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The consequences of the transition to a quantum description of magnetic flux motion in the
superconducting ring closed by an ScS type Josephson junction are considered. Here we review the
principal results regarding macroscopic quantum tunneling (MQT) of Bose condensate consisting
of a macroscopically large number of Cooper electron pairs. These phenomena are illustrated by
the original data obtained from the study of MQT and coherent states in a modified flux qubit with
energy level depletion DE01  210–23 J (DE01/h  30 GHz). State superposition properties in a
two-well potential and the issues associated with quantum measurements of local curvature of
qubits’ superposition energy levels are analyzed.
C 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.3699781]
V
“… the problem of preserving the superposition
states of the Schrödinger’s cat type for mesoscopic
systems is an important problem, and with its
solution we will be able to speak about the many
applications of quantum information”
S. Ya. Kilin, Usp. Fiz. Nauk 169(5) (1999).

I. INTRODUCTION

Recently, due to the prospects expected from the implementation of quantum computing processes,1–3 investigations of the coherence properties of macroscopic objects
created on the basis of superconducting circuits with Josephson junctions4 are of great interest both in terms of low temperature physics and quantum information technology.5,6
Careful attention to the superconducting circuits with
Josephson junctions is mostly because of the many physical
systems proposed as the element base of quantum computers, at this time only these elements allow to create a
large number of selectively managed, interconnected quantum bits (qubits), whose states are, in principle, measurable.
The main advantage of a base of superconducting elements
is the microscopic size of the elements, which allows
through the means of modern technology to create a large
number of qubits with similar characteristics. However, this
is also a disadvantage. The fact is that in a real experiment it
is very difficult to isolate a macroscopic quantum system

from the surroundings, while in an open system due to the
interactions with electromagnetic surroundings irreversible
processes of decoherence and dissipation start to occur and
rapidly transition the system into a mixed state.2,5,6
Depending on the ratio between the Josephson EJ and
the charge EC energies, three basic types of qubits can be
identified7–12: charge, phase, and flux qubits. Currently the
central problems in the study of phenomena associated with
quantum fluctuations of the order parameter in qubits are the
creation of conditions of their minimal interaction with the
surroundings,13,14 the study of the physical mechanisms of
decoherence, the energy relaxation time T1,2,15–20 and the
construction of quantum measurements of the coherent dynamics parameters of qubits.21,22
To minimize the interaction with electromagnetic environment various schemes of modified qubits were proposed,
such as charge-phase qubits,23–25 “quantronium,”10 and
“transmon.”26,27 In this context for flux qubits the choice of
geometry (topology) of the quantization circuit is very important. As one of the best ways to protect the qubit from
magnetic and electromagnetic fields is to reduce the area of
its path, the flux qubit consisting of a superconducting loop
of micron size wit three Josephson junctions28,29 is most
widely used for the demonstration of quantum algorithms.
With free evolution of flux (EJ  EC), charge (EC  EJ),
and phase qubits, decoherence times T2 were obtained in a
few microseconds.5,30 These results give rise to some hope
for further increase of decoherence time, since in the first
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studies of quantum dynamics of charge qubits7 values of T2
were 10–9 s, and of charge-phase qubits—310–7 s.25
Recently, the typical values of decoherence times for modified charge qubits achieved the microsecond range.26 The
answer to the question “what type of qubit is best” will
depend on how much in the developed quantum schemotechnology we can suppress electrical charge fluctuations in
the charge qubit (EC  EJ), magnetic flux in the flux qubit
(EJ  EC), decrease the communication of the qubit with the
electromagnetic environment, and create a qubit with large
tunnel splitting of degenerate energy levels with a barrier
sufficiently high with respect to thermal decay. To solve
these problems and to carry out quantum measurements special powder broadband coolable filters13,14 and electromagnetic screen systems were developed, and new circuits of
signal recording are being created.31,32 To increase decoherence times original modifications of qubits are under study
and new types of weak bonds based on quantum phase-slip
centers are offered.33
In this paper we consider the macroscopic quantum tunneling (MQT) and superposition states in a modified flux
qubit.34 Modification of the flux qubit is as follows: the qubit
quantization circuit is done in a well-shielded from external
environment toroidal cavity made of solid niobium; the
weak atomic size bond with direct conductivity of the ScS
type is used to improve the shape of the tunnel barrier in the
u-direction and as a Josephson junction35,36; to increase the
energy gap in the banks of the Josephson junction D0 the
qubit is made of pure niobium with a single-crystal contact
(Nb–Nb). Next we focus on the experimental problem of
constructing an amplifier channel, cooled to 30–50 mK, for
continuous fuzzy quantum measurements60 of inductance LQ
of the main superposition state of the qubit.
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perature of the superconductor. At low temperature (T  Tc)
for adiabatic dynamic processes in a superconductor with
characteristic frequencies   D0/h the number of quasiparticles in the system is exponentially small, and dissipation
processes for superconductors with large values of Tc may
be significantly suppressed. It is therefore evident that the
overall dynamic behavior of qubits based on niobium is substantially better than the characteristics of aluminum qubits,
since D0Nb/D0Al  7.
A fundamental role for the creation of quasi two-level
macroscopic quantum systems (qubits) is that of the Josephson effects4,37,38 that, like quantization of magnetic flux, are
a manifestation of macroscopic phase coherence of the
superconducting state, and physically are due to coherent
tunneling of Cooper pairs in Josephson junctions. Due to the
nonlinear nature of the dependence of current flowing
through the Josephson junction on the difference between
phases the superconducting loop closed by the junction
becomes nonlinear, which is essential for creating qubits and
measuring their quantum states.
The nature of the tunneling phenomena and properties
of qubits depends on the effective potential for the collective
variable system (phase, flux) and in many cases is a purely
one-dimensional problem. This potential is determined by
the current-phase relationship I ¼ Icf(u) for a Josephson
junction, where Ic is the critical current of the junction, and
u ¼ /1  /2 is the phase difference of the order parameter in
the banks of the contact. The current-phase dependences for
ScS and SIS type contacts with normal resistance RN in a
superconductor with a gap D(T) have the respective
forms,4,35
Is ¼ Ic sin

