions when 77 > 1, by
expressing them as a sum of two terms,

M;(F) = MY (F) + ;MP (), (42)

where Ml(l)(f) is the contribution of the stationary phase
points fi', = m/4,3n/4, lying on the symmetry axes and
M; )(F) is the contribution of the additional points /3, (A.5)
into the x =— y direction, that appear on the outer contour in
the presence of a concave region which only exists when

A(a, b) < 0 (13),

1= 0O(—A(a,b)O(—xy), (43)
O(x) is the Heaviside function. In the formula (42)
2 0)2 0)2
P, | (@) . (@) .
M;Uz_%J[ |S}1/| cos(27S1) + (1—2y) |SZI| cos (27S) |,
(44)
2 2 2
p J ((Dsum + Z(Da ) =
M_Ez) ~— ;L; 7 dd’ cos (27S3)
D) (Pgy — V20 N
_\/E 1( su \/— add)COS(}’(S1+S3))
VST S5
O (D — V20
-2 2 S“‘“S,,;g ) sin (7(S2 +S3)) |, (45)
V19293

(b)

0.003

0.001

—0.001

—0.003

,¥) component (b) a=0.7,

b=0.5 due to an impurity with an effective magnetic moment, J =J(0,0,1) and normalized to M, = m* I,
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where S;,3 correspond to expressions (31) and (34) for
y=-x > 0 directions, and the expressions for (D?l2 (A.10),
S5 (A1), @yugq (A14), Dgyy, (A.13) and S’l’73 (A.15) are
defined in the Appendix. For the y =x > 0 direction, the S, »
functions are defined by the expression (31), while the
expressions for the @, coefficients and the SY, second
derivatives (A.9) are listed in the Appendix.

It is easy to notice, that aside from the frequencies pre-
sent in the LDOS oscillation spectrum (33), expression (45)
also contains harmonics with frequencies defined by chords
[(c12, c14) and (c23, c27) point in Fig. 1] of the small and the
large FC, respectively. Due to the symmetry of the FC, each
one of these harmonics is defined by the FCs characteristics
at only a single point (¢, €14, €23, C27) simplifying the prob-
lem of reconstructing the SOI constants.

For the x = *y direction, the projection of the LMD vec-
tor onto the conductor plane will be parallel to r

M, = =M, = MY () + M (7). (46)
For the x =y direction, in the case of 7 > 1, the LMD oscil-

lations in the conductor plane will be determined by the
expression

7 |(99)* (@9)°
M., =MD~ P2 2)_gin (27S,) — ~2_sin (278,) | .
. 237 | Iy S ES2) ~ pgsin (2751

(47)

Notably, the appearance of in-plane components is a
consequence of the SOI, since in its absence the LMD vector
would be parallel to the J vector.

For the x= —y direction, the M,=—M, LMD compo-
nents (46) can be represented by the following functions:

1) . P3DJo

~ sgn(a — b)
o°)> S ®?)’ e
X (|S}’)| sin (27°Sy) — (|S%’)| sin (2785 )sgnA(a, b) |,
f 2

(48)
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(I)addq)sum
FIS3]

CD? ((I)sum - \/zq)add)

M? ~ —p3pJosgn(a — b) [ sin (27S3)

sin (fSl + S3))

274 /|S7S4]
(Dg ((Dsum + \/Eq)add) ~ :|
cos(rS, + S . 49
2 /ISIST] (7S +83)) (49)

Expression (49) changes its sign upon rearrangement of the
a and b constants. In this way, investigation of the LMD
allows avoiding ambiguity in determining the SOI constants.

4.2. Effective magnetic moment of an impurity lies in the plane of
a 2D conductor

Figure 5 shows the characteristic shape of the LMD
oscillations when the J vector is oriented along the x =y line
(y=Jy,and J.=0).

Based on the properties of the backscattering matrix ele-
ments (40), (41), the formulas for the asymptotes of the M;
components contain terms of three types

Mi(7) = MV F) + M) + MPF), (50)

where M, EW (7) is the scattering contribution with a conserved
spin and a transition between contours (goes to zero when
Js12(t5), M, EL) (F) is the scattering contribution with a
spin flip without a transition between contours (goes to zero
when J Lsi»(fi)), M) (7) is the contribution from the 34
(A.5) additional points on the nonconvex contour and the y
function is defined in (43).

To illustrate this point, we introduce the asymptotic
expressions for the LMD vector components in the x=*y
directions with J =J/+/2(1,1,0). Based on the M; compo-
nent formulas (37)—(39), and g; function symmetry proper-
ties (27), M,=M,, i.e., the projection of the M vector onto
the plane is always oriented along J, while the M, = 0 com-
ponent is oriented along x = —y.

