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It is shown that in equilibrium superconducting structures with s-wave pairing, the unique part of
the phase of the complex ordering parameter (i) transforms into the longitudinal component of
the vector potential as in the Abelian Higgs model of relativistic field theory. This analysis is based
on a microscopic Hamiltonian of the system in the presence of an external static magnetic field and
infinitely small Cooper pair sources. Impurities and nonsuperconducting barriers are assumed to be
present, and the quantum nature of the induced electromagnetic field is taken into account.
Quantization of the latter is done under the condition Ay =0 (A is the scalar potential) that the
invariance with respect to time-independent gauge transformations is not broken. Exact relations
determining the quasi-averages (i) are established. These relations play a key role in the new
derivation of the mean-field equations discussed in this article. A new physical treatment of the
Josephson effect (without a “phase difference”) is proposed on the basis of these results and some
of its consequences are discussed. Published by AIP Publishing.
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1. Introduction

The concept' ™ of “soft” generation of gauge fields by

spontaneous violation of local gauge symmetry (the Higgs
mechanism) is one of the cornerstones of modern particle
theory.*® Although the fundamental ideas'™ have been
definitively confirmed only recently in high energy physics
(with the experimental discovery of the Higgs boson’®), it is
well known*®? that the Higgs mechanism is actually real-
ized at lower energies, in particular, in the phenomenon of
superconductivity.'®* (According to the definition of Ref.
6, “a superconductor is simply a material in which electro-
magnetic gauge invariance is spontaneously broken.”)

As an example, the Meissner effect, in which an external
static magnetic field does not penetrate into the depth of a
bulk superconductor, is usually invoked.*®° This can be
interpreted as the “acquisition of mass by a photon.” This is
not the only analogy with high energy physics. In particular,
there has recently been a report'® of the experimental detec-
tion of a low-energy analog of the Higgs boson in supercon-
ductors which had been predicted theoretically.'®'” (It
should, however, be kept in mind that in superconductors
there is no fundamental Higgs field, and spontaneous viola-
tion of electromagnetic symmetry takes place dynamically
through the formation of a Cooper pair condensate.'*'#)

We want to bring attention to another analog which has
not been noticed before in the literature: the transformation
of the unique part of the phase of the complex superconduct-
ing ordering parameter (the “Goldstone” field of the model of
Ref. 1) into a longitudinal component of the static magnetic
field (the electromagnetic field in the model of Ref. 1). In
order make it easy to grasp the main point of this article, we
recall the key assumptions of the Abelian model,' which are
of direct concern for the subject of our discussion.
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The Lagrangian of the classical Higgs model of a com-
plex scalar field ¥ = ¥ + iV, (charge ¢) interacting with
an electric field A, = (Ao, —A), is given by

Ly = Ly[¥" ¥4,

_ Jd%[[aﬂ — igA, (x1)], W (k1) [0 + igA* (x1)] ¥ (rr)

MNP~ B~ F ()R (er) |, (1)

16
where M? is a parameter (positive or negative) and F w
= 0,A, — 0,A, is the electromagnetic field tensor. (In this
section we use the metric and four-dimensional notation of
Landau'® but take /i = ¢ = 1.) The Lagrangian (1) is invari-
ant with respect to the local gauge transformation

Ay — Ay — 0uy,

W Wellt W Wre Ly = y(rt). 2)

When M? < 0, however, the ground state of the system

[-M?
A, =0, Y= o el ¢, = const € [0,27), (3)

does not have this property. In order to understand the conse-
quence of violating the local gauge symmetry, it is conve-
nient to proceed to a polar representation of the field V.
Selecting a ground state (“vacuum”) from the condition
¢y = 0, we write

W(rt) = [[Wol + p(r1)]e, )

where c]) /q has the significant of the “Goldstone” field.
Substituting Eq. (4) in Eq. (1) and transforming to the uni-
tary gauges’
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make it possible to avoid the Goldstone field. Assuming that
the “physical” fields p and A, are small quantities and
expanding the Lagrangian (1) to terms of second order, we
find the corresponding equations of motion

8,0"p +mp =0, m =42|Wo|’, (6)

O,F"" = m2 A, m3 = 8ng?|Wol”. (7

Equation (6) describes the massive Higgs boson (mass
my) and Eq. (7) represents the Proca equation for a massive
vector field (mass mA).5

Solving Eq. (7) for A, requires the additional condition

auAﬂ = Oa (®)

which is known from classical electrodynamics as the
“Lorentz gauge.”'® The condition (8) makes it possible to
eliminate the scalar potential Ay, which is not a dynamic var-
iable, from the discussion. Thus, for spontaneous breaking of
the local gauge symmetry, the vector field A, in addition to
the two independent transverse components (A | ) of the free
field, acquires a longitudinal component (A|) owing to the
phase W (the Goldstone phase ¢ /).

In the case of a time-independent field A = A(r), Eq.
(7) and the condition (8) convert to the following:

V xVxA=-miA, ©)

VA = 0. (10)

Equation (9) is formally the same as the fundamental theory
of the phenomenological theory of London'*'? (with the
identification m% -1/ iz, where /; is the London penetra-
tion depth). Under this condition (10), which denotes the
vanishing of the longitudinal component of the vector poten-
tial, the conservation law for the superconducting current
has a simple consequence, which has the form j= —A/
(4727) in the London theory.

Although Eq. (9) correctly reflects the existence of the
Meissner effect, on the whole the London theory does not
provide an adequate description of other aspects of the phys-
ics of superconductivity.

The more refined phenomenological Ginzburg-Landau
theory,'” which holds for temperatures T close to the
superconducting transition temperature 7, begins with the
free energy functional Fg = Fg [P7, W, A], where the
complex field ¥ has the significance of a superconducting
order parameter. The functional F; can be obtained for-
mally from the Lagrangian (1) for the case of time-
independent fields (¥ =Y¥(r) and A = A(r)). Setting
q=2e (e is the electron charge) and defining the new
constants

M? 14l
a=(T—-T.) = b= L

where m is the “electron mass,” we obtain
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P b
Y WA= Ly A
j:GL[ ) ) } £H|:2\/%52\/%7 :|
1
_ Jd3r {_ IV — 2eA] + a¥[?
4dm
|4
(V x A)?

87 (0

by
~ ¥
+2||+

For a given temperature T < T,, the functional (11) is mini-
mized by the equilibrium values of the fields ¥ (|'¥| # 0)
and A, which satisfy the nonlinear Ginzburg-Landau equa-
tion and the Maxwell equation, respectively. Then the super-
conducting current is given by

2
_ vy —wvw) S 2 wPA (12)

2m m
As in the case of the Higgs model (1), in Egs. (11) and
(12) it is convenient to proceed to the polar representation
W(r) = |¥(r)[e*™). In a singly-coupled superconducting
phase ¢ = ¢(r), there is a unique function of coordinates
(¢ :(ES), so it can be avoided by using the static analogy of

the unitary gauge (5)

A—>A—iVJ>. (13)
2e

Now, however, as opposed to the London model (9), the cur-
rent conservation law Vj = 0 does not assume that part of
the vector potential vanishes, since |¥(r)| depends on the
coordinates. In other words, a transformation — 2_13 V(}S — Ay
must take place.

