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The behavior of a dc SQUID, based on a dirty point contacts between a single-band and three-band superconductor 
with broken time-reversal symmetry is investigated. Using earlier obtained results for Josephson effects in such 
systems new features in characteristics of a dc SQUID are revealed. It is shown that in the case of a BTRS (broken 
time-reversal symmetry) three-band superconductor for the applied external magnetic flux, which is divisible by the 
half-integer flux, strong degeneracy of ground states of a dc SQUID is taken place. This can lead to the appearance 
of possible multi-hysteresis loops on a dependence of a total flux in the dc SQUID from the externally applied flux. 
The number of these loops depends on the position of ground states of a three-band superconductor.  Also it is found 
that dependencies of a critical current on applied magnetic flux can have complicated multi-periodic forms, which 
are differ from strictly periodic characteristics for conventional dc SQUIDs and Fraunhofer patterns for Josephson 
contacts in the external magnetic field. 
 
PACS number(s): 74.25.N-, 74.50.+r, 85.25.Dq 
 

I. INTRODUCTION 

 
Phase-sensitive studies in unconventional superconductors provide the most valuable 
information about the pairing symmetry of the order parameter. Among these experimental 
approaches a very fruitful method is the combination of a testing superconductor with a 
conventional s-wave isotropic superconductor into a superconducting quantum interference 
device (SQUID). This technique, also known as a SQUID interferometry, has proved itself 
already in the identification of the d-wave pairing symmetry in cuprate superconductors (see [1] 
and references therein]. So it is reasonable to expect the same succeeding implementation to 
recently discovered iron-based superconductors.  
For these compounds since the discovery of the structure of the order parameter symmetry 
evolved from the so-called sign-reversal s±-wave to the exotic chiral forms like s+id [2] and 
s±+is++ [3], still remaining debatable in present publications. In the last case the chirality of the 
order parameter can produce plethora of very interesting phenomena and related topological 
objects: collective modes, fractional vortices and states that broke time-reversal symmetry [4-
16].  
The broken time-reversal symmetry (BTRS) in the superconducting systems emerges when the 
phases of the order parameter cannot simultaneously satisfy to the condition of the energy 
minimum and thereby undergo frustration, creating several degenerated ground states of the 
superconductor. It should be note that at this moment a detection of the BTRS states in iron-
based and other unconventional superconductors with a chiral structure of the order parameter is 



one of the most topical problems in the investigation of these compounds. Moreover, different 
tools have been already proposed for the detection of this phenomenon [15, 16]. 
Motivated by these unresolved challenges we address the problem of the dynamics of the dc 
SQUID with Josephson point contacts between a conventional s-wave and an isotropic dirty 
three-band s-wave superconductors. Using earlier obtained results on the Josephson effect in 
such superconducting systems [17], we investigate dependencies of the total flux in the dc 
SQUID from the externally applied flux (S states) and the magnetic field dependence of the 
critical current. We show, what new kind of features and effects for the characteristics of the dc 
SQUID we can expect due to the multi-band structure of the order parameter with possible 
manifestation of the BTRS state.  Bearing in mind above formulated problems about the order 
parameter symmetry with potential realization of the BTRS, our consideration can be useful for 
the experimental investigation of these issues in iron-based and other multi-band unconventional 
superconductors, which demonstrate a multi-band superconducting state.  
 

II. MAIN EQUATIONS 

We consider a dc SQUID with Josephson point contacts, which connect a s-wave single-band 
superconductor with a three-band one (fig. 1).  

 
FIG. 1. (Color online) Schematic model of a dc SQUID based on point contacts (blue numbers 1 and 2) between a 
single-band (yellow part of the picture) and a three-band superconductor (brown part) with a bias current I  and 
applied magnetic flux eΦ . 1I and 2I  both define appropriate currents through the point contacts 1 and 2.  
 
It should be pointed out that a three-band superconductor can undergo a BTRS phenomenon and 
due to this reason can have two possible current-phase relations for the Josephson point contact 
with a conventional superconductor [17]. In general case these current-phase relations have 
cumbersome expressions (see Eq. (23) in [18] for the ballistic regime and Eq. (17) in [17] for the 
dirty limit).  
Following the notations introduced earlier about phases of contacting superconductors (see Ref. 
17) we denote the phase difference on the contact between the first order parameter of a three-
band superconductor and the order parameter of the single-band superconducting part of the 
SQUID loop as iχ , where 1,2i =  are index of the contact. The single-valuedness of the phase 
differences around the loop, which are thicker than the London penetration depth for the single- 
and three-band superconductors, requires 



1 2
0

2χ χ π Φ
− =

Φ
,      (1) 

where Φ  is the total magnetic flux through the system and 0Φ  is the flux quantum. 
The same relation will be took place for the phase differences between the second, the third order 
parameter of the three-band superconductor and the order parameter of the single band one 