When x=y, JLs;2(0(n/4)), due to the properties of the
matrix elements (40), (41), the first (M!/(7) = 0) and the third
(y=0) terms of the general expression for M; are absent. The
M, and M,, components of the LDOS vector are equal to

0.003

0.001

—0.001

—0.003

Fig. 5. LMD distribution (M2 + Mg)/M() witha=0.7,b=0.5; J = J/v/2(1,1,0); My =m>J/i*. (a) Arrows indicate the in-plane direction of the M vector. (b)

M. component for the same values of a,b and the direction of J.
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2 02 0)2
(L) (7 2'02DJ0 ((Dl) cos (2rS)) — ((DZ) cos (278
")’( ) 2@[ |S,l/| ( 1) |S/2/| ( 2) )

(619

while the component perpendicular to the plane has the form

Pt [(‘D?)z .

g sin (27°S;) —
2F | |87

2
(I)O
(s”)l sin (2r52)] (52)

For the x=—y, J||s12(0(37/4)) direction, the M(\Ly)(f)
= 0 contribution and the M, =M, components of the magne-
tization contain the terms

(I)O 0
M
(53)
2000 | @2 — 202
Mi2y> ~ p22D~. 0 | Zsum ~ add 005 [2753)
4 V2|85
¥ (@ 20
_ 1( sum T \/— add) coS (f(Sl + S3))
STS3]
O Dy + V2DPoad) . -
_ 5l V20ua) in (F(S +83))|.  (54)
NAY

Formulas (51) and (52) show that in the direction of the
defect magnetic moment J, along the x =y symmetry axis, the
LDOS oscillations in the J direction are only determined by the
backscattering processes between points of the same FC, while
for the x = —y direction that is perpendicular to J, only one har-
monic with a Ar33 = 7t/S; period is due to such scattering.

5. Conclusions

Using Green’s functions (19)—(22) for a two-dimensional
gas with a combined Rashba-Dresselhaus SOI (1) yields the
general expressions for the local density of states (28) and the
local magnetization density (37)—(39) in the vicinity of a point
defect. Scattering of electrons by the defect is accounted for
by the Born approximation. We obtain asymptotic expressions
for the LDOS (30), (33) and the LMD (45) for directions coin-
ciding with the symmetry axes of the Fermi-contours and find
them to be accurate for defect distances that are much larger
than the de Broglie wavelength of the electron.

The LDOS oscillations (30) along the x=7y symmetry
axis, with a period depending on the sum of the radii S;+3S>,
of two FCs, are caused by the backscattering of electrons
between FCs with a conserved spin. For a nonconvex FC, the
LDOS oscillations along the x= —y symmetry axis contain
four harmonics (33) (as opposed to two, as asserted in Ref.
24) Aside from harmonics that depend of the S;+S, sum
of the FC radii, three additional harmonics are present for this
direction and are due to the presence of four £ (A.5) contour
points, where the velocity vector v, (k(f*)) is oriented along
the k.= —k, symmetry axis, and the k(f) wavevector is
at an angle Afst (A.5) relative to it. We note, that backscatter-
ing of electrons from the k(f') points is possible for any
state with v,(k") =-v,(K) except when k' =K. These condi-
tions determine the nonzero amplitude of the harmonics with
S5 + §j (j=1,2,3) periods, where 2kzS5 is the length parallel
to the k, = —k, FC chord direction connecting the f;* points.
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Formulas (31) and (32) show that the ratio Ar;/Ar,,, of
the periods of two LDOS oscillation harmonics depends
solely on the dimensionless SOI constants a, » and does not
contain any other terms characterizing the electronic subsys-
tem. It is possible to find @ and b using two ratios of any peri-
ods. After finding the SOI constants, we can determine the
valuable kp = \/2mer /I parameter from one of the periods.

Determination of the SOI constants from the LDOS oscil-
lations is ambiguous. It is easy to notice that the picture of the
LDOS oscillations is insensitive to rearrangement of the a
and b constants or to the inversion of their sign. Investigation
of the LMD Friedel oscillations can aid in unambiguous iden-
tification of the SOI constants. For example, according to the
results in (46)—(49) in the case when the magnetic moment of
the defect is perpendicular to the xy plane of the 2D electron
gas, the phase of the M, , components of the LMD oscilla-
tions for a > b and a < b differs by 7.

One of the authors (Yu.A.) expresses deep gratitude to
A. N. Omel’yanchuk for many years of productive collabora-
tion and numerous discussions of physics of normal and
superconducting systems.