It should be said that the nonphysicality of the single-
valued part of the phase of the order parameter in the
Ginzburg-Landau theory was noted long ago.?® But the fun-
damental question was left unanswered: where did the vari-
able (}S “disappear” to after the gauge transformation (13)?
Our arguments (by analogy with the model of Ref. 1) require
a strict foundation in terms of a rigorous microscopic theory,
given the dynamic character of the breaking of electromag-
netic symmetry. We strongly emphasize that the validity of
using the transformation (13) can only be proved by taking
into account the quantum nature of the electromagnetic field
induced in a superconductor, since the procedure for quantiz-
ing that field depends substantially on the choice of gauge
condition. In addition, the phenomenological Ginzburg-
Landau theory is not capable of describing the most interest-
ing (in terms of the subject of our article) case of supercon-
ducting structures with a Josephson coupling'**' and is
clearly not applicable for temperatures T < T,.. The micro-
scopic theory developed in the following sections is free of
these shortcomings.

2. Initial microscopic model

The starting point for our discussion is the microscopic
Hamiltonian in the Heisenberg representation (see the con-
clusion to Appendix A)

j{:g{eﬂ‘g{b"‘g{imp"’g{BCS_’_j{emv (14)
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2m

o

H,=|dr li Z [V +ieA(rr) + ieA.(r)]y; (rr)
v

x [V — ieA(rt) — ieA.(r)]|y,(rt),

H, = d3r21//:(rt) (0] ap (P p(re),
% op
Himp = | dr Z Yl (re) (o™ ap(0)Yg(r),
v o,f
Hiaes = = 5 | rle(e)] S5 (0, (00 o) (e,
v o

Hop = %Jd%{EQ(rt) +(V x A)z(n)}

E(rt) = — QA(rt),

> V x A (rt) = H(r1). (15)

Here H , is the Hamiltonian of a system of noninteracting
electrons in an external magnetic field H,

VxA,=H, VA =0, (16)

where e and m are the charge and mass of the electron and V
is the volume of the superconducting structure. The field
operators for creation (l,b;r) and annihilation (i) of electrons
with spin o =T, | obey the usual anticommutation relations

Uale) WD) = 60’ =),
Walen) (0], = [ ()] =0,

where [A,B], = AB + BA, and d,; is the Kronecker symbol.

The contributions H j, and H i, describe the possible
presence of nonsuperconducting layers (barriers)®** and
frozen-in impurities,”® respectively. If the corresponding

potentials U " and 0™ are non-exchange potentials, their
dependence on the spin indices reduces to d,p. This assumes
"y = UPap(r) and [0,
=U impa/;(r) are smooth functions of the coordinates; see the
example in Fig. 1.

The term FH pcg describes the effective electron-electron
attraction leading to pairing.'"'* The interaction parameter
g = g(r), is a smooth function of position, is negative in the
superconducting layers, and equals zero in the nonsupercon-
ducting barriers (see Fig. 2).

that the matrix elements [U

U (fﬁ (x)

Fa 1 o x

Fig. 1. Spatial dependence of the matrix element [U h]y - Here the nonsuper-
conducting barrier is assumed to be homogeneous along the y and z axes and
Ap is the Fermi length (4r ~ 1/PF). (See Ref. 24 for a method for analyti-
cally constructing functions of the type Uy = UL (x).)
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Fig. 2. Spatial dependence of the electron-electron interaction parameter
((¢ < 0)) and the auxiliary function g,(g. .0 — g), used in Section 5.

The induced electric field A = A(rf) corresponds to the
Hamiltonian # .. According to the explanation in the
Introduction, the field A must be regarded as quantized. As
the form of H ., implies, when A is quantized we assume
a gauge Ay =0, the use of which requires an explanation.
In fact, in nonrelativistic solid-state physics problems, a
transverse (Coulomb) gauge VA = 0, is more customary.>
A transverse gauge, however, completely breaks the
invariance with respect to local gauge transformations, so
is entirely unsuitable for the purposes of this article. On
the other hand, the gauge Aj=0 leaves the Hamiltonian
invariant with respect to the time-independent local gauge
transformations

A(rt) — A(rt) + Vy(r),
U, (rt) — Xy (re),

In addition, despite claims in the literature,”® the gauge
Ao =0 does not by any means lead to “loss” of Gauss’ law
(see our explanation in Appendix B).

In the gauge Ay =0, the commutation relations for the
electromagnetic field operators have the following form:

Wl (rt) — Wl (r)e™ . (17)

[881‘;1 (rt),A_,«(r’t)} = —idnd;o(r —v'),
0A; 04, , .
[Ai(rt),A_i(r’t)} = {8[ (rt),a—t’(r t)] =0, i,j=x,y,z
(13)

Naturally, it is assumed that the electromagnetic field opera-
tors commute with the electron operators 1/, and /. If the
induced electromagnetic field falls off fast enough toward
spatial infinity, the following expansion holds for the opera-
tor A:*’

A:AL-FAH, (19)

where

VA, =0, VA =0, Ja’3rAL(rt)AH (r) =0,

1 5,V x A1)
AL(rt)—4nVr><Jd r ]
1 VA(r't)
Ay(rt) = ——V, [ & :
1rt) 4nv J r [r —r|

Given the commutativity of the transverse (L) and lon-
gitudinal (||) components of the operators, the commutation
relations (18) imply that
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= i4nd;0(r —v') +i-=

|:8AJ_1‘

o (l’[),ALj(l'/l):

OAy;, . OAy; ,]_
ot (r), ot )| =
00 1
Yoo e — v’

[AJ_I‘(”)»AJ_j(r,t): = {

N -
|: a” (l‘t) A”}(l' l‘) = —

[Ayen), Ay ()] = {82/ (rr),ag,j(r't)} =0,

- [aatl (rt), Alj(r t)] i,j=2x,y,z
(20)

Since the Hamiltonian H contains equal numbers of elec-
tron creation and annihilation operators, there is an obvious
integral of motion—the total number N of electrons, with

(N, H] =0, N = JdSrne(rz),
%4
= Ui (e, (re), @1

where 1,(rf) is the number density of the electrons. The
operator /N” generates the global gauge transformations
Uo = Uo(x) = e,
Uo (10, (r))Ug * (20) = €704, (r1),
Uo(xo)¥ (1)U (29) = ™%y (re),
Uo(10)A(r)) Uy (10) = A(r1), (22)

Ao = const:

which leave H invariant. Using the equation of motion for
the operators in the Heisenberg representation, we obtain the
law of charge conservation

0N, (rt)

% + Vij(rt)

