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On the theory of electromagnetic fields radiated by an elastic wave in a ferromagnet
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The generation of electromagnetic oscillations by a sound wave in a substance having magnetic
order is investigated under conditions of the normal skin effect. The amplitude of the
electric field and the phase difference of the electromagnetic and sound waves are calculated as
functions of the saturation magnetization, anisotropy energy, magnetostriction constants,
and other parameters characterizing the magnetic material. ©2005 American Institute of Physics.
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Interest in the theoretical study of the interconversion
electromagnetic and sound waves in ferromagnetic me
has heightened in the last decade in connection with the
covery of a family of rare-earth~R! nickel borocarbides
(RNi2B2C),1–4 a significant number of which have magne
order. With the same crystal structure, the borocarbides
exhibit a transition to the superconducting state (R5Y, Lu!,
possess heavy-fermion properties (R5Yb), or demonstrate
coexistence of superconductivity and magnetism (R5Tm,
Er, Ho, Dy! or only magnetic ordering (R5Tb, Gd!. The
superconducting borocarbides are among the so-called
conventional superconductors, the order parameter in w
corresponds tos1g symmetry,5–7 in contrast to the isotropic
s-wave pairing in ordinary metals. Experimental and theor
ical study of the magnetoacoustic processes in magnetic
rocarbides in the normal state can elucidate the influenc
the magnetic order on their kinetic and thermodynamic ch
acteristics. Besides the mechanisms of interconversion o
boson branches of the spectrum which are inherent to no
metals,8,9 magnetic materials have specific mechanisms
excitation and interaction of sound, spin, and electrom
netic waves. Because of the magnetoelastic interaction,
propagation of elastic waves in ferromagnets and antife
magnets is accompanied by oscillations of the magnetizat
Although magnetoacoustic oscillations have been wid
studied theoretically~see, e.g., Refs. 10 and 11! those studies
were limited to the approximation of magnetostatics, and
electric fields were not considered in them. In the pres
paper we study the generation of electromagnetic oscillat
by a sound wave in substances having magnetic order.
consider the case realized in practice wherein the elect
responsible for the magnetic properties are localized in
tice atoms, and the mean free time of the conduction e
tronste is short in relation to the frequencies of the altern
ing fields and the electron cyclotron frequency in the exter
magnetic field.

We start from the following expression for the ener
density of a ferromagnet:
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1E•D
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2M•H~ext!1
1

2
ru̇21

1

2
h iklmuikulm1 f ik~M !uik

1E~r ,t !. ~1!

Here we(M
2) is the exchange energy,wa(M ) is the anisot-

ropy energy, the third term is the exchange energy due to
nonuniformity of the magnetic moment densityM . The
fourth and fifth terms are the energy of the electromagn
field and the energy of the magnetic moment in an exter
uniform magnetic fieldH(ext); H(m) is the magnetic field pro-
duced by the magnetization,E and D are the electric field
and electric displacement, respectively. The next three te
determine the elastic and magnetostriction energies;r is the
density of the ferromagnet,u is the displacement vector o
the lattice points with coordinatesr at time t, u̇ is the time
derivative,h iklm is the tensor of elastic constants,uik is the
strain tensor, andf ik is the tensor characterizing the magn
tostriction.

The energy of the system of conduction electrons wit
dispersion relation«0(p) can be written in the form12

E~r ,t !5E 2d3p

~2p\!3 @«0~p!1d«~r ,p,t !# f ~r ,p,t !, ~2!

where d«(r ,p,t)5l ik(p)uik2(p2m]«0 /]p)u̇ is the addi-
tional energy of an electron in the field of a sound wav
l ik(p) is the deformation potential,13 andm is the free elec-
tron mass. The distribution functionf (r ,p,t) of the elec-
tronic system perturbed by alternating fields is convenien
represented as the sum of an instantaneous equilibrium
tribution function and a nonequilibrium admixture:

f ~r ,p,t !5 f 0~«0~p!1d«~r ,p,t !2dm!

2c~r ,p,t !
] f 0~«0!

]«0
, ~3!
© 2005 American Institute of Physics
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where f 0(«0(p)) is the Fermi function,dm5uik^l ik&/^1& is
the variation of the chemical potential determined from
condition of conservation of electron density, and the an
brackets

^...&5E 2d3p

~2p\!3 S 2
] f 0

]«0
D ...

denotes averaging over the Fermi surface.
The equation of motion of the magnetic moment dens

has the form10,14

dM ~r ,t !

dt
5g@M ~r ,t !3Heff#1R, ~4!

whereg52g2mB /\, mB5ueu\/2mc is the Bohr magneton
andg is the gyromagnetic ratio of the ferromagnet. The
fective magnetic fieldHeff(r ,t) is written as a functional de
rivative of the energy of the ferromagnet with respect
M (r ,t):

Heff~r ,t !52
dW

dM ~r ,t !
, W5E wSd3r . ~5!

