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Abstract. We analyze a system composed of a superconducting flux qubit coupled to a transmission-line resonator driven by
two signals with frequencies close to the resonator’s harmonics. The first strong signal is used for exciting the system to a
high energetic state while a second weak signal is applied for probing effective eigenstates of the system. In the framework
of doubly dressed states we showed the possibility of amplification and attenuation of the probe signal by direct transitions
at the Rabi frequency. We present a brief review of theoretical and experimental works where a direct resonance at Rabi
frequency have been investigated in superconducting flux qubits. The interaction of the qubit with photons of two harmonics
has prospects to be used as a quantum amplifier (microwave laser) or an attenuator.
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INTRODUCTION

Superconducting qubits are known as the key elements for the solid state implementation of quantum computers [1, 2].
Among them superconducting flux qubits are most promising ones due to their relatively long dephasing times and
robustness against external disturbances. Since their invention [3, 4] flux qubits have been intensively investigated
mainly due to their multiple potential applications, ranging from microwave quantum metamaterials [5] to ultrahigh-
sensitive magnetometers [6].

A superconducting flux qubit (or, simply, flux qubit) is a superconducting loop interrupted by three Josephson
junctions. Two junctions are identical while the critical current of the third junction is smaller by approximately
twenty percent. In energy language such a structure exhibits two energy levels which are formed by a superposition of
quantum states corresponding to clockwise and counter clockwise directions of a superconducting current I, along the
loop. The interlevel distance is as follows:

AE = v/e? + A2, (1)

where € is an external parameter which by virtue of external magnetic flux, ®x controls the gap between ground and

excited states [7]:
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where ®y = i1/2e is a flux quantum. The quantity A in (1) is the gap between ground and excited states at the degeneracy
point (€ =0).

Characteristic energies (in a frequency scale) of superconducting qubits belong to the GHz frequency range. Nev-
ertheless quantum properties of superconducting flux qubits have been successfully investigated in a MHz frequency
range by so called impedance measuring technique where the flux qubit has been readout with a low frequency (about
hundred MHz) LC tank circuit 8, 9, 10, 11, 12].

From a formal point of view a superconducting qubit is analogous to a spin-1/2 particle with Hamiltonian

Hq = TGZ, (3)

where @, = AE /1.
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Many experiments have shown that the interaction between a flux qubit and microwave radiation can be described
and interpreted within the models and approaches well known from quantum optics. That is why flux qubits are
frequently called artificial atoms. However, there are two significant differences. The first one is that a flux qubit is a
macroscopic device, hence, its interaction with microwaves is much stronger than that for the atom-photon interaction.
For flux qubit the regime of strong coupling to a photon field can easily be achieved. For this reason the effects
which are observed in a media with many atoms can be observed for a single flux qubit interacting with a microwave
field [13]. The second difference relates to the form of the interaction between a flux qubit and a photon field. The
interaction Hamiltonian is as follows [24]:

Hiy — hg <(§[]Gz+£q(7x> (a* +a), @)
where a™,a are creation and annihilation operators for photons, g is the coupling strength between qubit and photon
field.

Hamiltonian (4) contains the "longitudinal” term hgeoy (a™ +a) /@, the analogue of which is absent in quantum
optics due to antisymmetric properties of the atom dipole moment. This term gives rise to the transitions between Rabi
levels of the same doublet, the effect which is not allowed for atoms in photon field. This effect was first observed long
time ago in low frequency NMR experiments [14, 15] where a time dependent part of the polarizing magnetic field By
played the role of our parameter € in (4) (see also section VIIB in [16]).