=0, (23)

where

=i = 334 2 (%) [905 ()]e0)

o
2

& [AGNA)] Y (), (), 24)

is the current operator and the Maxwell equations are

OE
V x H=4nj+ = 5 (25)
oH
VXE=-— o (26)

The conservation law (23) and the Maxwell equation
(25) yield

[H ,VE — 4ren,| = 0. 27
This condition, along with the condition

[N, VE — 4nen,] = 0, (28)
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guarantees the presence of a common system of eigenvectors
for the operators H, N, and VE — 4ren,. For the physi-
cally realizable states, we have

NIN,Egn,n;) =NIN,Egn,n;),

HIN,Exy,n:) = Exn|N,Exn,ni),

(VE —4nen,)|N,Eyn,n;) = —4men|N,Exn,ni), ni=n(r).
(29)

The third of Eq. (29) (the coupling equation) represents
Gauss’ law, where #7; is a specified density of the distribution
of ionic charge. The dynamic invariant VE — 4nen, gener-
ates the local gauge transformation (17) with a c-number
function y = y(r)

Ur = Ui[y] = Ua[x]Uu[x] = Us[2]UA[x],

Uslr) = exp| [ @t WE(rr)]

rex(r )] :

U [x)A(rt)UT ' [1] = Alre) + Vy(r),
UL[x)W,(rt)U; ' [1] = e/, (re),
Ui [z (et) U (] = e 2y (re), (30)

where the function y = y(r) is specified over all space and is
of class C, (continuous, with all partial derivatives up to the
second order, inclusive) and falls off as |r| — oco. The math-
ematical conditions formulated here ensure uniqueness of
the function y = y(r), which can be written as the condition

1

Zi{)(V}ydl) =0, 31

r

Uylx] = exp [—ze

<%

for an arbitrary closed contour I'.

If the system is in the normal state (T >T,), in order to
obtain the full set of equations for the observed quantities we
shall take the average ((...)) over the grand canonical
ensemble

1 swn
() =Tr(.p), p =z 7
Z =Trexp <— 75{ — ﬂN) = Z exp (— Eik’N _ 'MN),
T o T

(32)

where p is the chemical potential, Tr is the trace in the effec-
tive space for all the operators, and Z is the grand statistical
sum. Using the identity for operators in the Heisenberg

representation
{49 10,541y = ([#.00]0) =0

we quickly find
Vo (H) =T, Vx (H) =0, Vx () =0,
V x (E)=0, (E)=0, (33)

where (H) = (H(r)) and (j) = (j(r)). For consistency of
this last equation with Gauss’ law
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V(E) — 4me(n,) = —4nen;, (34)
it is necessary to satisfy the condition of electrical neutrality
(n.) = n;. (35)

Another useful equation for the following is:

(i) = Tr(jp) = —Tr (55{“ p) Loz 08

oA, ] T ZSA, T SA,’

where Q= -TInZ is the
(Q=Q(T,P, u; H,)).

thermodynamic potential

|

S. B. Kuplevakhsky 333

Since in the normal state, Ohm’s law (j) = o(E) must
be satisfied, we also have (H) = 0. Thus, by using the gauge
transformation (30) it is always possible to satisfy the condi-
tion (A) = 0.

It is well known that the superconducting state (T <T,)
is characterized by the appearance of an anomalous mean
W) () = <lﬂT+1//f>) (of the superconducting order
parameter). Recall”® that the anomalous mean cannot always
be calculated by averaging over the grand canonical ensem-
ble p. In fact, because of the invariance of the Hamiltonian
JH with respect to the gauge transformations (22) and (30)
with arbitrary y, and y, we have

)
=Tr [UO(XO)%(")%(r)UEI (XO)P} = exp(i2ey,)Tr wl(r)'//T(r)P] = 0;

Te[ U1 [, ()0 (DU [0 U7 2] = Te[ U1 [, (00 (1)U )]

-
-
—
<
-
—~
-
N~—
<
=
~~
-
NG
)
.
-
~~
N~—

— exp(i2e(r) e[y, (1) ()p] = 0.

As Bogolyubov explained,*® for a correct determination
of similar anomalous averages (or quasiaverages in the ter-
minology of Ref. 28), it is necessary to break the correspond-
ing continuum symmetry by introducing infinitely small
“sources” in the Hamiltonian. This approach was later
greatly generalized to quantum field theory and was widely
used in studies of various mechanisms for and types of spon-
taneous symmetry breaking.® (We note that in the theory of

(W () (r) = Yy (Y[ ()" = i (W (1)1 (0)),
5‘[,1[A,] —uN

|| —0

(v)y =Tr(py[Ad),  pylA] = Zir’exp <

3, () = HIAL+ 5 [ o 0070 +

1%

[H N £0, [H,, VE-4ren,] #0,

where the “source” of Cooper pairs 1 = #(r) is a smooth
complex function of position and ||| = minyey |1(r)|. Note
that the limiting transition ||n|] — 0 in Eq. (38) is completed
on going to the thermodynamic limit.

In addition, in determining the quantum statistical opera-
tor p,, for convenience in the following we explicitly indicate
the functional dependence on the operator of the full vector
potential A; = A 4 A,. This operator appears in the defini-
tion of H , (see Eq. (15)). Only this term, the original
Hamiltonian 2H , is subjected to a local gauge transformation.

The definition (38) can be assigned a somewhat different
form if the field operators s, are expanded in terms of

37

ferromagnetism, the “sources” have a real physical sense of
an infinitely small external magnetic field.>)

3. Hamiltonian with Cooper pair sources in the quasi-average

Since the founding paper®® only dealt with the case of a
structurally uniform superconductor without electromagnetic
interactions, the use of the Hamiltonian (14) requires a gen-
eralization of the definition of quasi-average, i.e.,

)7 Z,=Tr exp<w)7
T T

O E )], A=A+A

(38)

complete system of normalized eigenfunctions of the opera-
tor H o + Hp, + Himp (on initially setting A =0)

Uo(r) = ot (), (39)

where ¢, is the electron annihilation operator in state no.
We have

(W ()i (r)) = Z n (1)t (0)(CayCory)

= lim

- HnH—»oZ”"(r)”"’ (r)(carcwr)y-  (40)

n,n'
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This clarifies our requirement of smooth potentials in the
definition of the operators H ;, and H imp: 1N a polar repre-
sentation for the quasi-average

Yy (1)), @1

(W ()1 (0)) = (Y ()Y

it ensures that the phases ¢ = ¢(r) belong to class C».
Although the complex function #=#(r) in the standard
sense is arbitrary (see Section 3), it cannot violate any sym-
metries of the Hamiltonian, except the gauge symmetries.
For example, if H, = Himp =0, g(r) = const, and A = A,
= 0, the electron momentum k will be a “good” quantum
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number and the “Cooper pair source” is equal to the complex
constant 7 = |nle’®, where || and ¢, are independent of
position. Thus,

