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The use of Shubnikov-de Haas oscillations for determining effective mass is illustrated by a study
of the magnetotransport properties of the two-dimensional hole gas in Si;_,Ge, (x=0.13, 0.36,
0.95, 0.98) quantum wells. For some samples the data cannot be fitted to standard theoretical
curves in which the scattering of charge carriers is described by the conventional Dingle factor.
The reasons for the discrepancies between the experiment the theory are: (i) the effect of spin
splitting on the amplitude of the peak in the SdH oscillations; (ii) extra broadening of the Landau
levels attributable to an inhomogeneous distribution of the carrier concentration; (iii) the coexis-
tence of short and long-range scattering potentials; and, (iv) population of the second energy level
in the quantum well. Ways of calculating the effective hole masses m* for all these cases are pre-
sented and values of m* are found for the heterostructures studied here. © 2012 American Institute

of Physics. [http://dx.doi.org/10.1063/1.4770520]

1. Introduction

One advantage of band engineering in SiGe heterostruc-
tures is the ability of enhance the mobility of the charge car-
riers. In particular, the enhancement of hole mobility is
desirable in Si/SiGe-based materials since p-type devices
limit the performance of complementary MOS type circuits
because of their intrinsically lower mobility. Among various
types of SiGe heterostuctures designed to increase hole mo-
bility puy, strained and high content Ge channel modulation-
doped structures have provided the highest mobility both at
low temperatures, where ;=120 x 10° cmz/(Vos) at 2K
with a carrier density of 8.5 x 10" ecm™2," and at room tem-
perature, where py=3.1 % 10° cmz/(V~s) with a carrier den-
sity of 4.1 x10"?cm™2? This mobility increase comes
primarily from the fact that the effective hole mass decreases
with increasing Ge content.”

The effective mass m* of the charge carriers is an impor-
tant parameter in determining the kinetic and thermodynamic
properties of a conducting system. For example, if m* is
known, then the isotropic two-dimensional (2D) density of
states for a gas of noninteracting carriers is given by n,p = m*
/(mh?). m* of 2D charge carriers can be measured using quan-
tum cyclotron resonance (CR)4 or Shubnikov-de Haas (SdH)
oscillations.” Both methods use a magnetic field to create Lan-
dau levels within the material. In the quantum cyclotron reso-
nance method, the transition energy between Landau levels is
measured directly, but this method is limited by strict specifi-
cations on the experimental conditions and the material under
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examination. The effective mass can also be found from the
temperature dependence of the amplitude of SdH oscillations.
This method introduces some averaging, but typically works
at lower fields than those used in CR experiments and it is a
purely electrical transport measurement. The relative simplic-
ity of SdH experiments is the reason that a majority of effec-
tive masses have been measured in this way. This paper is a
study of the effective mass of Si;_,Ge, (x=0.13, 0.36, 0.95,
0.98) p-type quantum wells (QWs) using the SdH technique.
A number of deviations from the ideal theoretical model show
up in the data owing to structural features of the quantum
wells and the technology used to prepare them and will be dis-
cussed below.

2. Structure of the samples

All the heterostructures studied here have been designed
to have a two-dimensional hole gas (2DHG) in a biaxial
compressive strained Si;_,Ge, alloy channel. Three of the
heterostructures were grown by the molecular beam epitaxy
(MBE) and are labelled samples “A,” “B,” and “C,” with
quantum wells in Si()_g7Ge()‘13, Si0A64Geo.36, and siO.osGeoAgs
channels, respectively. The detailed MBE growth conditions
are as follows. Heterostructure “A” has a 35 nm thick QW of
Sipg7Gep.13 grown pseudomorphically at 870°C on a Si
(001) substrate and is remotely doped from above the QW
with 2 x 10" ecm ™ of boron in a 50nm Si layer grown at
750°C.° Heterostructure “B” is similar with a 10nm thick
pseudomorphic QW of Sigg4Gegzs grown at 450°C and

© 2012 American Institute of Physics
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annealed in situ at 800 °C before completing the structure
with remote B-doping above the QW with 2 x 10" cm ™ of
boron in a 50nm Si layer grown at 600°C.” This kind of
low-temperature QW growth and in situ annealing was used
to avoid the growth-induced roughening of the top
Sip64Geg 36/Si interface typically observed for growth tem-
peratures above 550°C and leads to dramatically reduced
2DHG mobility in the QW for T < 10K.