( ) ( )1 2
0

2χ φ χ φ π Φ
+ − + =

Φ
,      (2) 

( ) ( )1 2
0

2χ θ χ θ π Φ
+ − + =

Φ
,      (3) 

where φ  is the phase difference between the second and the first order parameters of a three 
band superconductor, and θ  is the same for the third and the first ones. Phase differences φ  and 
θ  define the ground states of a three-band superconductor. If φ  and θ  are not equal to 0 or π 
then the phase differences undergo a frustration and the BTRS state is realized in the three-band 
superconductor. 
To obtain a full system of equations which describes the behavior of a dc SQUID, we need to 
supplement Eqs. (1)-(3) by relations for the bias current I  and full magnetic fluxΦ : 

1 2I I I= + ,      (4) 

1 1 2 2e L I L IΦ = Φ + − ,      (5) 
Here iI  are currents, flowing through the contacts, eΦ  is the external magnetic flux, iL   are 
inductances of  the each branch of a dc SQUID. These inductances can be represented as 

1L Lα=  and ( )2 1L Lα= − , where L  is the full inductance of the loop [19]. 
Solving system of Eqs. (4) and (5) for 1I  and 2I and taking into account quantization relations 
(1)-(3) we can rewrite Eqs. (4) and (5) in the dimensionless form: 
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i iα χ χ χ
β
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where currents i , 1i  and 2i  are expressed in the units of the critical current of the first band of a 
three-band superconductor without interband interactions for the first point contact (1)

1cI , 
(1)
1

1
0

2 c
L
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Φ

, the external flux 
0

2 e
e

πχ Φ
=

Φ
.  

For simplicity we will investigate dirty superconductors at temperatures close to zero ( 0T = ) 
and with almost identical to each other energy gaps, which, in turn, equal to ∆ . In this case 
currents  1i  and 2i  can be expressed as [17]: 
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where ( )
1

i
NR , ( )

2
i

NR  and ( )
3

i
NR  are partial contributions from the each band to the normal resistance of 

the i -th contact. For non-equal gaps we will have cumbersome expressions for current-phase 
relations but on the qualitative level their structures do not differ from the case of coinciding 
energy gaps. So without loss of generality we can concentrate our attention on the above 
mentioned assumption.  
Equations (6) and (7) can be derived from the variation of the energy E   

( ) ( )( ) ( ) ( )2
1 2 2 1 1 2 1 2

1

1, 1 ,
2 e J
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β
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as a function of  1χ  and 2χ . Here ( )1 2,JE χ χ is the Josephson energy of point contacts of a dc 
SQUID, which also depends on the temperature and the charge transfer regime (dirty or 
ballistic).   
For the dirty limit and for 0T =  we have 
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III. BEHAVIOR OF A DC SQUID 

By making use of the findings described above, below we will consider and describe the 
behavior of a dc SQUID (fig. 1) with identical point contacts (for simplicity), i.e. 

(1) (1) (1) (1) (1)
1 1 1 1 1

(1) (1) (2) (2) (2)
2 3 1 2 3

1N N N N N

N N N N N

R R R R R
R R R R R

= = = = = . 

First of all we reconstruct the energy of a dc SQUID. Figure 2 presents contour plots of the 
energy as a function of the phase differences across the contacts 1χ  and 2χ   for a conventional 
dc SQUID (fig. 2 a and b) and a dc SQUID based on a three-band superconductor with the BTRS 
(fig. 2c-f) and non-BTRS state (fig. 2g-j) for zero magnetic flux (left column) and half-integer 
flux (right column).   
In the case of a BTRS three-band superconductor for zero magnetic flux we observe only the 
shift of the position of an energy minimum of a dc SQUID from zero point 1 2 0χ χ= =  (like in a 
conventional dc SQUID) despite of the presence of the frustrated ground states (fig. 2c and 2e). 
The most remarkable features of a dc SQUID with a BTRS three-band superconductor are the 
strong degeneracy of the energy minimum (fig. 2d and fig. 2f) with the applying of the half-
integer magnetic flux in comparison with a conventional dc SQUID (fig. 2b). With the increasing 
of the value 1Lβ  to the critical value  ( )

1
c

Lβ  this degeneracy is removed, and the number of minima 
is decreased by a factor of two. According to our numerical simulations the value of ( )

1
c

Lβ  
depends on the values of phases φ  and θ  in the ground state of a three-band superconductor. 
For instance, for the frustrated ground states with 0.6 , 1.2φ π θ π= =  and 1.4 , 0.8φ π θ π= =  the 
parameter ( )

1
c

Lβ  is found to be ( )
1 13.04c

Lβ ≈ . 