The relaxation termR, according to Ref. 10, can be writ
ten in the form

R5
1

t2
S Heff1

1

2g
curl u̇D

2
1

t1
H m3Fm3S Heff1

1

2g
curl u̇D G J , ~6!

where m5M /M , and t1 and t2 are the temperature
dependent relaxation time of the direction and magnitude
the magnetic moment.

It follows from expressions~1! and ~5! that

Hi
eff5Hi

~ in!2
]wa~M !

]Mi
22Miwe8~M2!1a lk

]2Mi

]xl]xk

2ulk

] f lk~M !

]Mi
, ~7!

H(in)5H(ext)1H(m) is the field inside the ferromagnet.
The equilibrium state corresponds to a minimum of t

energy of the ferromagnet, and therefore the equa
Heff(r )52dW/dM (r )50 together with the equations o
magnetostatics determines the equilibrium values of
magnetizationM ~r ! and fieldH(m)(r ). We shall ignore ef-
fects deriving from the existence of domain structure, ass
ing that the equilibrium magnetization is uniform and
found from the equation

Hi
~ in!2

]wa~M !

]Mi
22Miwe8~M2!50. ~8!

Equation~4! must be supplemented by the equation
motion of the elastic medium10,12

rüi5h iklm

]ulm

]xk
1

] f ik~M !

]Ml

]Ml

]xk
1M•

]Heff

]xi

1
1

2g
~curl R! i1

1

c
@ j3B# i2

m

e

] j i

]t
1

]

]xk
^L ikc&

~9!
e
le

y

-

f

n

e

-

f

and Maxwell’s equations

curl H~ in!5
4p

c
j , curl E52

1

c

]B

]t
,

div B50, div j50. ~10!

Here

j5e^vc& ~11!

is the current density,B5H(in)14pM is the magnetic induc-
tion, L ik5l ik2^l ik&/^1&, andv5]«0 /]p.

The system of equations of the problem is closed by
kinetic equation in thet approximation for the equilibrium
component of the distribution function:

]c

]t
1v

]c

]r
1

e

c
@v3B#

]c

]p
1

c

te
5evẼ2L iku̇k , ~12!

where Ẽ5E1 1/c @ u̇3B#2 (m/e)ü2 ¹dm/e is the effec-
tive electric field.

In the local limit we can easily obtain from Eqs.~11! and
~12! an expression for the current density:

j l5tee
2^v lvk&Ẽk2te^v lL ik&u̇ik[s lkẼk1g l ik u̇ik , ~13!

which is a sum of the electronic current and the deformat
current due to the lattice displacement.

The system of equations~4!, ~7!, ~9!–~12! together with
the boundary conditions determines the electromagnetic
acoustic fields arising in an elastically strained ferromagn

Let us consider a ferromagnet with a cubic crystal latt
in a magnetic fieldH(ext)5(0,0,H (ext)) occupying the half
spacez.0. In the case when thex, y, and z axes are di-
rected along the edges of a cube, the anisotropy energy
be written in the form

wa~M !52
1

2
b~Mx

41M y
41Mz

4! ~14!

~we have neglected the influence of the magnetostric
strains on the crystal structure!. For b.0 the crystal has
three equivalent directions of easy magnetization along
x, y, andz axes, and the equilibrium magnetizationM0 will
be parallel to the vectorH(ext). We set

M ~r ,t !5M01M;~r ,t !, H~ in!~r ,t !5H01h~r ,t !,
~15!

where M;(r ,t) and h(r ,t) are small deviations from the
equilibrium values. Noting that for a cubic crystala ik

5ad ik , one can easily obtain from formulas~7! and ~8! a
linearized expression for the effective magnetic field:

Hi
eff5hi1a

]2Mi
;

]xk
2 2S H0

M0
12bM0

2D Mi
;24M0i

we9~M0
2!

3~M;M0!2ulk

] f lk~M0!

]M0i

. ~16!

Under experimental conditions the elastic wave usua
propagates along the normaln to the surface, and the dis
placement at the boundary is assumed to be specified:
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u~0,t !5u0e2 ict, u0'n. ~17!

The character of the processes occurring over a s
ciently extended time interval is determined by the bound
regime, since the influence of the initial conditions is wea
ened because of the dissipation inherent to all real syste
For steady-state oscillations the time dependence of all
alternating quantities has the form e2 ivt.