APPENDIX: ASYMPTOTIC GREEN’S FUNCTIONS

Let’s consider the asymptotic behavior of the go, x, y(F)
(20)—(22) functions for large values of the dimensionless
coordinate, 7 >> 1 . Using the approximate expressions for
the A(x) (24) and B(x) (25) functions for large values of the
argument, |x| > 1

in

A(x) >~ iB(x)sgn(x) >~ — 7 —el (A.1)
we write the integrals (21) and (22) in the form

where ¢ =0, ¢f = (- 1y and ¢ = (- 1!, The exact
form of the @' (f ) functlons and the s1gn before the expression
are clear from formulas (20)—(22). @' (f ) and S(f,) functions
are continuous and bounded for all Values of the argument f.
Calculation of the integrals with respect to f is possible by
using the stationary phase method.*' The points of stationary
phase, f=£*(¢), can be found from

IS;(f, ) ’
Oy

The second derivative, 9°S;/9f? is simply related to the
contour curvature, K;

—0. (A.3)

S/(F) = —keKi(H) (002 +15(7). (A4

We assume that 025, /9f? # 0 . The 2kzS;(f*") term cor-
responds to the FC chord length oriented perpendicular to
the curve normal at the f=f* point.

Keeping in mind the symmetry of the problem, we con-
sider the regions with 0 < f, ¢ < =, the upper half-plane in
the coordinate space and the wavevector space. For the x =y,
¢ = /4 direction, each contour contains a single stationary
phase point /(¢ = n/4) = n/4 (cyy, c2; points in Fig. 4).
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In the x =—y, ¢ = 3n/4 direction, along with the f3'(¢ = 3n/4) = 3n/4 points (¢4, c27 points in Fig. 4), in presence of regions
with a negative curvature A(a,b) < 0 (13) there exist two additional stationary points that do not lie on the symmetry axis
(c26,C28 points in Fig. 4)

3 1 2 )’ (@ = 1P
3S,t4((P =3n/4) = Tn *Afy; Ay = Earcsin (a ) +la )
2ab(2(a +b) + 1)

(A.5)

Using expression (A.1), the asymptotes of the Green’s function components, g;(F) (20)—(22), can be written down in general
form:

Z Z S”(fs‘ (f“)exp (nS (0.f3) + sgnSJ’.’ (f;t)), F— oo. (A.6)
1 12 s

Indices 7 and j enumerate the g;(F) components and the contours, respectively. Summing over s is performed over the sta-
tionary phase points on the j =2 contour.

1. Fermi contours do not contain concave regions A(a,b) >0
At large values of 7, the components of the Green’s function, g;(F) (20)—(22) have the form

in
gi ™~ Z (I)’ exp < AV —> ’ . (A7)
4/ ™ |S" 4 f=fo
For the x =y, ¢ = n/4 direction at the stationary phase point, f{'(¢ = n/4) = n/4
P =15 ey P = @), =0, (A8)
1+ (a+b) T2
o <(a+b) (a+b)2+1:4ab>( (a+b)2+1:(a+b)>
S, (Z Z) _ , (A.9)
(a+b)y/(a+b) +1
the Sy (%, %) functions are introduced in (31).
For the x =—y, ¢ =3n/4 direction, at the stationary phase point, f5'(¢ = 31/4) = 3n/4
. — 15 |a — b| o segn(a — b)
= 1F e O, g, SN D g0 (A.10)
1+ (a—b) ’ V2 ’
3 31 <|a—b| (a—b)2—|—1i4ab>( (a—b)2+11|a—b|>
515 (7>7) = — . (A.11)
|a — b| (a—b) +1
2. The outer FC contour contains convex regions A(a,b) < 0
For the x=—y, ¢ =3n/4 direction, aside from the f5'(¢ = 3n/4) = 3n/4 points, there exist two additional stationary

phase points f3, (¢ = 37/4) (A.5). In this case, the asymptote of the g;(r) functions (20)~(22) contains four contributions:

i, [2n in
g~ —c — @} exp (iS,f——)
I ISl 4/ \p=3n/a
2m ‘ 2m : 2m :
x =2 @} exp (iSzf—EN o @ exp (iSzf—EN +y [ @ exp (iszf—f)‘ . (A12)
NeG 4/ =3n/4 IS5 4 r=f |S3|7 4 =

where (D’l 2,512,871, and f = f3' = 3m/4 are defined by Egs. (A.10) and (A.11), the expression for S5 = S»(f",37/4) is intro-
duced in (34). Values of the CI>27 S», S5 function at the additional stationary phase points of the second contour, f = f§f4 are

i .
+ZCIZ

2@+b)?*+1)|a—b
D37 () + 037 ()] = ((a ) )la | = Oy, (A.13)

V2ab(a+b)\/(a+b)* + 1
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0 (f) = B () =

2a+b)+1
(a+b)+1

(16a%0* — (a — b)) (1 + (a — b)*))(2(a +b)* +1)°

1. V. Kozlov and Yu. A. Kolesnichenko

— Dy, (A.14)

=S (A.15)

s;’( ;}4,3n/4) —

Notably, when a — b the second derivative, S|, — * oo

(A.11) and the first two terms in the (A.12) asymptote go to
zero. With that ®}” = 0 and

T T T T 3n
-~ -~ :2 .Sl_ .
Sl<454> S2(474) SZ(, ) 4>
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