For the case of a dc SQUID with a non-BTRS three-band superconductor we observe a contrary 
behavior. For zero magnetic flux eΦ  the degeneracy of an energy minimum is occurred (fig. 2g 
and fig 2i), despite the absence of the BTRS. In some way a similar behavior is taken place for 
the π-SQUID based on the weak links between a conventional s-wave superconductor and 
orthogonally oriented crystallographic planes of a d-wave one [20] however without appearing of 
the spontaneous magnetic flux. With the applying of the magnetic field the dynamics of the 
system has no features SQUID (fig. 1h and fig 1j) and a dc SQUID behave itself like a 
conventional SQUID.  
We don’t consider the energy of a dc SQUID based on a non-BTRS three-band superconductor 
with 0φ θ= =  because there are no qualitative changes in comparison with a conventional dc 
SQUID. Moreover below we will investigate the effect of a non-BTRS state on the 
characteristics of a dc SQUID only for a three-band superconductor with 0,φ θ π= = , 

, 0φ π θ= =  and ,φ π θ π= = . We exclude from the consideration the ground state 0, 0φ θ= =  
due to the possibility to reduce this case to a single-band superconductor with the triple value of 
the energy gap. 
  



 
FIG. 2. (Color online) Contour plots of the energy of the dc SQUID for zero external magnetic flux 0eχ =  
( 0/ 0Φ Φ = , left column) and for eχ π=  ( 0/ 0.5Φ Φ = , right column) in the absence of a bias current. (a) and (b) 
are plotted for the point contacts between s-wave single-band superconductors; (c), (d) and (e), (f) are plotted for the 
point contacts between a single-band and a BTRS three-band superconductors for the frustrated ground states 

0.6 , 1.2φ π θ π= =  and 1.4 , 0.8φ π θ π= =  correspondingly; (g), (h) and (i), (j)  are the same for a non-BTRS 
superconductor with the ground state ,φ π θ π= =  or  0,φ θ π= =  correspondingly. Crosses indicate positions of 
the minimum. For all dc SQUIDs 1 3Lβ = .  
 
We start the consideration of characteristics and properties of a dc SQUID from the case with a 
vanishing inductance of the loop, when the full magnetic flux equals to the external flux 

1 2
0

2 eχ χ π Φ
− =

Φ
.      (11) 



The problem of the finding of the critical current ci for a dc SQUID versus the applied magnetic 

flux
0

e
c ci i

 Φ
=  Φ 

 is reduced to the determination of the maximum value of the function of the 

total current 
( ) ( ) ( )1 2 1 1 2 2,i i iχ χ χ χ= + ,     (12) 

where we have to take into account the quantization condition (11). Here ( )1 1i χ  and ( )2 2i χ  are 
determined by Eqs. (8). Numerical solution of this problem is represented in Fig. 3 for the 
identical point contacts in the case of a BTRS three-band superconductor (fig. 3a) and a non-
BTRS one (fig. 3b).  
We found that in the presence of the BTRS, despite of two possible different current-phase 

relations [17], dependencies 
0

e
c ci i

 Φ
=  Φ 

will be the same for the both ground states of a three-

band superconductor (Fig. 3a).  The same situation is realized for a non-BTRS three-band 
superconductor with the ground states 0,φ θ π= =  and ,φ π θ π= = (fig. 3b). 

 
FIG. 3. Dependence of a critical current of the symmetrical dc SQUID with a vanishing inductance on the applied 
magnetic flux for a BTRS three-band superconductor with the frustrated ground states 0.6 , 1.2φ π θ π= =  and 

1.4 , 0.8φ π θ π= = (a) and a  non-BTRS three-band superconductor with 0,φ θ π= =  and ,φ π θ π= = (b). 
 
Comparing figure 3a and figure 3b we can conclude that in the case of a BTRS state the critical 
current dependence of a dc SQUID has more pronounced side peaks than for a non-BTRS 
superconductor.   
Incorporation of the asymmetry in the critical currents of point contacts leads to the asymmetry 
for the dependence of the critical current on the external magnetic flux for the BTRS and non-
BTRS three-band superconductor (Fig. 4), increasing the difference in the form of these curves. 
From the experimental point of view it means that the critical current of the system can depend 
on the direction of the applied magnetic flux.  



 
FIG. 4. Critical current of the asymmetrical (
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1 2 3

2N N N

N N N
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= = = ) dc SQUID with a vanishing 

inductance on the applied magnetic flux for a BTRS three band superconductor with frustrated ground states 
0.6 , 1.2φ π θ π= =  and 1.4 , 0.8φ π θ π= = (a) and non-BTRS three-band superconductor with 0,φ θ π= =  and 

,φ π θ π= = (b). 
 