Assuming that the elastic and magnetostriction prop
ties of the ferromagnet are isotropic, we use the follow
expressions10,15 for the tensorsh iklm and f ik :

h iklm5r~sl
222st

2!d ikd lm1rst
2~d i l dkm1d imdkl!,

f ik5 f 1MiMk1 f 2M2d ik , ~18!

wherest andsl are the velocities of transverse and longit
dinal sound, andf 1 and f 2 are the magnetostriction con
stants. Neglecting effects due to anisotropy of the cha
carrier dispersion relation, we can write the conductivity te
sors ik and the renormalized deformation potentialL ik in the
form

s ik5te2^v lvk&5sd ik ,

L ik5L~«0!S v ivk2
1

3
v2d ikD , ~19!

where L(«0) depends only on the electron energy. Und
these conditionsg l ik50, and the strain contribution to th
current is equal to zero, while the circular componentsu1

5ux1 iuy , h15hx1 ihy of the vectorsu, h, E, and M;

satisfy the equations

F c̄0S H0

M0
12bM0

2D2vGM 1
;2v̄0a

]2M 1
;

]z2

5v̄0h12S f 1v̄0M01
iv

2gt D ]u1

]z
, ~20!

2v2u12st
2 ]2u1

]z2 5
f 1M0

r

]M 1
;

]z
1

B0

4pr S 11
v

vB
D ]h1

]z

1
i

2rg

]R1

]z
, ~21!

2
]2h1

]z2 5 i
4psv

c2 ~h114pM 1
;!

2 i
4psv

c2 B0S 11
v

vB
D ]u1

]z
, ~22!

E152 i
v

ck
B1

; , B1
;5h114pM 1

; . ~23!

Here v̄05v02 i t21, v05gM0 , t215t2
211t1

21, B05H0

14pM0 , andvB5ueuB0 /mc.
The boundary conditions for the electric and magne

fields satisfying system~20!–~23! reduce to continuity of the
componentsh1 andE1 at the boundary of the ferromagn
with free space. Continuity of the normal component of t
energy flux density at the surface of the ferromagnet
formula ~1! imply the following boundary condition for the
magnetization:
fi-
y
-
s.
e

r-
g

e
-

r

c

e
d

]M 1
;~0!

]z
50. ~24!

In the case when the inequality max(B0
2/8prst

2 , f 1M0
2/rst

2)
!1 holds, the nondissipative terms on the right-hand side
equation~21! constitute a small correction. Taking them in
account leads to renormalization of the sound velocity a
rotation of the plane of polarization of the vectoru. If over
the time of passage of the wave through the sample the a
of rotation of the amplitude of the displacement vector
small, then in neglect of dissipative effects the acoustic fi
can be assumed equal to the external field

u1~z,t !5u01
e2 ivt1 iqz, q5

v

st
, ~25!

and Eqs.~20!, ~22! and~23! can be regarded as independe
of Eq. ~21!.

The solution of the inhomogeneous system of differe
tial equations~20!, ~22!, ~23! should be sought in the form o
a sum of the solution of the corresponding homogene
system and an induced solution describing the field indu
by the sound wave. The induced solution of equations~20!
and ~22! is a plane wave,M 1

;(z,q)5M 1
;qeiqz, h1(z,q)

5h1(q)eiqz with wave numberq and amplitudes

h1~q!5
qu01

D
F B̄01

4pS f 1v̄0M01
iv

2gt D
d1

G , ~26!

M 1
;~q!5

qu01

d1
F v̄0

D
B̄02 i S f 1v̄0M01

iv

2gt D
3S 11 i

4pv̄0

d1D D G , ~27!

where

d1[d1~v,q!5v̄0S H0

M0
12bM0

21aq2D2v,

D5~qd!22 i S 11
4pv̄0

d1
D ,

d5c/A4psv is the depth of the skin layer,B̄05B0(1
1v/vB).

From Eqs.~23! it is easy to find the ac electric field

E1~z,q!5E1~q!eiqz,

E1~q!52 i
v

c
u01

H B̄0

D S 11
4pv̄0

d1
D

2 i

4pS f 1v̄0M01
iv

2gt D
d1

3F11
i

D S 11
4pv̄0

d1
D GJ , ~28!

induced by the sound wave. In the limitqd→0 we obtain
E1

(0)(q)5u1B̄0v/c, and the effective field
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Ẽ15E12
v

c
u1 B̄0 ~30!

goes to zero. The conduction current and the fieldẼ is pro-
duced by the following term in the expansion of~28! in
powers of (qd)2:

Ẽ1~q!52 i ~qd!2
v

c
u01

B̄0d114pS f 1v̄0M01
iv

2gt D
d114pv̄0

.

~31!