The first experimental detection of the voltage fluctuations at the Rabi frequency in low frequency LC circuit coupled
to a flux qubit was observed in [18]. This paper gave rise to a series of theoretical works devoted to the transitions
between Rabi levels in superconducting flux qubit. In [19] it was shown that in the dissipative two level system it is
possible to obtain persistent Rabi oscillations excited by an external signal which is in resonance with Rabi splitting.
It was also shown that in a dissipative two level system the regimes of amplification and attenuation of a probe signal
due to transitions between Rabi levels of the same pair were possible [16, 17, 20, 21]. In these papers two- probe
spectroscopy was considered with a driving signal controlling the populations of the Rabi levels. In Ref.[16] the probe
signal was considered as classical wave, while in the works [20, 21] the probe signal was a photon field. All these
theoretical findings have been confirmed in experiment [22] where a flux qubit driven by a high-frequency field with
frequency w, was coupled through a mutual inductance to a low-frequency tank circuit with frequency @r much lower
than the qubit gap A. In this experiment the amplification and attenuation of the LC voltage by a flux qubit are clearly
due to the transitions between nearby Rabi levels with the splitting being in resonance with the LC tank.

With the progress in thin film technology it became possible to develop a microstrip waveguide with a very high
quality factor [23]. This, in turn, paved the way to many interesting experiments where one or several qubits were
coupled on-chip to a microwave resonator (see, for example, Ref. [24] and references therein). In the context of the
subject of this review it is necessary to mention the paper [25] where the first experimental demonstration were given
of the amplification and attenuation of microwaves due to Rabi transitions between the levels of the same Rabi doublet.
In Ref. [25] a flux qubit was placed in the middle of coplanar half-wavelength waveguide which had two gaps at its
ends. For this reason the waveguide plays for microwaves the same role as a Fabry-Perot resonator plays for photons
in quantum optics. The waveguide was driven with a strong signal at its third harmonic. A weak probe signal at the
fundamental frequency was detected at the output where the phase and the amplitude of the transmission factor were
measured. Because the Rabi splitting can be controlled by several external parameters it can be matched to resonance
with the fundamental frequency resulting in attenuation or amplification of the probe signal. The direction of this
effect depends on the populations of the Rabi levels which in turn depend on the external parameters and on the rates
of relaxation and dephasing of the flux qubit. This experiment has been carefully analyzed in Ref. [26]. Here we give
a brief account of this analysis from the point of the dressed state approach which is well known in quantum optics
(see, for example, Ref. [29]).

SUPERCONDUCTING FLUX QUBIT AND PHOTON FIELD

1. Interaction of a superconducting flux qubit with a strong driving microwave field

First we consider a superconducting flux qubit which interacts with a one-mode quantized driving photon field.
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FIGURE 1. (a) A ladder of the energy doublets which represents the uncoupled qubit- photon system (¢ = 0) and the system
where photons are coupled to the longitudinal term (¢ > 0). Here 6, = @, — ma@; < 0. Spontaneous and stimulated transitions at

ma, are shown by dotted (blue) and red arrows, respectively. (b) Two doublets of the singly dressed states of the infinite ladder
(m)

of energy levels. Sideband transitions at @y - Qp "’ and central transition at @, are shown by red solid arrows. Corresponding
spontaneous transitions are shown by dotted arrows.

where d,d are creation and annihilation operators for the field mode with an angular frequency @,. The third and
fourth terms represent the coupling between the flux qubit and the driving field with g, being the coupling strength.

We define the uncoupled basis for Hamiltonian (5) as a direct product of the qubit ground |g) and excited |e) states
and Fock states |N) for N driving photons: |e,N), |g,N). The energy levels for the uncoupled qubit-photon system are
E.y = hwyN +ho,/2. Having in mind to consider the multiphoton transitions we assume the frequency of the driving
field to be close to a fraction of the qubit frequency w,; =~ @, /m, where m is a positive integer (m = 1,2, etc.) [27, 28].
The structure of the energy levels for uncoupled qubit- photon system for J,, = @, —mw, < 0 is shown at the left side
of Fig.1a. This structure is a ladder of doublets split by /5, and separated by 7i®,.

The first three terms of Hamiltonian (5) can be reduced to diagonal form exactly [29]. The eigenenergies and
eigenfunctions are as follows :

ho, hg’e?
Einy = —2L + hoyN — =4 6
IN > + haoy (quwd (6)
hao, he?e?
Eay = =2 4+ hayN — 4 7
2 0 0q
[IN) = e (@7 =) o) (8)
2N) = "= [on) ©)

where A = g €/ @, 0.