Sample “C” was metamorphic, with an intermediate
relaxed Si 4Ge ¢ buffer grown on the Si (001) substrate fol-
lowed by a strained Siy0sGeggs QW. In this sample boron
doping was introduced both on top and underneath the QW,
with MBE growth conditions similar to those in Ref. 8; how-
ever, for sample “C” the doping was asymmetric with the
boron-doped Sip4Gegg layers having concentrations of
2% 10" and 8 x 10180m73, respectively, below and above
the QW.

The metamorphic sample “D” Si/Sig 4Geg ¢/Sip.02Geg. 08/
Sip4Gege was grown by a hybrid-epitaxy technique that
used UHV-CVD for the virtual substrate and SS-MBE for
the active heterostructure, consisting of a 20 nm Sig 0>Geg o8
QW grown at 350°C with remote/inverted B-doping to
3.6x 10" cm ™3 Sample “D” was also annealed ex sifu at
650 °C as this had been previously found to yield the highest
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2DHG mobility for this type of sample, 22 100 cm?/(V-s) at
10K. The strained QW for sample “D” was meant to be
“technologically pure Ge,” but high resolution XRD and
SIMS measurements after growth and annealing by revealed
it to be ~98% Ge."”

Conventional Hall bar geometries were found for all the
samples. For samples “A,” “C,” and “D,” the diagonal p., (B)
and off-diagonal p,,(B) components of the resistance tensor
were measured up to 11T, while for sample “B” it was only
measured up to 6 T. The measurements were performed using
a standard lock-in technique at a frequency of 33 Hz and a
current of 10nA for samples “A,” “B,” and “C,” and 100nA
for sample “D”. No overheating effects were observed at these
current levels. The lowest measurement temperatures for the
samples were: 33 mK for sample “A,” 350 mK for samples
“B” and “C,” and 1.45K for sample “D.” The measured
PdB) and p,,(B) curves for these temperatures are shown in
Fig. 1 (where p.(B) represents the resistance per square area
of the 2DHG). These curves exhibit pronounced Shubnikov-
de Haas oscillations for B> 1T and steps representative of
the quantum Hall effect plateaux are observed for sample
“A.” The 2DHG parameters found from the measurement of
resistance, Hall effect and Shubnikov- de-Haas oscillations at
these temperatures are listed in Table 1.
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FIG. 1. Magnetoresistance p., and p., of samples “A” (a) at 7= 33 mK, “B” (b) at 350 mK, “C” (c) at 350 mK, and “D” (d) at T=1.45K.
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TABLE 1. Parameters of 2DHG in strained and remotely doped SiGe QWs.
Sample Quantum channel P kQ PHalls cm 2 DsdH» cm 2 Halls cm?/(V-s) m,my o
A Sig g7Geo.13 3.04 1.9 x 10" 2.1 x 10" 1.17 x 10* 0.21 +0.03 1.02
B Sig64Geo 36 4.78 6.42 x 10" 6.7 x 10" 0.22 x 10* 0.24 = 0.005 1.05
C Sig 05Geo.05 0.247 2.82 x 10" 2.98 x 10'? 0.91 x 10* 0.17 + 0.01 44
D Sig 02Geo.0s 0.16 1.62 x 10" 0.95 x 10'? 221 x 10* 0.12 *+ 0.005 8.6
0.68 x 10" 20

3. Determination of m*

The effective mass m* and quantum scattering time of
the charged particles, which leads to the broadening of the
Landau levels, are usually estimated from the temperature
and magnetic field dependent SdH oscillation amplitude
(AR). AR is the deviation of the adjacent maximum and min-
imum of the resistance from the averaged monotonic resist-
ance Ry and is a function of magnetic field B. The change in
resistivity (i.e., conductivity) of the 2D gas is a quantum
effect and is considered theoretically in Refs. 11 and 12.
Assuming homogeneous broadening of the Landau levels,
the modulation of the electrical resistance is'*