u DðTÞcosðu=2Þ
;
th
2
2kB T

Ic ðTÞ ¼

pDðTÞ
;
eRN

(1a)

II. MACROSCOPIC QUANTUM TUNNELING

Macroscopic quantum effects in superconducting systems with Josephson junctions are fundamentally due to
superconductivity. A key property of the superconducting
state, which allows to observe quantum effects at the macro
level, is the phase coherence of a Bose-condensate consisting
of a macroscopically large number of Cooper pairs.37,38 Similarly to pure (coherent) quantum state in the simplest quantum systems, the Bose condensate state is described by a
single function of the complex superconducting order parameter D(r) ¼ jD(r)jexp[iu(r)], where u(r) is the order parameter phase. Superconducting current state in a magnetic field
is characterized by the Cooper pair momentum in the Bose
condensate ps ¼ hru(r)  2eA(r), i.e. it is due to the gradient of the phase order parameter u(r) and the vector potential of magnetic field A(r). Due to this there is a well-known
effect of fluxoid quantization (or, as a special case, the magnetic flux) is superconducting hollow cylinders. The module
of the order parameter jDj in a spatially homogeneous superconductor describes the energy gap in the spectrum of its
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
quasiparticle excitations, ep ¼ n2p þ jDj2 , np ¼ p2/2m  l
(where p and m are the momentum and the mass of an electron, respectively, and l is the chemical potential of the electronic system), and thus we see that the minimum excitation
energy is epmin ¼ jDj. In the BSC model39 at zero temperature
the energy gap D0 is 1.76 kBTc, where Tc is the critical tem-

Is ¼ Ict sin u;

Ict ðTÞ ¼

pDðTÞ
:
2eRN

(1b)

When T  Tc dependences Eqs. (1a) and (1b) differ substantially. This difference leads to different behavior of the loops
with ScS and SIS type contacts in the quantum regime at
low temperatures. In what follows we use the approximation
of zero temperature for the potential of the ScS type contact
as at T  Tc the influence of final temperature on the shape
of the potential in the Hamiltonian is irrelevant. As follows
from the theory in Ref. 35, in the limit T ¼ 0 the currentphase dependence of the ScS type contact Eq. (1a) has the
form,
Is ¼ Ic sin

h
u
ui
sgn cos :
2
2

(2)