In the case of iron-based superconductors complicated behavior of the critical Josephson current 
vs. applied magnetic flux has been already observed for the edge-type Josephson junctions in Ba-
122 thin films [21, 22]. So, it would be quite interesting to check this asymmetry for a dc SQUID 
based on 122 family of iron-based superconductors, which are considered as the most promising 
candidate for the detecting of a BTRS symmetry phenomenon. 
Now we proceed to the consideration of the S states (dependencies of the total flux in the dc 
SQUID from the externally applied flux) for zero bias current 0i = . In the case of identical point 
contacts we can reduce a dc SQUID to an equivalent rf SQUID with the phase difference over 
the single contact rfχ , which is connected with 1χ  and 2χ  by the relations  
 

1 rfχ χ χ= ∆ + ,      (13) 

2 rfχ χ χ= ∆ − ,     (14) 
 
The parameter χ∆  can be found after summation of (6) and (7)  
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+ + + +
+ + =

 (15) 

 
For conventional dc SQUID the solution of Eq. (15) is satisfied, when the parameter χ∆  equals 
to 0 or π. But in general case χ∆  depends on values of φ  and θ  and can be found numerically 
only. For a non-BTRS three-band superconductor Eq. (15) has two solutions, which coincide 
with the solutions for a conventional dc SQUID, i.e. 0χ∆ =  and χ π∆ = .  
After change of phase variables 1χ  and 2χ  for rfχ  Eqs. (6) and (7) are transformed to the single 
equation 
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c
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Solving (16) we find the S-states of a dc-SQUID for a BTRS (Fig. 5b) and a non-BTRS (Fig. 6b) 
three-band superconductor and compare them with a conventional dc-SQUID with a dirty point 
contact also at 0T =  (Fig. 5a and 5b). We should note that for a conventional dc SQUID there is 
the second stable solution (dashed blue lines in Fig. 5a and 5b) due to two solutions of Eq. (15). 
For a dc SQUID with a BTRS three-band superconductor another kind of the stable S-states is 
also existed. For a given ground state of a three-band superconductor these stable S-states 
correspond to the S-states of the second ground state and can be obtained from the solution of 
Eq. (16) by substitution of χ χ π∆ → ∆ + . 

 
FIG. 5. (Color online) S-states in a conventional dc SQUID (a) and in a dc SQUID with a BTRS three-band 
superconductor (b). Blue solid and dashed lines demonstrate two kind of possible S-states of a conventional dc-
SQUID. S-states in the case of a BTRS three-band superconductor correspond to 0.6 , 1.2φ π θ π= = with 

1.25664 2 nχ π∆ ≈ ±  (black line) and 1.4 , 0.8φ π θ π= = with 2 1.25664nχ π π∆ ≈ ± −  (red line), n∈ . For all 
curves 1 3Lβ = . 
 
In the case of a non-BTRS three-band superconductor with the ground state 0,φ θ π= =              
( ,φ π θ π= = ) we can obtain the second stable solution for the S-states of a dc SQUID again 
after substitution of χ χ π∆ → ∆ +  in Eq. (16). These solutions coincide with the S-states for 

,φ π θ π= =  ( 0,φ θ π= = ). 
According to our analysis as in the case of the conventional dc SQUID the S-states will be stable 
only if the first derivative / ed dΦ Φ  is positive, in other words the stable states are the S-states 
with a positive slope of dependencies ( )eΦ = Φ Φ . 



 
FIG. 6. (Color online) S-states in a conventional dc SQUID (a) and in a dc SQUID with a non-BTRS three-band 
superconductor (b). Blue solid and dashed lines demonstrate two kind of possible S-states of a conventional dc-
SQUID. For the case of a non-BTRS three-band superconductor the S-states corresponds to 0,φ θ π= =  with 

0χ∆ = (black line) and for ,φ π θ π= =  with 0χ∆ =  (red line). For all curves 1 3Lβ = . 
 
In comparison with a hysteretic behavior of a conventional dc SQUID we have complicated 
multi-hysteretic S-states of a dc SQUID with a BTRS three-band superconductor. In other words 
during measurements of full magnetic flux vs. applied one, we can observe additional jumps on 
these dependencies. The latter can be considered as the feature of a dc SQUID with a BTRS 
three-band superconductor. 
 

IV.  CONCLUSIONS 
 

To summarize we have investigated theoretically the dynamics of a dc SQUID based on point 
contacts between a conventional single-band and three-band superconductor with and without 
BTRS. We have revealed new features in the behavior of a dc SQUID and have found qualitative 
and quantitative difference in the characteristics of such device, based on a BTRS and non-BTRS 
three-band superconductor. We have shown that dependencies of a critical current and total 
magnetic flux versus applied magnetic flux in a dc SQUID can be considered as experimental 
tools for the detection of BTRS states in multi-band superconductors. 
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