>/ Ws
1+4
i ;<sinh‘l’s>

s 2nsep
xexp| — cos —sn)|, (D)
W Ty ho,

where W =2n2kBT /(o) determines the temperature and
magnetic field dependences of the amplitude of the oscilla-
tions and .= eB/m* is the cyclotron frequency. The Fermi
energy for the 2D case is given by &y = nh’n/m*, where n is
the concentration of charge carriers. In practice, the sum (s)
in Eq. (1) can be taken to be 1, i.e., s =1, which is correct if
.7, < 1 as in the case of our samples. The second factor in
the sum (called the Dingle factor) describes homogeneous
broadening in the Landau levels due to a finite quantum state
lifetime 7,. It should be noted that this lifetime differs'?
from the Drude transport lifetime t which defines the con-
ductivity ¢ = ne*t/m*. We found that t for our samples is
almost independent of temperature and magnetic field within
the ranges studied here. We assume that 7, is also independ-
ent of magnetic field and temperature, so it is not involved in

pu(B) = py' x

In[(AR/Ry)(sinh(¥)/¥)]

the following analysis. Finally, the first term in the sum
describes the damping of the SdH oscillations caused by
temperature broadening of the Fermi function.

The mass and concentration of carriers can be found
from the period and amplitude of SdH oscillations (at dif-
ferent temperatures) as a function of inverse magnetic field
by plotting In[(AR/Ry)(sinhW)/¥'] as a function of 1/(w.7)
or 1/(uB), where p is the carrier mobility (Dingle plot). The
argument of the exponential term in Eq. (1) can now be
rewritten as —no/(w.1), & =1/1,. According to Eq. (1), plot-
ting the points corresponding to the extrema with different
numbers v of Landau levels should result in a straight line
with a slope proportional to wo. Then the effective mass m*
becomes the fitting parameter.'* According to Eq. (1), for
an extremely strong magnetic field (1/w.1—0) (sinh¥)/¥
so this straight line should bisect the In[(AR/
Rp)(sinhW)/W¥] axis at In 4 ~ 1.386. Furthermore, the experi-
mental data for a plot of In[AR/Ry] vs In (W/sinh'¥,) — 7o/
(w.1), which can be used to find o as a fitting parameter,
should also result in a straight line with a gradient equal to
unity. '

However, it turns out that in many cases the experimen-
tal data could not be exactly fitted by a single straight line
for all magnetic fields, but instead deviates from that at small
values of the arguments and has different intercepts.

An example of the method described above for deter-
mining m* is shown in Fig. 2 for sample “B.” From this anal-
ysis m* was estimated to be 0.24 mg (where mg is free
electron mass) and o= 1.05. The solid line on Fig. 2 is the
straight line predicted by Eq. (1) with an intercept at In 4
which is as good fit to the experimental data. Figures 3-5
show similar plots for the other samples; these manifest a
number of deviations from the dependence predicted by

—1,
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FIG. 2. Plots for self-consistent determination of the effective mass m* and the parameter o for sample “B” at different temperatures (a) and magnetic

fields (b).
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FIG. 3. Plots for self-consistent determination of the effective mass m* and the parameter « for sample “A” at different temperatures (a) (solid line is theory'?)

and magnetic fields (b). The dashed line is a guide for the eye.

Eqg. (1), both quantitatively and qualitatively, and are typical
of the deviations seen in many previous reports. In the fol-
lowing discussion below, we show how these deviations
may be related to structural features of the QWs and the
technology used in their preparation.