Using the relation du/dt ¼ (2e/h)V, which describes the AC
Josephson effect (V is the potential difference on the banks
of the contact), and the current-phase relations (1b) and (2)
we get an expression for the dependence of the Josephson
energy of the ScS and SIS type contacts on the phase difference u, respectively,

u

UJ ¼ EJ cos ;
2

EJ ¼

Ic U 0
;
p

(3a)
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UJt ¼ EtJ cos u;
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EtJ ¼

Ict U0
;
2p

(3b)

where U0 ¼ h/2e is the magnetic flux quantum. Equations
(3a) and (3b) describe one-dimensional barriers and onedimensional wells in the u-direction with the “singular” and
“cosine” forms.
In addition to the energy of the Josephson contact UJ,
potential energy U of the system contains the energy of the
external circuit Ucirc, which includes a contact, U ¼ UJ þ Ucirc.
For a flux qubit consisting of a superconducting ring closed at
the Josephson junction the energy Ucirc equals
Ucirc ¼

LIs2
2

2

¼

ðU  Ue Þ
;
2L

(4)

where U and Ue are, respectively, the full and the external
magnetic flux, applied to the ring, L is the inductance of the
ring, and U ¼ Ue þ LIs. The value of the total flux U inside
the ring is associated with the phase difference u across the
contact through the expression u þ 2p UU0 ¼ 2pn, where n is
an integer. The phase difference of the order parameter u on
the banks of the weak-coupling superconductor is its macroscopic degree of freedom, which determines energy contributions to the Hamiltonian of the system.
For 20 years after the discovery of Josephson effects,
experimentally observed phenomena in autonomous Josephson junctions and superconducting circuits, closed by the
junction, were well described by the classical nonlinear
equations of dynamics of variable u with corresponding
Hamiltonians. It is important to note that in these equations
there is a viscosity term g du/dt, linear in derivative of the
phase, which takes into account the finite flow of the quasiparticle current through the contact (the viscosity coefficient
g  1/R, where R is the resistance of the quasiparticle current
contact).
A new stage in the physics of superconductivity was
marked by the discovery of phenomena in which the coordinate u of a superconducting macroscopic system demonstrated quantum behavior.40 Quantum phenomena that occur
in the low-capacity Josephson junctions at low temperatures
and the associated quantum fluctuations of the order parameter were first considered in the theoretical paper.41 In this paper the phase difference u of the SIS type contact was
considered as a quantum coordinate conjugate to the charge
Q on the banks of the Josephson junction with capacitance
^ u
^ ¼ 2ei, and the quantum Hamiltonian of the sysC, ½Q;
tem is represented in the canonical form,
2
Q^
^
þ UðuÞ;
H^ ¼
2C

Q^ ¼ 2ei@=@u;

(5)

where the first “kinetic” term is the electrostatic energy of
the charge on the capacitance of the Josephson junction.
With the help of the Hamiltonian Eq. (5) in Ref. 41 the
theory of quantum decay of a metastable current state of the
contact was constructed. This process of decay is due to tunneling in the coordinate u from the metastable state of current to a more stable state with lower energy, and it has been
called the effect of macroscopic quantum tunneling (MQT).
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The MQT process has incoherent single character, since in
this case the system after the tunneling of the phase u from
metastable state with higher energy quickly loses energy and
relaxes to the stable lower state with lower energy.
The possibility of the appearance of the MQT effect for
the magnetic flux effect U in a macroscopic superconducting
ring, closed by a Josephson junction, is considered in Refs.
42 and 43. In this case the operators of flow U and of the
canonically conjugate charge Q ¼ CU on the banks of the
Josephson junction satisfies the standard commutation rela^ U
^ ¼ ih. The canonical Hamiltonian of the system,
tion ½Q;
similar to Hamiltonian Eq. (5), has the form,
2
Q^
^
^
H¼
þ UðUÞ;
2C

Q^ ¼ ih@=@U;