Remarkably, the account for the third term in Eq. (5) results in essentially the same energy levels as those for the
uncoupled system if we disregard the constant downshift term in Eqgs. (6) and (7). We show these energy levels at the
right side of Fig.1a with the new eigenfunctions |1,N), |2,N) attributed to them.

The efficient coupling of the driving field with the qubit is caused by the fourth term in Hamiltonian (5). It lifts the
degeneracy of the levels Eyy, and Epy, with ®, ~ mw,, where m = N, — N and gives rise to the well known dressed
energy spectrum shown in Fig.1b (see, for example [29] and references therein).
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The calculation of the corresponding matrix element yields the following result:

(1,N|ox (d* +d) |2,N +m) = exp(—2A%) (% —4/1) T (zmm) (10)

In Eq. (10) J,, is the Bessel function, < N > is the average number of driving photons which is assumed to be large:
Ni,Ny = <N> >>m.
Hence, for the energy splitting between degenerate states we obtain:

|
E.(N,m) = hoyN + Emﬁe’")

where,
o = /(@ ~ I @) +4A3 (an
is the m- photon Rabi frequency with
Am:gd;:)[]’;]m (Vi) (12)

which follows from (10) for A << 1.

This Bessel-like behavior of the Rabi splitting can be obtained also classically and, in fact, is known for a long time
(see, for example, Ref. [30]). It has also been used for the study of quantum dynamics in the microwave irradiated
superconducting charge qubits [31, 32, 33, 34]. However, due to the presence of the photon operator (d* +d), the
matrix element (10) differs from that for a charge qubit, and from that considered in Ref. [29].

Similar to the uncoupled spectrum the dressed spectrum consists of a series of doublets split by hQI(em) and separated
by 7@,. As is evident from Eq. (11), the splitting between dressed levels can be effectively adjusted by three external
parameters: the external magnetic flux, @y which is hidden in &, the frequency of the driving field, w,, and the input
power, which is proportional to (N). For reasons which will be clear later we call these dressed states as singly dressed
states (SDS).

At the degeneracy point (€ = 0) only single photon transition (m = 1) survives

4g2A2(N
o) = \/ (0, — 04)2+ 7g"w2< : (13)
q

The state vectors for two states of a doublet are superposition states of the unperturbed states |1,N;) and |2,N)
where Ny — N = m:

Yo (N,m) = ™ |1,N)+B™ [2,N +m) (14)
where
o) = V2 (15)
o (" ¥ 8,)
g - T (16)
V20 @ 55,)

and 8,, = @, — |m| @y is the detuning between the qubit frequency and the m photon driving signal frequency.

There are three types of transitions between levels shown in Fig.1: the spontaneous emission, the absorption, and
the stimulated emission caused by an external probe signal. The allowed transitions occur only between the states with
nonzero matrix element of ox which is a part of the qubit "dipole" operator €07/, + Aoy /®, which describes the
qubit interaction with the photon field (4).

Spontaneous emission is due to the transition between qubit states with the same number of driving photons
le,N) — |g,N (J]I,N) — |2,N). In Fig.la this transition is shown by the blue dotted arrow. In the picture of dressed
states this transition corresponds to two sidebands at the frequencies mhw, + hQJ(Qm) and one central line mh@,; which
are shown in Fig.1b by the blue dotted arrows. This is well known fluorescent Mollow triplet [35]. Absorption and
stimulated emission are shown in Fig.1 by the red solid arrows. These transitions occur between the same levels which



are connected by the spontaneous transitions. Which process is dominant at the given transition, the absorption or the
stimulated emission, or, in other words, whether the probe signal is amplified or attenuated depends on the population
of the corresponding levels.

By using superconducting qubits as artificial atoms these effects at sideband Rabi transitions between SDS have
been demonstrated experimentally. A lasing action with a single Josephson junction charge qubit has been realized
[36] and the stimulated emission by a flux qubit was successfully employed for the amplification of a microwave
signal passing through an open transmission line [37]. The Rabi sidebands have been observed for different structures
of superconducting qubits coupled to a microwave transmission line: one photon sidebands for three level dressed
states in a transmon qubit [38], two-photon sidebands for a Cooper pair box [39] and multiphoton sidebands for a flux
qubit [40].