4. Deviations from the theory

4.1. Influence of Zeeman spin splitting

In the Dingle plot of Fig. 2(a) for sample “B,” the data
for weak magnetic fields in the limit 1/w.t—0 lie on a
straight line with an intercept at In 4. However, for strong
magnetic fields (1/m.t < 1.3) a small downward deviation is
observed. This is because the amplitude of the SdH oscilla-
tions is less than expected in the theory, owing to spin (Zee-
man) splitting affecting the maxima, and changes in the SdH
oscillation shape as the resistivity approaches zero at the
minima (see Fig. 1(a)). In the limit of strong magnetic fields
the spin splitting obviously splits the maxima of the SdH
oscillations and these extremes are clearly not included in
the m* calculation; however, for intermediate magnetic
fields the spin splitting may not be fully resolved, but can

still cause a drop in the observed the oscillation amplitude
and lead to a deviation from the theory.'?

4.2. Extra “inhomogeneous broadening” of the Landau levels

Attention has been drawn to a nonlinearity in the In
[(AR/RO)(sinh¥)/¥'] vs 1/(w.7) dependence in high-mobility
systems in Refs. 15 and 16, for instance. At low magnetic
fields the reason for the deviation from the theory is as fol-
lows: it is assumed'® that in some cases (mainly in high-
mobility systems with a 2D gas of charge carriers) the nonli-
nearity is caused by spatial variations (in the 2D gas plane)
in the electron concentration and hence in the Fermi energy.
Thus, the oscillation extrema in different parts of the sample
occur at slightly different magnetic fields, so that the total
oscillation amplitude is lower than for a homogeneous sam-
ple. This leads to an additional effective broadening of the
Landau levels (so-called “inhomogeneous broadening™)."®

The formation of the SdH oscillations in the case of
long-range fluctuations (i.e., in the plane of a 2D gas) in the
potential, electron concentration, and Fermi energy are
described by a Gaussian in Ref. 16. It was shown that an
additional term —[nder/(iw.)]? appears in the argument of

2 :
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FIG. 4. Plots for self-consistent determination of the effective mass m* and the parameter o for sample “C” at different temperatures (a) (hollow symbols indi-
cate calculations with 6" = py (B=0) and the solid symbols, calculations taking the magnetic field dependence of the monotonic magnetoresistance back-
ground into account) and magnetic fields (b). The dashed line is a guide for the eye.
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the theoretical model of Ref. 12 for m*=0.12m (a) and =8 (b); with the existence of two levels of magnetic quantization taken into account for
my* =my* =0.12myq (c), o1 =8.6, ap =20 (d), and m* =0.12mg, my* =0.147Tm (e), oy =6.4, 0, =24 (f) calculated according to the theory of Ref. 21. The
inset shows an FFT of the SdH oscillations at 7= 1.45 K and indicates two periods.

the exponential in Eq. (1). The exponential factor in Eq. (1)

therefore becomes
2hon\*
m*o, '

[ n

exp|—

WeTq

The first term in the exponent still describes collisional
broadening of the Landau levels and is inversely propor-
tional to the magnetic field. The second term now accounts

@)

for the “inhomogeneous broadening” of the Landau levels
and is inversely proportional to the square of the field.

Figure 3(a) illustrates the possibility of describing the
experimental dependences of ¥ =In [(AR/Ry)(sinh¥)/¥] on
X=1/(w.t) by the polynomial ¥ =—aX —a)X* + const
where, according to Egs. (1) and (2), a; = nt/t, and a, = (2
h‘cép/m*)z. In this approximation m* = (0.21 = 0.03)m, and
o= 1.02 are found from the linear term (dashed line in Fig.
3(a)) and op=4x 10°cm™2, or only 2% of pguy=2.1
x 10! cm72, from the quadratic term. !’
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4.3. Large positive quasiclassical magnetoresistance