(6)

and describes the quantum mechanical behavior of a macroscopic magnitude of flow U in the superconducting ring in
potential U(U) ¼ UJ þ Ucirc, the form of which Eqs. (3a),
(3b), and (4) depends on the external flow Ue. Fig. 1 schematically shows construction of the superconducting quantum interference device (SQUID) with a pure metallic
contact of atomic dimensions35,36 (elastic and inelastic mean
free paths of electrons inside the contact are much larger
than its size) and a diagram of U(U) for those values of parameters (capacitance C ¼ 3.77 fF, parameter bL ¼ 0.8, the
external flow Ue ¼ 0.52 U0 < Uec ¼ 0.62 U0), under which
MQT is realized in a double-well potential. The meaning of
Uec is that when Ue ¼ Uec the potential barrier vanishes. For
L ¼ (2–3)10–10 H the chosen value of bL ¼ 0.8 corresponds
to the triatomic contact with normal resistance RN  4.3 kX
 RQ/3, where RQ ¼ h/2e2 ¼ 12.9 kX is the quantum resistance of the single atom channel.
The first observations of MQT showed44–46 that upon
decreasing the temperature near the characteristic value of
T0 ¼ hxp/2pkB (xp is the plasma frequency of the Josephson
junction40) the mechanism of decay of a metastable current
state changes from classical thermally activated to quantum
tunneling state, and the lifetime of the metastable state at
T < T0 becomes independent of temperature.
Microscopic theories of MQT for the decay of metastable states in Josephson junctions, constructed in Refs. 47–50,
inspired new experiments. Detailed studies51–53 for the probability density of the decay of metastable current states have
yielded good agreement with the MQT theory for both the
SIS (Refs. 47–49, 51 and 53) and the ScS type contacts.50,52
Let us consider the characteristics of tunneling in
SQUIDs with pure ScS type contacts. Previously54 it was
noted that the use of the resistive model with a cosine potential for the description of MQT in such samples (Figs. 1(a)
and 1(b)) leads to a significant (almost an order of magnitude) discrepancy between theoretical and experimental
results for the tunneling rate. The unusually high rate of tunneling decay of metastable states in pure ScS type contacts
were explained in the microscopic theory constructed in
Ref. 50, and the unusual shape of the potential barrier for
such contacts, resulting from the current-phase relation (2),
was later confirmed experimentally.55
Differentiation of the high-frequency current-voltage
characteristic (HF CVC) of the SQUID provides a value convenient for comparison with theory: Df(Ue)  dVT/dI0—
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FIG. 2. The current-voltage characteristics VT(I0) of an RF SQUID and
their derivatives dVT/dI0(VT) at T ¼ 0.5 K. An RF SQUID with an oxidized
ScS type contact (a). An RF SQUID with a pure ScS type contact (b). Additional peaks on the derivative of HF CVC SQUID, shown with arrows, correspond to the macroscopic resonance tunneling around degeneracy of
energy levels (see Ref. 56) of a quantum oscillator.

FIG. 1. The design of an RF SQUID with a pure ScS type contact: 1–Nb
(99.999%) needle, 2–resonant circuit coil, 3–body, 4–Nb membrane (a).
Micrograph of the membrane surface (mosaic crystal) (b). Potential U of the
superconducting ring, closed by pure ScS type contact, depending on the
magnetic flux U in the ring when external flux is Ue ¼ 0.52U0; parameter
bL ¼ 0.8, contact capacitance C ¼ 3.77 fF. Magnetic flux, represented by the
square of the wave function jW1j2, tunnels into the right well, then the state
relaxes to a lower energy level (MQT phenomenon, the process is shown by
dashed lines with arrows) (c).

width of the probability distribution of the decay of a metastable state with respect to Ue, the external magnetic flux
applied to the ring. At T ¼ 0.4–0.5 K characteristic experimental values of Df(Ue) are around (0.13–0.15)U0 for
high-resistivity (RN > 1 kX) contacts, made from a specially
purified niobium, which quantitatively agrees with the
microscopic theory50 for values of the contact capacitance
C  (3–4)10  15 F. The dissipation in the theory is non-