Therefore, in principle, superconducting qubits allow one to obtain the amplification (attenuation) of a probe signal
at the Rabi sideband transitions, which are similar to those in quantum optics.

2. Interaction of the driven flux qubit with a quantized photon field in a coplanar waveguide
resonator

In this section we consider the effect of amplification (attenuation) of a probe microwave signal which is due not
to the sideband Rabi transitions, but to the transitions directly at the Rabi frequency. In spite of some analogy with
quantum optics, there is an essential difference: in quantum optics direct transitions at the Rabi frequency are forbidden
at least in the first order perturbation since the matrix element of the dipole interaction between Rabi levels is exactly
equal to zero. As opposed to optical systems, solid state quantum systems are scalable and tunable, therefore the effect
of direct Rabi transitions can be used for microwave quantum engineering [41].

We place the system qubit+ driving field (5) in a photon resonator (low loss rate coplanar waveguide) with the

frequency @y being close to Rabi frequency Qg"). This results in the total Hamiltonian, H = Hy,_4 + H,, where

H, = ha)oa+a+hg,£0'2 (a" +a) +hg,AGX (a*+a) (17)
2 27
Here g, is the qubit resonator coupling; a™, a are creation and annihilation operators for photons in the resonator, and
we assume that the number n of resonator photons is small (7 << N).

Since the frequency of the resonator @y is assumed to be smaller than the qubit gap A, the resonator cannot excite
the qubit. Therefore we neglect the oy term in Eq. (17). The second term in Eq. (17) evidently, leads to the transition
between two levels within a dressed doublet (Fig.1b), a transition which is not allowed for oy. It means that a probe
signal which is matched to the splitting between the dressed states of the same doublet can cause resonant transitions
between them. This leads to the emission or absorption of Rabi photons depending on the populations of these nearby
levels resulting in the energy exchange between the flux qubit and the resonator. Below we analyze this resonant effect
within the frame of doubly dressed states (DDS).

We define, analogous to Egs. (8) and (9), the wave functions |INn) = e 2@ =) |eNn) and |2Nn) = e*@" ~4) |gNn)
with the eigenenergies E1y = hw, /2 + hwyN +hoon, Eoy = —hog/2 +hogN + hayn, where n is the number of Rabi
photons in the resonator. Furthermore, the wave functions W (N, m) @ |n) with n photons we denote as W1 (N,m,n).
If the resonator frequency @y is close to the Rabi frequency Qg@ we get an energy spectrum a part of which is shown
in Fig.2a. These doublets fill the gap between two neighbor doublets of the dressed states.

The additional degeneracy for the levels W_(N,m,n+ 1) and ¥, (N,m,n) is lifted by the second term in the
resonator Hamiltonian (17). For the energy splitting between these new degenerate states we find:

L.
E+(N,m,n) = hayN + hoon £ 5mﬁe)

where
2
ol — \/ () —an) +4R2 (18)
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FIGURE 2. (a) Doublets of the uncoupled system of singly dressed states and n- photon resonator (6g = Qg") —my < 0). The

allowed transition induced by the longitudinal term o is shown by the red arrow. (b) Two pairs of the doubly dressed states. Two

sidebands at Q;em) + Qgem and a central line at Qgem) are shown by red arrows.

The resulting wave functions are
DL (N,mn) =AY (N,mn)+BLY_(N,mn+1) (20)

where
Y. (N,m,n) = ocim) [L,N,n) —&—[31(_[") |2,N +m,n)

with a(im), ﬁim) being given in Eqgs. (15), (16). The quantities A, B+ in Eq. (20) are as follows:

P 1)
Qg (@ F 5%)
5R ¥ Q(”)
B, = R (22)
207 (@ F 5v)

where 8 = 91@ — wp.

Two pairs of states (20) are shown in Fig.2b. These states are called the doubly dressed states since they are obtained
by the dressing of the previously dressed states (Fig.1b) with the interaction between the qubit and the photons in in
the resonator.