For sample “C” the above procedure was applied using
the resistance in zero field (po~ 1/d). The Dingle plot for
all the experimental points results in a straight line (hollow
symbols in Fig. 4(a)). However, extrapolation of this line to
1/w.1—0 (dashed line in Fig. 4(a)) does not give an intercept
at In 4. The reason for this difference from Eq. (1) is the
presence of a large positive change against the monotonic
background of the magnetoresistance (see Fig. 1(c)). This
positive change is well described by the function p,.(B)/
p(0) B as predicted by quasiclassical theory'®!® with
the combined influence of a short-range potential from the
scattering centers in the quantum channel and the long-range
potential from impurity atoms in the remote doping layers
taken into account. This monotonic background causes a
shift in the resistance at the minima and maxima in the SdH
oscillations; it does not result from a constant p,, but from
the values pp=po+ Ap(B) which are determined by the
change in the monotonic background from the magnetore-
sistance. To include this monotonic background, the calcula-
tions with Eq. (1) were done using pp instead of p,.
Therefore, the dependence of In[(AR/Ry)(sinh'¥)/¥] + In[pB
(B)/pg] on 1/(uB) (up to a constant term) should be used
instead of the dependence of In [(AR/Ry)(sinh'¥)/¥] on
1/(uB) to obtain the abscissa in Fig. 4(a). The solid points in
Fig. 4(a) indicate the experimental data and the solid corre-
sponds to the theory of Ref. 12 and yields In 4 as 1/(w.1) — O.
Based on this, appropriate adjustments were made in the
curves of Fig. 4(b). The estimated effective mass of sample
“C”ism*=0.17mg and « =4.4.

4.4. 2D systems with two populated subbands

The results of the calculations for sample “D” according
to the theory of Ref. 12 are shown in Fig. 5. The experimen-
tal curve (Fig. 5(a)) is highly nonlinear and has a kink at
B ~3.5T, and for this value one of the curves in Fig. 5(a)
can be obtained with m* = 0.12 m,. However, two values of
o are found. For strong magnetic fields, i.e., before the kink
in Fig. 5(a)), a value of o =3.3 is found. At lower magnetic
fields this value is approximately «=6. The experimental
curve in Fig. 5(b) is also highly nonlinear, but the data points
for different magnetic fields can be arranged on a single curve
by taking o = 8. Fast Fourier transform analysis of the oscilla-
tory part of p,(B) (see inset in Fig. 5(b)) revealed the presence
of two maxima. From these data and the effect of “beating”
observed in the SdH oscillations (see Fig. 1(d)), we conclude
that two populated hole subbands exist, so there are two sets of
SdH oscillations. The frequencies f; =19.5 T and f, = 14T are
found and correspond to first and second subbands with hole
concentrations p; = 2ef;/h=0.95 x 10" cm ™2 and p, = 2efy/
h=0.68 x 10?cm ™2, respectively. At the same time, the sum
of these values, i.e., p; + p», yields a concentration within 1%
of that obtained from Hall measurements. Thus, we conclude
that the simple theoretical model'? does not apply to this case.
Early models that describe the magnetoresistance of 2D sys-
tems in the presence of two populated subbands®>*' do not
give a successful description of the experimental results and
the theory of Ref. 21 is inapplicable here because the magnetic
quantized subbands are not completely filled. The most suc-
cessful description of our data is obtained by using the theoreti-
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cal model of Refs. 23 and 24, where the resistance of the 2D
system is given by**

p=p"" + p'" + p®, 3)

where p© is the classical resistance, p'" is the first-order
quantum correction describing the SdH oscillations, and p®
is the second-order quantum contribution. The classical re-
sistance is

0) _ m* wgvs + UOU’%
T2 2 2
eps i+

p )

Here p,=p; + p, is total density of charge carriers and o, is
the cyclotron frequency, The characteristic rates vy, v,, and
Vg are given by

P1\ P2\ tr
Og = | — |0 + | — |0y + U}y,
s (ps) 11 (p;) 22 12

p2 tr pl tr tr
v, == o}, + | — + 2012 — v},
’ (ps) 11 <p5> 22 12

D (012 — )2p2
vy = — D= Ulr v Utr v o 12 s
0 Vr7 ( nt 12)( 2+ 12) 4p1ps

where the v;; are the elastic quantum scattering rates in the
absence of a magnetic field and the v;" are transport rates
for intrasubband scattering. The first-order quantum contri-
bution is**

2n(er—¢;)

2m*
M —_y
ho,

p =

)

2pj tr tr:l
—= V. + Uy, | €Xp(—0;)Ccos
62[7‘; ,;2 |:pY Jj 12 ( ./)