linear and its influence on the probability of MQT is small
subject to the general adiabatic conditions (LC*)–1/2,
(RNC*)–1  D0/h. These conditions are well satisfied for
high-resistance Nb–Nb contacts with a small renormalization
of the capacitance C*% C.50 The experimental values of
Df(Ue) ¼ (0.13–0.15)U0 are very different from the characteristic values (Df(Ue)  0.05U0) following from the theory
valid for tunneling transitions with a normal shunt,49 even in
the most favorable case of weak damping and extremely low
capacitance (C  3 fF).
In experiments with insufficient thermalization of the
measured macroscopic quantum system the decay rate C of
current states can be determined by the excess noise temperature setting TN: C ¼ (xP/2p)expf DU/kB(T þ TN)g, where
DU is the potential barrier separating two wells. However, the
observation in our experiments54 of more narrow distribution
of the probability density decay Df(Ue) ¼ (0.03–0.05)U0
for Josephson junctions Nb–NbxOy–Nb was a strong argument
in favor of high speed of MQT in pure ScS type contacts.
Fig. 2 shows typical values for the width Df(Ue), obtained in a
high-frequency SQUID with oxidized (Fig. 2(a)) and pure
(Fig. 2(b)) ScS type contacts. Detection52 of macroscopic resonance tunneling of magnetic flux (MRT) in the superconducting ring closed by the ScS type contact, and demonstration of
quantum energy levels of the Josephson oscillator in experiments with MQT transitions induced by an electromagnetic
field53 can be regarded as direct evidence that the low temperature behavior of Josephson systems becomes quantummechanical.
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The increase in the tunneling rate in pure ScS type contacts is important for both the observation of macroscopic
resonant tunneling56 and for the creation of superposition
states in the double-well potential, which underlie the construction of qubits. The high tunneling barrier permeability
in the ring closed by the pure ScS type contact is primarily
related to modification of its shape, resulting from the
current-phase relation for contacts with direct conductivity55
and the lack of dissipation in the adiabatic limit in the
system.50
III. SUPERPOSITION OF TWO INDEPENDENT STATES OF
MAGNETIC FLUX IN SUPERCONDUCTORS

In the early 80s a superconducting ring closed with an
SIS type contact was proposed as a physical system in which
it is possible to observe quantum coherent superposition of
two classically different macroscopic states of magnetic flux
U in a symmetrical double-well potential.57,58 Such potentials with degenerate energy levels occur when Ue ¼ U0/2
(Fig. 3(a)). As a result of tunneling transitions the degenerate
levels of independent wells are split by a certain small
amount DE01 ¼ hX  D0, which is determined by the rate of
energy exchange between two wells. If at the initial time
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t ¼ 0 the wave function is concentrated in the left well then
for such a coherent process the probability of finding the system in this state can be expressed as43
1
PL ðtÞ ¼ ð1 þ cos XtÞ:
2

(7)

Of fundamental importance is the fact that with phase coherence in flux qubits with a frequency X the macroscopic
magnetic moment (pseudospin) changes: ls IsS  1010
lB  10–13 J/T (Is  10–6 A is the supercurrent in the loop,
S  10 7 m2 is its area, lB ¼ 0.9310–23 J/T is the Bohr magneton). However, the quantum superposition state, or
“Schrödinger’s cat state,” are rapidly destroyed, for example,
because of the strong coupling of the flux qubit to the electromagnetic environment. Some of the decoherence processes,
which lead dephasing in a typical time T2, will be discussed
below. The criterion for the existence of a flux qubit with the
superposition of two qubit states is the condition XT2  1. In
other words, the superposition state in the circuit of a qubit
should be established much faster (2p/X) than the process of
dephasing with a characteristic time of decoherence T2.
It should be emphasized that the discussed model (6) of
quantum dynamics of flow U in the ring with a Josephson