The longitudinal term in the qubit dipole operator, 6z, of the probe signal induces the transitions between singly
dressed states W (N,m,n) and W_(N,m,n). An example of such a transition is shown by the red arrow in Fig.2a.
In the picture of doubly dressed states (Fig.2b) this transition corresponds to two sideband lines with the frequencies

Q"+l and a central line Q") If @y = Q" we get the only line at Q. Hence, the transition between the states
of singly dressed doublet transforms to sideband transitions between neighbor doublets of doubly dressed states.
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FIGURE 3. (left) Normalized transmission amplitude |¢| for the fundamental- mode signal versus the bias € and the probing
frequency detuning @, — @y. The amplification and attenuation of the transmitted signal is displayed as the increase or decrease of
the transmission at resonance @, =~ @y; (right) The average intracavity photon number (n) versus the bias € and driving amplitude
Ay. The value of the driving amplitude, at which left plot of the Fig.3 was calculated, is shown by the dashed line. The dark and
light colors correspond to the increase and decrease of the intracavity photon number which, can be termed as lasing or cooling of
the resonator and results in the amplification or attenuation of the transmitted probing signal. Here @, = a.

TRANSMISSION FACTOR. AMPLIFICATION AND ATTENUATION OF A PROBE

SIGNAL
There are several external parameters which can be used to match the splitting Qg") between Rabi levels with the
fundamental frequency @y. These are the external magnetic flux @y (2), the driving frequency @,, and the input
driving amplitude Ay = g4/ (N).

While it is not difficult to find the positions of the resonance from the equation wy = Q;m)’ it is not easy to calculate
the transmission factor which shows the amplification or attenuation of the probe signal. The reason for this is that
the dynamics of the qubit is essentially dissipative. The bare qubit’s relaxation, I" and decoherence, I'y rates are
transformed in a complicated way under influence of the interaction of the qubit with photon fields [21, 26]. These
effects of dissipation can be accounted for by the Liouville equation for the density matrix of the system, including the
relevant damping terms, which are assumed to be of Markovian form [26].

The transmission factor, which is the output-to-input ratio for a probe signal, is defined in the way adopted in
quantum optics [26]:

t=i(a), (23)

where K is the loss rate of photons in the coplanar waveguide, &, the amplitude of the probe signal, (a) = Tr(ap),
p the density matrix of the system, and the trace over the photon states of the fundamental mode |n) and the two qubit
states |£).

Here we show two plots which have been calculated with the account of dissipation effects [26]. In Fig.3(left) we
show the transmission amplitude |¢| of the fundamental-mode signal as a function of the qubit’s bias € and the detuning
), — @y from the probing frequency @,. When the frequency of the probing signal is close to the Rabi frequency Qg")
a resonant energy exchange between the qubit and the fundamental mode of the resonator results in amplification or
attenuation of the transmitted signal. The observation of such amplification was recently reported in [25].

The effect of amplification and attenuation of the transmitted signal can also be related to the increase or decrease
of the intracavity photon number. This is demonstrated in Fig.3(right), where the stationary solution for the intracavity
photon number is plotted as the function of the qubit’s bias € and the driving amplitude A,;.

These calculations were done in the regime of the weak driving for the following parameters [25]: A = 3.7 GHz, g,
=0.8 MHz, wy/27=2.5 GHz, I"= 80 MHz, I’y = 10 MHz, A; = 7 GHz, w; = 3y, k=30kHz, and §, =0.5k.



Below we show the results of a recent experiment where a substantial amplification of a probe signal is demon-
strated. We used a sample similar to the one in [42]. The resonator is probed at its fundamental mode with a frequency
of my /27 ~ 2.5 GHz and driven at its 5th harmonic with @; = 5@y. If the transmission is monitored with low driving
powers, only the dispersive shift of the resonator frequency close to the qubits degeneracy point is observed. No reso-
nant interaction occur since the energy gap of the qubit A =~ 6 GHz is bigger than the eigenfrequency of the resonators
fundamental mode. This can be seen in Fig. 4 at the upper, light curve, which is measured for low driving powers.

transmission phase (rad)

normalized transmission amplitude

m ) D2 D1 A1 A2 ) 5 ) ) ) ) )
-20 -10 0 10 20 —20 -10 0 10 20
a) energy bias &/2n (GHz) b) energy bias £/2n (GHz)

FIGURE 4. Normalized transmission amplitude (a) and phase (b) of a weak probe signal at @, = @y through the resonator. From
light to dark color the driving power is increased in 2 dBm steps. The curves are shifted from another by 0.25 for the amplitude and
0.2 rad for the phase for better visibility. In (a) the peaks for the one (A1) and two (A2) photon amplification and similar the dips
of the attenuation (D1 and D2) are marked.