W (r)y(r)) = (¥ (0)y(0)) = lim

Inl—0 4 {excaly:

Since the quasi-average () is given by the limiting
value of the mean (i W), it is useful to begin by studying
the properties of the latter. First of all, we establish the trans-
formation laws for (y/ lt/q) under the unitary transformations
Py — UoanO and p, — Un//Pqu/, (see the definitions (22)
and (30))

' (10)Uol20)p, AU (10)]

( )U ()(O)pnexp( 126,(0)[At]:| :exp(izeXO)Tr[lpT< )lpi( )pnexp 12()10)[At]];

WL (), = Te [y (0 (R, [A] = T [Uo (o) (00, (1)U
= Tr [Uo(y

W0 (00, = Te[Ug (0 (00, (1)U, (AU (D), (AU ()]
= Te[Uy () (00w, (1)U

We write the source in a polar representation: 7 = |’ 0,
where |1|=#(r) and 0=0(r). Using the analog of Eq. (41) for
(Y ¥y), and Eq. (42), it is easy to establish the following
fundamental equality: ¢(r)=0(r). Therefore, the phase
(Y ll//T>,1 is fully determined by the phase 7 of the source.
This quickly yields the important physical result.

We define the “thermodynamic potential in the presence
of sources,”

Q,=-TlnZz, (43)
and calculate the variational derivative

3Q,
3¢(r)

st (),

Vv

+Jd3r’<t//l(r/)l/q(r’)>,1

%

On the other hand, Eq. (42) implies that

1
QVI[”) ’1*; AE] = Q‘Iﬂ |:|VI|7 Ae - 2_€v¢:| . (44)

Using the analog of Eq. (36), we find
0Q, 1

5Q"7| o 1

Equation (45), which is a conservation law for a current in

the presence of sources, is a consequence of two facts: the

equality 0= ¢, and the entry of ¢ in the functional argument

Q| in the form V¢ (the absence of a functional dependence
: _1 3

on the zero Fourier component ¢y =i [, d°r¢(r)). The

[X]pr,exp(—iZexo)[Al‘ - v/ﬂ = CXp(lQeX(l’))TI‘ [lvbT( )lpl( )pnexp 12exo)[At - v/]] .

(42)

existence of the conservation law (45) is an indicator of the
internal self-consistency of our theory.
Based on the definition (38), we have
0Ly
Sln(r)|
Taking the functional Legendre transform, we proceed
from the potential Q =Q, [|n],Ac —%£V¢] to the
“effective potential” Q = Q [|<1//llpT>ﬂ|7 A, — Z—LV(JS} (com-

pare this with the definition of “effective action” in quantum
field theory:*6-2°

= [y () (), | (46)

1 1
QW) A= —W’} = Q) [InLAe — 2—€V¢}

2e
_ j el (00, (0)), 1 (n(r))-

4

47

In light of the general properties of Legendre transforms,”
variation of Eq. (47) gives

oQ B

5|<%(r)‘p1(r)>q|
Given the definition (38), in the absence of sources
(7]l — 0), we obtain

50
LW W)yl iy iy, 1=1w )]

=|(n(r))l- (48)

=0. (49)

In other words, the quasi-average (/)] satisfies the con-
dition of time independence for the effective potential Q.
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If the functional dependence Q= Q[|(y ¥;),|, A.
—5- V| were known exactly, we could find |( ;)| from
the condition of time independence (49). Substituting
|(¥ ;)] in the effective potential would give the directly

measured thermodynamic potential of the superconducting
structure. Although a determination of the exact functional
dependence Q = Q[KWWTH’ A,

principle, the problem does allow a simple solution in the
mean field approximation (see Section 5).

- %V(})} is impossible in

4. The “disappearance” of the unique part of the phase of the
quasi-average (the Higgs mechanism)

As should be clear from the previous remarks, the zero
component of the phase ¢, of the average (), can be
set equal to zero without loss of generality. (In the model of
Eq. (1) this evidently corresponds to a certain choice of
“vacuum” (3).) We now represent the phase ¢ = ¢(r) of the

average (i), in the form ¢ =¢ + ¢,, where ¢ = ¢(r) is
a unique function satisfying

ifi;(v&dl) =0, (50)
2n
I

for an arbitrary closed contour I € V, while ¢, = ¢,(r) is a
nonunique function which, on some closed contours I', € V,
satisfies the condition

i ff(ws.dl) —n

Ly

n==*1,%2 . (51)

(Recall'>'? that contours of type I', exist in supercon-
ducting structures with a multiply connected geometry
and even in single-connected structures in the presence of
Abrikosov vortices.) We emphasize that the choice of
function ¢ = $(r) is still arbitrary: this arbitrariness
reflects the invariance of the original Hamiltonian JH
with respect to a local gauge transformation U;. On the
other hand, the function ¢, = ¢(r) should be considered
given.
Consider the chain of equalities

W40 (), = exp(—ic () T [ () (1) A
— exp(i(e)Te U | 2] e, 0

[l ]
= exp(—ip(r))Tr [Uw [2%] Yy () (r)
x U, Bﬂ Pl [A, - ;Vgﬁ]

=Tr [%(r)%(r)l’m {A, -

1
ZW’H . (52)

Let us define a function o = o (r) specified over the
entire space which falls off as |r| — oo and coincides with ¢
for r € V. Continuing the transformation (52)
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Wil
=Tr _www A %WH
=T 00,0 '] P {Af 21 V"b} Uy [%H
T :%(r)w oy :A, - szv” . (53)

We now explain these calculations. In the first step,
using the unitary transformation Uy, under the Tr sign (Eq.
(52)) made it possible for us to avoid the phase ¢ of the
source 7 in the average (Y lxpﬁ . However, in the
Hamiltonian # ., the operator A, is replaced by the combi-
nation A; — 218 V¢ (see the definitions (14) and (38)). In the
second stage, we have used the unitary transformation Uy as
a result, in the Hamiltonian H  instead of the combination

— 2173 V¢ only the combination A, — i V¢, remains with a
nonunique (physical) part of the phase.

In order to understand where the unique part of the
phase ¢ from the last row of Eq. (53) has “gone,” we exam-
ine the quantity (A(r)),, defined as the average over the
quantum statistical ensemble p, [A, — £ V| (see the last
row of Eq. (52)). We have

1
2e qu} ]

(A(r)),, = Tr|A(r)py, {A, -

—Tr|Us [ﬂ]A(r)U—1 Ay, P}p
2e A 12, 2¢| P
1 mEN
X A[ — z—qui) UA 2—e
_ <l el 1
=Tr|U |:Z:| A(P)UA _26_ p"” |:A[ - 2—ev¢v:|

~— V. (54)
e
On the other hand, we have still not used the gauge free-

dom remaining in the choice of (jb db( ). Given the repre-
sentation (19), we write

(A(r)) ), = (A(r)) ), + (A) ),
=T _AL(r)p,ﬂ[A, - 1V¢”

-t

[

+T-‘r [A|( )p,ﬂ[
RGNS

m{m[ ]A| e [ﬂpm
x [ v¢> Uy H
=mﬁwm+npmmn@ va%ﬂ]

+ z_ev}' = <A(r)>|q\ + <AH( ) Inl JF V)C; (55)

=T

[

o)
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where the invariance UAALUK1 = A, 1is used. Since

(A)(r)) ;| €an be written in as the gradient of a scalar, it is

always possible to choose 7 = (r) so that the equality

<A\\(r)>|m +éV;-( = 0. is satisfied in the last row of Eq.