FIG. 3. Superposition of states in a flux qubit, calculated for a three-atom point contact. The calculation was performed for parameters C ¼ 3.77 fF, bL ¼ 0.8.
Potential U/kB(f), expressed in units of temperature, for Ue ¼ U0/2 with tunneling splitting of the energy levels DE01/kB ¼ 1.52 K; the square of the wave function for the ground state is shown schematically (a). Dependences Ei/kB(fe) of the energy levels E0, E1, and E2 on the external magnetic flux, expressed in units
of temperature (b). Effective quantum inductance as a function of the reduced external magnetic flux (LLQ–1)eff(fe) for different values of noise variance r;
parameter r1/2 for curves 1–4 equals, respectively, 0, 0.005, 0.01, and 0.02 (c). Family of HF CVCs VT(I0) near low currents of excitation I0 for Udc ¼ U0/2.
Parameter r1/2 for curves 1–3 equals, respectively, 0, 0.01, and 0.02. Curve 4 corresponds to the values Udc ¼ U0, r1/2 ¼ 0 (d).
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junction describes pure states of the quantum system. Taking
into account Eqs. (3a), (4), and (6) the Hamiltonian for the
dissipationless superconducting ring with inductance L,
closed by an ScS type contact with critical current Ic and low
capacitance C, at zero temperature has the form,
2
2
2
P^
^ Þ ¼  h @
þ Uðf
H^q ¼
2M
2M @f 2
#

"
U 0 Ic
2p2 ðf  fe Þ2
2j cosðpf Þj þ
;
þ
2p
bL

M ¼ U20 C;

Ic ð0Þ ¼

pD0
;
eRN

bL ¼

2pLIc
;
U0

(8)

where f ¼ U/U0 and fe ¼ Ue/U0 are dimensionless variables
of internal U and external Ue magnetic fluxes in the ring,
respectively. The obvious advantage of such a Hamiltonian
for a qubit creation is the singular potential resulting from
the current-phase relation for the ScS type contact. Consideration of such a Hamiltonian is based on the fact that only the
model with the potential corresponding to the current-phase
relation of the ScS type contact and with dissipation vanishing near zero temperature can satisfactorily describe the
results of experiments on macroscopic quantum tunneling in
a ring with a pure high-impedance ScS type contact.54
Solutions of the stationary Schrödinger equation,
H^q ðf ; fe ÞWðf Þ ¼ Eðfe ÞWðf Þ;

(9)

with Hamiltonian Eq. (8) give wave functions W(f) and energies E(fe) of the stationary states of a superconducting loop
with the ScS type contact at the specified value of external
magnetic flux fe. Consider the superconducting loop with
bL ¼ 0.8, in which a double-well potential appears around
fe ¼ 1/2. Choosing the values of quantization circuit inductance L ¼ 310–10 H and contact capacitance C ¼ 3.7710–15
F, close to our experimental parameters we obtain (Fig. 3(a))
the splitting of degenerate energy levels of the qubit into
two, E0(fe) and E1(fe), with DE01/kB%1.5 K at a sufficiently
high for the thermodynamic decay barrier DU/kB % 3.5. The
dependence of the energy levels on external magnetic flux
Ue is shown in Fig. 3(b), where for the sake of completeness
the next, non-superposition level E2(fe) is given. The distance to that level around Ue ¼ U0/2 (Fig. 3(a)) is significantly greater than between the split levels, which justifies
the applicability of the two-level approximation when considering the coherent dynamics of a flux cubit based on an
ScS type contact.
The main superposition state jW0 i of a cubit (in a
double-well potential) with minimum energy E0(fe) will play
a major role in construction of a new superconducting quantum magnetic flux detector, by analogy with the detector
based on a qutrit.59 In this paper a qutrit is a system of superimposed levels in a triple-well potential. Fig. 3(b) shows that
the basic superposition level E0(fe) has a substantial local
nonlinearity, which can be expressed through quantum inductance LQ(fe) (Ref. 24),
L1
Q ðfe Þ ¼

@ 2 E0 ðUe Þ
1 @ 2 E0 ðfe Þ
¼ 2
;
2
@Ue
U0 @ fe2

(10)