When the driving power is increased (to the darker and lower curves in Fig. 4), signatures of resonant interactions
appear. They correspond to Rabi resonances between the dressed states and the resonator fundamental mode and
manifest themselves as dips and peaks in Fig. 4 (a) and as characteristic phase jumps in Fig. 4 (b). The latter is
expected for avoided crossings of the energy levels of the resonator (compare for example [42]). The amplification
peaks occur, where the qubit energy is smaller than the driving frequency, where |¢| < 11 GHz, and vice versa for the
attenuation. This is because the population depends on the sign of the detuning between the two, as explained in detail
in [25, 26]. The shift of the resonance points follows the resonance condition Qg) = wyp. Note, if the amplitude term
in (13) dominates, the detuning is close to zero to fulfill the resonance condition. Then the populations get equalized
and a wide dip instead of a peak-dip-structure is expected due to the frequency shift in resonance. Finally we mention
that not only the position of the peaks, but also their height depends on the driving power. To find optimal parameters
for the amplification we analyzed the power dependencies for one of the amplification points as presented in Fig. 5.

As seen in Fig. 5 (a) the probing power has, in the analyzed region, almost no influence on the position of the
resonance point. Only for high powers above -140 dBm a small shift to bigger values of || is observed. Nevertheless, as
also the amplification effect vanishes in this region no further investigations for higher powers where done. The gain of
the feature has a monotonic increase for decreasing probing powers. This may be misleading since the resonant process
can add a constant number of photons in each cycle of the resonator. Only the reference signal is reduced and since
the transmission is given as the ratio of the output to the input amplitude the described dependence is well expected.
The driving power in turn has influence on both the position and the strength of the amplification, as seen in Fig. 5
(b). As already briefly discussed the position follows the resonance condition. Therefore, if the amplitude dependent
term of the Rabi splitting is increased the detuning between the driving signal and the qubit needs to be reduced. Also
a clear optimum in the amplification process is observed. This has two reason, on the one hand the effective coupling
between the Rabi levels and the resonator is increased with increasing driving amplitude (see (19) or [25, 26]), but
also as explained above the population difference between the states is decreased (see also the dissipative dynamics
in [20, 26]). In addition to the increasing coupling also the eigenfrequency of the resonator at the Rabi frequency is
shifted more strong. Then by measuring only for @, /27= const = 2.5 GHz we not always measure in the maximum of
the resonators Lorentzian, which can hide the amplification.
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FIGURE 5. Dependence of the amplification on the probing (a) and driving (b)power at the input of the resonator measured at
. The colormap for both ofthe plots is the same and the corresponding normalized transmission is given in the left colorbar.The
left plot is measured with a driving power of -90 dBm and the right plot with a probingpower of -160 dBm.

CONCLUSION

We have considered a superconducting flux qubit placed in a microwave cavity resonator. The qubit is irradiated
by a strong driving field at a higher harmonic and is probed by a weak signal at its fundamental frequency (first
harmonic). The driving signal is not observed directly and is included into the considerations by the qubit’s dressed
states. Similarly, the interaction of the dressed qubit with the resonator’s fundamental mode can be described as the
second dressing of the qubit’s dressed states. When the energy of the probing photons matches the dressed energy
levels, a resonant energy exchange between the qubit and the resonance cavity results in either the amplification or the
attenuation of the probing signal, depending on the mutual populations of Rabi levels, which, in turn, depend on the
frequency detuning and on the tunable relaxation rates.

We briefly reviewed the major theoretical and experimental activity in this field and presented recent calculations
and experimental results which demonstrate experimentally the main features of the dressed-state amplification of a
probe field by a strongly driven qubit directly at the Rabi frequency. We believe that further investigation of this effect
could find potential applications in the development of new types of quantum microwave amplifiers and sources.
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