(55). (This choice of ,:( means complete elimination of the
remaining gauge freedom.)

This result should be compared with the result of the last
row of Eq. (54), which is valid for an arbitrary choice of (}5
From this, we find

(A = (AL} — 5. V)

or, on taking the limit ||5|| — 0,
(A) = (AL() — 5 Vo = (AL (D) + (Ay(E)- (56)

Equation (56) is the major result of our analysis. It
means that the unique part of the phase of the superconduct-
ing order parameter is “exchanged” for the longitudinal com-
ponent of the vector potential induced over the entire space,
in complete analogy with what happens in the Higgs’
Abelian model (1).

We now elaborate on the significance of the average in
Eq. (56). According to the definitions given above

(A(r))= lim Tr [A(r)pﬂ [A,—Ziew)sn

[[nl|—0

1
Hyy [Ar—z—ews] —uN

1 1
p|ﬂ‘ |:AI_ZV¢V:| :Z‘_’ﬂexp T )
1
.’]‘[”,1” |:A,—2—V¢X:| —uN
e
Zjy =exp

T i
1 1 1
H {A,—Z—ews} :H[A’_z_ev¢‘] +§Jd3r|n(r)|
14

OO ACIAGHE
H |:At_lv¢x:| :}[e [A,—dibs] +~7{b+}[imp
2e 2e
+H pes + H em. (57)

Given the invariance of A with respect to the global gauge
transformation (UpAU ' = A) in Eq. (57), we can switch
the operations lim and Tr. As a result, we obtain

(Ar)) =Tr im, {A(r)p b {A’ - 21ev¢3”

Wl fa— oo

1 1
A _— = — —
P[ Iy V%} 7 EXP

H{A, — iV(]ﬁs] — uN
2e
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where the Hamiltonian H [A, — L V¢,] is defined by the
last row of Eq. (57).

It is perfectly obvious that averaging of the remaining
electrodynamic operators (1,, j, H, and E) for T<T. also
reduces to averaging over the grand canonical ensemble
p[A: — 2 V,]. Thus, Eqs. (33)—(35) remain valid. In partic-
ular, despite a contrary claim in the literature,’' the strict
equality (E) = 0 uniquely implies the absence of any kind
of static electric potentials in equilibrium superconducting
systems.

5. The mean-field approximation

As usual,'®" the closed system of equations of the the-

ory of superconductivity can be obtained only in the mean-
field approximation. The exact results of Sections 3 and 4
can be used to derive these equations in a strict and consis-
tent manner. We begin with the mean-field approximation
for the quantities H |, = H |, [A; — 5 V¢,] and Q, = Q
[At - % vd)v] .

Given that the quantum fluctuations in the induced vec-
tor potential A are small on the scale of a small ratio ** (v is
the Fermi velocity and c is the speed of light), in the term
H, [A, — i V(]Ss] of the Hamiltonian f]—[‘,” [A, — di{)s] we
make the replacement

He—H"  A+A = (A) = (A),+(A)), (9

where the averages (...) are defined by Eq. (56). Since the
vector potential of the external field A, satisfies the conti-
nuity condition VA, =0, here and in the following we
consider it to be included in the definition of (A) . We
omit the energy H . of the electromagnetic field. (Here
we assume, of course, that Maxwell’s equation (33) are
satisfied.)

In the term H ges we first replace the real electron-
electron interaction parameter g = g(r) by the auxiliary
function g, = g.(r) (see Fig. 2) and the limiting transition
¢ — 40 will be taken in the equations for the mean field.
Then we consider the elementary identity

‘//?lﬁf‘H//uﬁT = (WFW - |<‘//WT>,1|)(%% - |<'ﬁ1%>q|)
T )W), = 1),

(60)

Given that the first term on the right of Eq. (60) is “small” in

a certain sense, we arrive at a quadratic (in terms of the elec-
tron creation and annihilation operators) approximation for

-{}-[BCS

Hics — 3ty = [ el [l 0,6, 1]

Vv

—jd3r|gs<r>||<wl<r>%<r>>nl“p

Vv

< W (0w (e () ()| 61)

In order to determine the average |(y 1¢T>H|MF, we
require Eqgs. (46)—(49) in the mean-field approximation. We
introduce the definitions
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_}[MF _ 'LLN
MF  7MF ||

an\ Tanw Z‘,7| =Trexp <# . (62)
Equations (46)—(49) will be retained if the potential Q\'ﬂ is

independent of (Y ), M ie.,

o0
MF
o[(y (r)y; (r)),|

From here, we arrive at the self-consistency condition

=0. (63)

00 ),
= S T [ e, (0,

[n]

_’]‘[MF o — N
< exp (# 7 -

where we have taken the limit ¢ — +40. on the right hand
side of Eq. (64). (The role of the auxiliary function g¢ is
clear from the above derivation of the self-consistency con-
dition: this function is necessary in order to be able to take
the variational derivative (63) over the entire region V,
including the nonsuperconducting barriers.)

The above discussion leads to the equality

1)1 (4) - .98,

=0 {l%wlw, (A) - zlevqsx}
1
= 0[< ) — 2_6V¢s:|7
QW o= -TnzZ""

5_[MF B ,uN)
+ . (65

where | () MT>,,|MF = [(Y ) IMF satisfies the self-consistency
condition in the absence of sources (||1]] — 0), with

[, (o) (o))"

ME = Z\n\ o = Trexp (—

[ (T )+, (0 (1)

j_[MF o — N
X exp (- #) . (66)

Before taking the trace with respect to the electron fields
in Egs. (65) and (66), a slight generalization of these results is
appropriate. To do this, we introduce a real, continuous, and
non-negative function |F| = |F|(r), where r € V. Without tak-
ing the limit ¢ — 4-0 and rejecting the self-consistency condi-
tion (66), we now determine the nonequilibrium effective

potential Q = Q [|1~:|, (A) —

1
=— T
22MF|

= qus} using the formula

Q|17 (8) 5, v =l 17~ 5. v @)

In a state of thermodynamic equilibrium, we shall have
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0Q
O|F(r)l
The trace with respect to the electron fields, which fig-

ures in the right hand side of Eq. (67), is easily calculated by
functional integration.4*6’26’32’3'3 As a result, we obtain