Separating Eq.~31! into real and imaginary parts,
el

tia

sk
a

s

-
d

Ẽ1~q!52
i ~qd!2vu01

c@V21~z14p!2t22#

3H V@B̄0~v0z2v!14p f 1v0M0#

1~z14p!t22S B̄0z14p f 1M02
2pv

g D
2 i4pvt21F B̄02S f 11

1

2
~z14p! D M01

v

2gG J ,

~32!

we find the phase difference of the electromagnetic a
sound waves:
w52
p

2
2arctan

4pvt21F B̄02S f 11
1

2
~z14p! D M01

v

2gG
V@B̄0~v0z2v!14p f 1v0M0#1~z14p!t22S B̄0z14p f 1M02

2pv

g D . ~33!
the

nd-

re
ns.
ave
ua-
-
n-

d

Here

V5v0~z14p!2v5Re~d114p!,

z5
H0

M0
12bM0

21aq2.

For the asymptotic representation of the magnetic fi
and magnetization for (qd)2!1 it is sufficient to consider
only the zeroth approximation in the small parameter (qd)2:

h1
~0!~q!5 iqu01

B̄0d114pS f 1v̄0M01
iv

2gt D
d114pv̄0

, ~34!

M 1
~0!;~q!5 iqu01

B̄0v̄02S f 1v̄0M01
iv

2gt D
d114pv̄0

. ~35!

The solutions of the homogeneous system of differen
equations corresponding to~20!, ~22!, and ~23! describe
modes which are damped at distances of the order of the
depth. Assuming that the spatial dependence of all the v
able quantities is of the form eikz, we obtain from~20!, ~22!,
and~23! the dispersion relation giving the wave number a
function of frequency:

D~v,k!5~dk!22 i S 11
4pv̄0

d1~v,k! D50. ~36!

In the casead2! H0 /M0 12bM0
2 equation~36! takes

the form

k2~v!5
i

d2 S 114p
~v0

21t22!z2v0v1 ivt21

~v0j2v!21j2t22 D , ~37!

wherej5H0 /M012bM0
2. From the two roots it is neces

sary to choose the solution for which the mode is dampe
z→`.
d

l

in
ri-

a

at

Applying the boundary condition~24! and using Max-
well’s equations, we can easily express the amplitudes of
skin solutions,

M 1
s ~k,q!52

q

k
M 1

;~q!,

h1
s ~k,q!52

q

k

d1~v,k!

v̄0
M 1

;~q!, ~38!

E1
s ~k,q!5 i

vq

k2c

d1~v,k!14pv̄0

v̄0
M 1

;~q!

in terms of the amplitude of the displacement at the bou
ary of the ferromagnet. HereM 1

;(q) is determined by for-
mula ~27!. It follows from expressions~38! for q5v/st

!uku;d21 that the amplitudes of the skin-effect modes a
small compared to the amplitudes of the forced oscillatio

The electromagnetic waves radiated by the sound w
~25! in a ferromagnetic insulator are determined by the eq
tion of motion of the magnetization~20! and the wave equa
tion, which for a ferromagnetic insulator with dielectric co
stant« becomes

2
]2h1

]z2 5«
v2

c2 ~h114pM 1
;!. ~39!

It follows from this equation that the magnetic field excite
by a sound wave with wave numberq5v/st is significantly
less than the ac magnetization:

h1'4p«
st

2

c2 M 1
;!M 1

;52 i
q

d1
S f 1v̄0M01

iv

2gt Du1 .

~40!
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The electric field induced by the sound wave in a fer
magnetic insulator and the phase difference of the elec
magnetic and sound waves are determined by the exp
sions

E1
;54p

v

kc
M 1

;52 i
4pv

d1c S f 1v̄0M01
iv

2gt Du1 , ~41!

w52
p

2
2arctan

t21vF2 f 1M01
1

2g
~v2zv0!G

f 1M0@z~t221v0
2!2vv0#2

1

2g
zt22v

.

~42!

From the homogeneous system of equations of the proble
is easy to obtain the dispersion relation that determines
spectrum of free oscillations of the electromagnetic field:

k25«
v2

c2 S 11
4pv̄0

d1~v,k! D . ~43!

It follows from the boundary condition~24! that the ampli-
tudes of the free oscillations of the electromagnetic field a
magnetizationM 1

f in a ferromagnetic insulator substantial
exceed the amplitude of the induced oscillations:M 1

f

.(c/«st)M 1
; .

The electric fields produced by a sound wave in a s
stance having magnetic order depends substantially on
magnetostriction constants and magnetization relaxa
times. In the case when the relaxation times of the magnit
and direction of the magnetization are large,t21[t1

21

1t2
21,vuv0u, the phase differenceDw of the electromag-

netic and sound waves tends toward2p/2. The deviation
Dw from 2p/2 is maximum for frequencies of the order
v;uv0u;t21.
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