&)

where o; = 7v; /., v;j=1;; + V12, the ¢; are the subband ener-
gies, and / = ¥/ sinh'¥ with ¥ = 27°T/fiw,. The second order
quantum contribution, which describes both the positive
magnetoresistance and the magneto-intersubband (MIS)
oscillations,”> whose maxima correspond to integral ratios of
the subband splitting energy A, =¢, —¢&; to the cyclotron
energy fiw.,>* is given by

2m* [p1 P2 2nA,
) =—|= ole 2 =l e 2 ol e M T cos——— |
e’ps | Ps Ds ha,

(6)

The results of the models given in Refs. 23 and 24 are
shown in Fig. 6(a). The following kinetic characteristics of
the sample were determined: effective mass m* = 0.12my;
o at the two subbands is o; =8.6 and o, =20; A,
=18.7meV; and, v, =4 X 10"s' A simple accounting
for the existence of the two subbands in the models analo-
gous to those for other samples (see Figs. 5(c) and 5(d))
showed that the experimental points form a monotonic
curve when the parameters found according to the theory
of Refs. 23 and 24 are used (this model does not include
the second-order quantum contribution and applies when
the latter is small).

It has been shown'® that for a similar structure to that of
the sample “D” two different values of the effective mass
m*=0.12my and m,* =0.147m, could be expected based
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FIG. 6. The magnetoresistance p,. of sample “D” as a function of the recip-
rocal of the magnetic field (hollow symbols). The solid curves are given by
the theory of Refs. 23 and 24 for the cases m* =m,*=0.12m, (a) and
m* = 0.12mg, my* = 0.147my (b).

on 4 x 4 Luttinger Hamiltonian calculations (for the simpli-
fied case of a rectangular QW). At low magnetic fields
B~S5T, only one broad CR line was observed with an
effective cyclotron mass of m;* =0.12m,, which coincides
with the calculated CR effective mass in the first electric
subband. The width of the CR line has been explained in
terms of CR transitions from these two subbands at differ-
ent fields, which results in significant CR line broadening.'”
Two different values of m* were also reported in Ref. 26,
where it was shown that the lowest hole bound state in the
surface potential well at a GaAs-(AlGa)As heterojunction
interface consists of two subbands, which are degenerate
for k= 0. The lifting of the spin degeneracy for k # 0 owing
to a lack of inversion symmetry at the heterojunction inter-
face gives rise to two cyclotron masses: m;* =0.36m, and
I’nz* = 06)’}’10

This possibility was further explored by using the
above values of the effective mass. Results from experi-
mental studies of the inverse magnetic field dependence of
the resistance in the framework of the theory of Refs. 23
and 24 are shown in Fig. 6(b). A comparison of the data in
Figs. 6(a) and 6(b) reveals no significant difference. At the
same time, a simple accounting for the existence of two dif-
ferent values of m* on different subbands (see Figs. 5(e)
and 5(f)) showed that the experimental points are not from
a single monotonic curve.

For a more precise statement, further study using the cy-
clotron resonance method will be necessary.

5. Conclusion

In this work the 2DHG effective mass m* for a different
Ge concentrations in SiGe QW structures has been deter-
mined on the basis of Shubnikov-de Haas oscillations. The
deviation of our experimental data from a theory for SdH-
related conductivity oscillations'? can be explained by the
following:
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— Spin splitting of the peaks in the SdH oscillations, which
results in a decrease in the amplitudes of the oscillations;

— Extra broadening of the Landau levels which is attributed
to the existence of a 2% inhomogeneous distribution in
the carrier concentration of the 2D charge layer and,
therefore, in their energy. It is believed that the extra
broadening is from the natural variation of the well width
on an interatomic distance scale:'®

— Observation of both SdH oscillations and a large, nonsa-
turating positive quasiclassical magnetoresistance which
is a consequence of the short and long-range scattering
potentials as predicted by the theory.'®

In the case where more than one quantized subband is
filled, it is no longer possible to analyze the SdH oscillations
using the simple model of Ref. 12. In that case, a more
detailed analysis is necessary.
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