=0, [FIO)] = [y, ()" (©8)

|F|=IF|

2 1 3 = T 21
Q[F,<A>—26Vd)s} :Jd r|g.(r)||F(r)] —ETr InG
\%
+1Tr{(i +2,)1A } (69)
4 lg|=0

;Ie:,(r):—HT31—zin[iv+;[V¢S(r)—2e(A(r)>]%3i} 131
+-(1+13)0(r) —%(1 —43)U'(r)

— 1202 g:(r)[|F (r)],
~ A A imy 1
Ur)=0"(e)+ 0™ (r), 0<r<. (70)
Here %;,6; (i =1,2,3) are the Pauli matrices in Gorkov-
Nambu space and spin space, respectively; 1 is the 2 x 2 unit

matrix; 1 is the 4 x 4 unit matrix; and ;6 and ;1 , 16; must be
understood as the right product of the corresponding matrices

0O 0 0 —i
.. 0 &, 0 0 i 0
T10) = ~ = 3
6, O 0 —i 0 O
i 0 0 O
1 0 O 0
L 2 i 0 01 0 0
31 = | . .| = etc.
0 -1 0 0 -1 O
00 0 -1

The last term on the right of Eq. (69) arises from the
need to symmetrize the electron creation and annihilation
operators before taking the functional integral. >

The spectrum of the integral (in the sense of the theory

2 -1
of generalized functions) operator G, defined by Eq. (70),

does not contain a zero, so that this operator has a uniquely

determined inverse operator G, the kernel G(r,r'’;t — ) of
which satisfies the conditions

B
Jdrljd3r1é_l(r r;T rl)é(rl,r’;rl—t’)
0V
B
J Jd3r1é r rl,r—rl)éil(rln,r’;—n—r’)
0
:i (r—r")o(r—17),
é( —> z—é(r,r’r), é(nr’;r—r’)
B G(r,r';1—7) F(r,r';t—1)
F+(r,r’;r—‘c’) -G, r r’—r)}’ .
(71)
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The conditions (71) mean that the kernel G(r;r/,7 — ') is a
matrix thermodynamic Green function that satisfies equa-
tions of the Gorkov type (the first row of Eq. (71).1

The time-independence condition (68) now yields

T . .
[F(r)| =5 ISplig2F (r,1;0)] |, (72)
where Sp denotes taking the trace over the spin indices. In

addition, varying Eq. (69) with respect to (A) gives the
observed curren

60
(i(r)) = *m
e . A "
= %Trl}inr(vrr —V)SpG(r,r';—0")
2
—@TSpG(r, r;—0"). (73)

The functions F and G are found by solving Eq. (71), in
which it is first necessary to go to the limit ¢ — +0. Thus,
Egs. (71)—(73), supplemented by the Maxwell equations
V x (H) = 4xn(j), and (H) =V x (A) and the appropriate
boundary conditions, form a complete and closed system
and can be used to solve any problem in the theory of equi-
librium superconductivity. In particular, in the simplest case
of a structurally uniform superconductor without impurities
and electromagnetic interactions, Eq. (69), together with the
self-consistency conditions (72), yields the well-known
expression'® for the thermodynamic potential obtained by
the Bogolyubov grand canonical transformation method.**

6. The Josephson effect without a “phase difference”

The theory developed in the previous sections of this
paper applied in varying degrees to structurally uniform
superconductors and to arbitrary types of superconducting
structures containing Josephson junctions (provided, of
course, that the correlation between the electrons with anti-
parallel spins is not disrupted inside the nonsuperconducting
barriers; see Section 7). Here, however, the fundamental
interest is in the question of how the interpretation of the
Josephson effects changes when the customary “phase dif-
ference” of the literature'*2'-*" is absent.

Without significant loss of generality, it is enough to study
a singly connected Josephson structure in the presence of
fields and currents. More specifically, let us examine (Fig. 3) a
plane-parallel Josephson structure that is uniform along the z
axis and has a low-transparency tunnel barrier of thickness d
(x € [-d/2, d/2]) and width L(y € [-L/2, L/2]). An exter-
nal magnetic field H, is applied along the z axis. A transport
current / flows along the x axis. It is required to determine the
distribution of the magnetic field inside the barrier, (H(x,y))
= (H(0,y)) = (H(y))(x € [-d/2, d/2]), and the maximum
transport current, I. = I.(H,).

If the magnetic field H, and current / depend weakly on
|F| (the superconducting order parameter), then the follow-
ing approximation is sufficiently accurate:*?

r

G(r,1;0,) 5y~ G (r,150,) 5 exXp ieJ(dL(A(l))) , (74)

r
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Fig. 3. The geometry of a plane-parallel tunnel Josephson junction (sche-
matic). Here H, = (0,0, H,) is the external magnetic field, / is the penetra-
tion depth of the field into the depth of the superconducting shores, d is the

thickness of the tunnel barrier (d < 24), L is the width of the barrier
(0 <L <o0),and I=(1, 0, 0) is the specified transport current.

where the integral is taken along the straight line joining the
points r and r'. Given the geometry of the problem,
(H) = (0,0, (H)). Let the magnetic field (H) penetrate into
the interior of the superconducting shores (along the x axis)
to a depth A given by

A= J dx(H (x)). (75)

Since 1 = [*)7, dyjy (y), where j;(y) = (js(0,))—is the

Josephson current through the junction, we begin by calcu-
lating j;. Using Eq. (74) and the method of Refs. 36 and 37,
we find

s = jesin (),
(20)
D(y) = 2 j dE(AL(E,))
)
(X0.Y)

[ a [%?”—%m(w»]

(—¥0.y)

(¥0.Y)

= o (%0, Y) — o (—=%0,y) — 2e J d&(A (&), (76)
(—%0-Y)

where j. >0—is the critical current'**!

Fig. 3).
In order to find the dependence (Hy) = (Hy(y)), we use
the general definition

and xp > 4 (see

b 0
=5 {Ay(xy) = N (Ac(x,y))

= %(Aly(x,y» faﬁy(An(x,y)). a7

(H(x,))

Integrating Eq. (77) over the interval x € (—xp,xp) and
assuming that 21 > d, we find
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(x0.9)
J d&(H(E,y)) = 22(Ho(y)) = (A1y(%0,Y)) — (ALy(—X0,¥))

(=%0.Y)
N
dy

(—x0,y)

Now we note that at the points (xo,y) and (—xo,y) there is
no component of the superconducting current parallel to the
tunnel barrier, so that

(Ay(x0,¥)) = (Ay(=x0,y)) = 0. (79)
Thus,
1 Joy(x0,y
<AJ_)’(-XO7y)> = Z%a
1 oy (—xo,y
(ALy(—=X0,Y)) = 2—6%~ (80)

Now we calculate %e%—g’ using Eq. (80)

19®(y) 1 0%(x0,y) 1 Joy(—0,)
2¢e Oy 2¢Oy 2e oy

" e

B J ac (AL(Ey))
dy

)

= (A1y(x0,¥)) — (ALy(—%0,¥))
(10.)
L)

Dy 1)

(—%0.y)

On comparing this with Eq. (78), we obtain Josephson’s
result®

1 0D(y)

(Ho(y)) = el Dy (82)

(Our derivation of Eq. (82) should be compared with the
literature.”'+)

Substituting Eq. (82) in the Maxwell equation V x (H)

= 47(j), we obtain the well-known Ferrel-Prange equation®'

d*®

 _sin®
a2

1

P=
T 167e)dj.

(83)

where 1;— is the Josephson penetration depth for the mag-
netic field along the tunnel barrier. A complete, rigorous
solution of this equation for the external conditions formu-
lated above has been obtained elsewhere.*®°

In the case of small junctions (L < 24;) without an
eternal field, the intrinsic field of the Josephson current can
be neglected®® and Eq. (76) reduces to Josephson’s classical
result

Jr = Jesin [ (x0,0) — o (=x0,0)], (84)

which is interpreted in terms of a “phase difference.”!*?!3

If a superconducting structure with a tunneling barrier has a
doubly coupled geometry (the case of SQUIDs), the general
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expression for the Josephson current (76) remains valid, but
now ®(y) has a more complicated form

(I)(y) = OC” (Xan) - 0(”(—)(0,)7)
(x0.y)
2 j E(ALE D)) + dux0,y) — d(—30,),
(—x0,y)
(85)

where ¢, = ¢,(x,y) is the nonsinusoidal function of posi-
tion, defined in Section 4, and has the significance of an
external condition.

7. Discussion and some concluding comments.

It has been shown here that the unique part of the phase
of the superconducting order parameter (quasi-average)
(Y l‘//T> transforms into the longitudinal component of the
vector potential of the induced magnetic field over the entire
space. Thus, a complete analogy has been established
between the Meissner effect in the physics of superconduc-
tivity'>'* and the Higgs mechanism' in high-energy
physics.

The starting point for our analysis (Section 2) was the
microscopic Hamiltonian of the system in the presence of
impurities, nonsuperconducting barriers, and a static, external
magnetic field (14). (The justification for the Hamiltonian
(14) is given in Appendix A.) The distinctive feature of our
approach (compared to those in the literature'®'*?!) is
accounting for the quantum nature of the induced electromag-
netic field in the Hamiltonian.'* The latter is quantized under
the condition Ap=0 (A, is the scalar potential) without
destroying the invariance with respect to the time-
independent gauge transformations. (The gauge Ap=0 is
compared with the “traditional” noncovariant gauge VA = 0
in Appendix B.)

In Section 3, we moved from the Hamiltonian (14) to
the corresponding Hamiltonian with external “Cooper pair
sources” (Eq. (38)) and gave a strict definition of the super-
conducting order parameter (i 1¢T> as a quasi-average which
generalizes Bogolyubov’s definition for the spatially uniform
case.”® In that section, a rigorous proof was obtained for the
conservation of the superconducting current (Eq. (45)) and it
was shown that (1)) satisfies the condition of time inde-
pendence for the thermodynamic potential (Eq. (49)). Using
the unitary transform (30) under the trace which appears in
the definition of the quantum-statistical averages (Y ) and
(A), we obtained an algebraic proof of the occurrence of the
Higgs mechanism (Section 4).

The rigorous results of Sections 2—4 served as the
basis of a new variational formulation of the mean-field
approximation in Section 5. The formulas in that section
contain only the quantities with physical significance
[ Y], (A), and (1/2¢)V ¢, while the variational method
itself is equally applicable to structurally uniform super-
conductors and to systems containing nonsuperconducting
barriers.

In Section 6, a new, field theoretical interpretation of the
Josephson effect is proposed which does not use the tradi-
tional'*?' concept of a “phase difference” and several
examples are discussed. These examples show that, despite
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the change in the physical interpretation (the appearance of a
longitudinal component of the induced vector potential
instead of a “phase difference”), the major physical results
concerning Josephson structures with nonferromagnetic bar-
riers (calculations of the critical current,'*?! the critical field
for penetration of Josephson vortices, " oscillatory effects
in SQUIDs,?! etc.) are unchanged. (The special case of
Josephson contacts with ferromagnetic barriers, where corre-
lations between electrons with antiparallel spins may be
destroyed,*' requires a separate discussion.)

Our analysis clearly shows, however, that the argument
of the sine on the right hand side of Eq. (76), which is a clas-
sical quantity by definition, is purely of classical origin for
any Josephson structures, with barriers of arbitrary type
(including ferromagnetic*'). In addition, given the assumed

. ~b b

smoothness of the potentials ¢ =g(r) and U =U (r)
(Section 2) for existence of a linear integral when determin-
ing ®(y) with Eq. (76), it is necessary and sufficient that the
superconducting order parameter [(y/)| not go to zero
anywhere in the region of the barrier. (This last statement
can be regarded as a rigorous mathematical formulation of
the necessary and sufficient condition for the existence of a
Josephson junction between the shores of a contact.)

The author thanks all the participants in the
experimental seminar of A. N. Amel’yanchuk and the
theoretical seminar of L. A. Pastur for constructive
discussions.

APPENDIX A: THE “CLASSICAL” LAGRANGIAN AND
HAMILTONIANS

We determine the “classical” Lagrangian of a supercon-
ducting structure with s-wave pairing in an arbitrary gauge
using the following formulas:

L=L+ Ly + Limp + Lpcs + Lom + e Jd3er(rt)n,-(r),

(A1)
£~ [ lz atr0) [ 2 + ot (e
1% o
— i [V + ieA(rt) + ieA,(r) ]|y} (rt)
x [V —ieA(rt) — ieA.(r)]y,(rt)], (A2)

Lb + £imp = - Jd3rz l//;(l'l‘) [Uhacﬁ(r) + Uimpoc/}(r)] lp/)’(n‘)7

4 P

(A3)

Lacs = | @rele) S wie ey (), (A
v o

OA(rt)
ot

. (AS)

LemZ%JcPr ]Z—WXA(”)]Z

Vv

{VAo(rt) +

Here A, = (Ag, —A)—is the classical 4-vector potential of
the induced electromagnetic field; W, and 1, are the
“classical” Grassman fields which obey the anticommutation
relations
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(W) (0], = [, 70|

_ {%(n), lp;;(r’t)L =0. (A6
Let us assume that the fields A, and V,, ¥, are specified
over a finite time interval ¢ € [f),%;] and the following
boundary conditions are satisfied:

A,u(rt2) = Au(rtl)a %(”2) = —%(”1)7

Vo (ra) = =i (rey).

The last term on the right of Eq. (A1) describes the electro-
magnetic interaction with the ion “background” in a “jelly”
model.!* All the other notation Egs. (A1)-(AS) becomes
clear upon comparison with the corresponding notation of
Section 2.

The density of the Lagrangian (the integrand in Egs.
(A1)—(AS)) is invariant with respect to the global gauge
transformation

Wy — Y,

(A7)

Y, —e oy A — A,y = const.

(A8)

This property leads to the charge conservation law

eon, .
TR Vj=0, (A9)
where
no(re) = > Y (e, (r),
i) = 37 [ Ve — [V e
—e—’; [A(rt) + Ac(r)] Y, (et (re) | (A10)

Without the last term on the right of Eq. (A1), the den-
sity of the Lagrangian is also invariant with respect to the
local gauge transformation

lpa - eiexlpocv l//;z - e—iexlp:”

0
A—A+Vy A — A —5):, y=q(r).  (AlD)
In general, only the action S = J"f: dtL will be invariant with
respect to the transformation (A11) (because of the boundary
conditions (A7)).
We now find the momenta py, py- and pa,, pa which
are canonically conjugate to the fields , " and Ay, A

oL oL

Pv. = g, = Ve P = e =0
Prad? Wy
ot ot
oL oL 1 0A E
Pay @207 PAZ@ZZ<VA0 E)Z_ﬂ’
O ot
(A12)

where the symbols 6%,“ and ﬁ denote the left and right vari-
o o
ational derivatives, respectively.” Using Eq. (A12) and the
definition
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o = [ lz po, ) 270

Vv

we arrive at the “classical” Hamiltonian in an arbitrary gauge:

j{:}[e+5{b+}[imp+g{BCS+}[em

+ Jd3r {%:O(n) + e[n.(rt) — ni(r)]Ao(r1) |,
4
(A13)
H, = Jd3r [2;; [V + ieA(r) + ieA.(r)]y(r)
v
x [V — ieA(rt) — ieA.(r)|y,(rt)], (A14)

Hy+Himp= Jd3rz W (0t) [UP (1) + U™ () |, ()
v op
(A15)

s = [ dra(e) S UL U 0000 (100 (60, (16
v o

Hom = 8injd3r{E2(n) +(V x A)z(rz)}

E=-Vx A() or .
It is useful to note that, ongoing to the noncovariant
quantization scheme for ZH , the last term on the right of Eq.
(A13) can be neglected. In fact, the first term in the square
brackets can be integrated by parts, and the integrated sur-
face term vanishes because it has been assumed that the field
E falls off rapidly toward infinity. The remaining expression
is identically equal to zero in the Ap =0 gauge, as in the VA
= 0 gauge (because of the operator Gauss law).

(A17)

APPENDIX B: COMPARISON OF THE GAUGE
CONDITIONS VA =0AND A,=0

When the VA = 0 gauge is used, the quantized Maxwell
equations (23)—(26) are supplemented further by the Gauss
law in operator form

VE = 4ne(n, — n;). (B1)

Equation (B1) makes it possible to eliminate the scalar
potential Ay

&' [n,(¢'t) — ni(r')]
[r —r|

Ao(rt) = eJ (B2)
\%

Thus, the quantum Hamiltonian in this gauge has the form
Hoao=H AL + A+ Hp+ Himp + Hpes + Hem,
(B3)

where

H AL +A,] Jd3r [ﬁz [V+ieA (rt)+ieA.(r)]
v o
Xy (rt) [V —ieA L (rr) —ieA.(r)|y,(r1)], (B4)
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and the electromagnetic energy breaks up into two components
1

How = Hems + He = gjd%[Ei(rt) [V x AL (r1)]

e

\4 Vv
0A |

The operators A | and JA | /0t, in Egs. (B4) and (B5) obey
the commutation relations in the first two lines of Eq. (20).
The remaining terms in the Hamiltonian (B3) are the same
as in the Hamiltonian of Eq. (14).

We now show that the quantum Hamiltonian J{ in an
Ao =0 gauge (Eq. (14)) used in this paper leads to the same
value of the grand statistical sum (32) as the quantum
Hamiltonian FH va—o (Eq. (B3)) introduced above. We
begin with the definition of the energy levels E; y

Exn = (N,Exn,ni| H|N, Exnyni),

where the operators in J{ are assumed to be time indepen-
dent (i.e., specified in the Schroedinger representation).

We expand the vector potential A and electric field E
into transverse and parallel components (cf. Eq. (19))

A:AJ_+AH, E:EJ_"_EH?
where A = A(r) and E = E(r). Given that

Jd3rEL(r)E” (r)=0,
\%

and the eigenvalue equation
(VE — 4nen,)|N, Exn, ni) = —4nen,|N, Exn, n;),
we obtain
Exn = <N,Ek,N,ni|-7:[\N,Ek,N,ni>,
where

j:[:j{g+5{b+g{imp+g{BC5+5{emL+5{Ca

with

ﬂe:Jd3rﬁ [Z [Vtie(AL(r)+A(r))

+ieA (1) (r) [V —ie(AL(r)+Ay(r))
—ieAe(r)]i,(r)],
Hy+Himp :Jd%zlﬁ(l') {U};ﬂ(r) +Uimpaﬁ(r)“q Y(re),
% o

Haes= 3 |l S0 W00, (1)0,(0)

14

ﬂeml+3{c=$Jd3l‘ [Ei(r)—&— {V X AL(r)z}

e [ (r) —n;(r)] [ne(r’)—ni(r’)]
+5Jd3rjd3r ]
|4 Vv
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It can be seen that the energy levels E; y can be represented
as averages of the new Hamiltonian # , in which the longi-
tudinal part of the electric field energy [, d3rEﬁ(r) is
replaced by the Coulomb energy H ¢. The definition of .
contains a longitudinal variable A that commutates with all
the operators contained in the Hamiltonian 4, d can be
eliminated with the aid of the unitary transformation

Uylv] = exp {ieJdSrv(r)ng(r)} ,

1 (5 ,VAr)
Vv

v(r) =

We finally obtain

Ein = (N, Exn il Uy (VU [VHU,, [W]Uy [VIIN, Egnmi)
= (N, Exn|H vazolN, Exn),

where the Hamiltonian FH va—o is given by Eq. (B3) (with
time-independent operators).

As pointed out in Section 2, the gauge Ay =0 is prefera-
ble for physical reasons. In fact, if we used the condition
VA = 0, in all the equations of Section 5 instead of the com-
bination (A) — ﬁ V ¢,, this would yield the combination

1

(AL) =5 Ve, (B6)
which contains a nonphysical unique part of the phase 55
(¢ + ¢ + ¢,). In addition, Eq. (B6) would contradict the
physical interpretation of the Meissner effect as the
“acquisition of mass by a photon,”** since the full vector
potential would only contain two independent components
((A) = (AL)).

Finally, we note that the electrical neutrality condition
(35) in the VA =0 gauge does not follow automatically
from averaging E = —VA; — A /0t over the grand canoni-
cal ensemble. This condition must be specified additionally
in order to match the result with the situation when Ay = 0.
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