whose characteristic dependence on the magnetic flux in a
pure quantum state for the qubit with parameters given in
Fig. 3(a) is shown in Fig. 3(c).
From this relation it is clear that the superposition of states
occurs in a relatively narrow (Ue  102U0) typical range, and,
as a result, with the splitting of the levels DE01/kB % 1.5K the
flux qubit is very sensitive to fluctuations of the magnetic flux.
If the levels fluctuate, then upon interaction of the qubit with
electromagnetic field fluctuations will be observed in the Rabi
frequency. At the point of degeneracy Ue ¼ U0/2 the effect of
fluctuations can be significantly reduced (@LQ/@Ue ¼ 0), yet
thorough filtration and magnetic shielding are needed. However, this can not be done with regard to noise generated by the
measuring tract. For example, using the scheme for continuous
fuzzy quantum measurements60–63 the flux qubit is inductively
(M ¼ k(LTL)1/2) coupled with a high-quality (Q  1) resonant
circuit with frequency xT ¼ (LTCT)–1/2, in which the signal is
magnified by a cooled amplifier.25,29,52 In this scheme the electromagnetic noise of the circuit and the transistor will determine
the degree of “Reverse action” on the qubit. Possibilities of
reducing the adverse reaction of the measuring scheme (in the
form of noise flux, induced in the qubit) on experimental results
will be discussed below. For now, assume that the characteristic
frequencies xi of noise, acting on the qubit through the measuring path, are small compared to the splitting frequency X, but
are large relative to xT. In this case the effective value of the
quantum inductance of the ground state (LLQ–1)eff (fe) can be
found using the technique of averaging over thermodynamic
(quasi-stationary) fluctuations.64 In the approximation of the
Gaussian distribution of noise for the quantum inductance, we
obtain
 0 2
ð
1
f
ðLLQ 1 Þðfe þ f 0 Þ;
ðLLQ 1 Þeff ðfe Þ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃ df 0 exp 
2r
2pQ
(11)


where r ¼ d fe2 is the variance of the noise flux acting on
the qubit from the measuring circuit. Fig. 3(c) shows the dependence of (LLQ–1)eff (fe) for several values of the standard
deviation of noise flux r1/2.
We emphasize that the investigated in this paper problem of adverse influence of the measuring tract on the qubit,
leading to homogenization of the quantum inductance of the
ground state of the qubit by noise, is fundamentally different
from the known effect of temperature.29,65 Averaging of
(LLQ–1)(fe) by temperature of the qubit is due to the finite
of
population
 the upper level and the formation of
ðLLQ 1 Þðfe Þ as the average over the equilibrium density
matrix of the system.
From Eq. (11) it follows that for the observation of dependence, differing by no more than 15% at the extremum
point, from r1/2 ¼ 0 the value r1/2 0.003 is required, which
implies the creation of amplifiers with ultralow power consumption. Indeed, the noise flux in the qubit from the resonant
circuit is determined by its noise temperature dUN
 (k2kBTTL)1/2. Given that k2 10–2, for the value of r1/2
0.003 we get TT 30 mK, i.e. the first stage of the cooled amplifier must operate around refrigeration temperatures of 30
mK. More recently we proposed a general concept to solve
this problem.66 The created single-stage HEMT amplifier produces gain of 10 dB at 0.5 GHz (with a strip of 10%) at a
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power consumption of less than 10–6 W, which makes it possible to have it at such temperatures.
Substituting the expression for (LLQ–1)eff (fe) into the
usual Eq. (12) for the current-voltage characteristics of the
RF SQUID we obtain the HF current-voltage characteristics
for a qubit in a pure state, and depending on the variance of
the noise contour (see Fig. 3(d)),
xT LT QI0
VT ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
1 þ 4nðVT ;Udc Þ2 Q2
nðVT ;Udc Þ
¼ k2

1
2p

ð 2p
0


MVT
ðLLQ 1 Þeff Udc þ
sin s cos2 sds;
xLT
(12)

which can be solved numerically.
Fig. 3(d) shows the branches of the high-frequency current-voltage characteristics obtained for the ground superimposed state of the qubit with parameters given in Fig. 3(a),
when the value of external magnetic flux is Ue ¼ U0/2. As
expected, the magnetic flux noise smoothes the effect of
quantum inductance of the ground superimposed level in
high-frequency current-voltage characteristics of the flux
qubit. At low currents I0 of excitement the high-frequency
current-voltage characteristics of a qubit are formally similar
to the corresponding characteristics of the high-frequency
SQUID in a hysteresis-free regime (bL ¼ 2pLIC/U0 < 1) with
the classical Josephson inductance (see inset in Fig. 3(d)).
However, the situation changes dramatically when the nonlinearity of the principal superimposed energy level in a threewell potential is considered. In this case, the main peak of
the quantum inductance is shifted into the region Ue  U0,
and not to Ue  U0/2, and direct evidence of superposition
state can be obtained from the high-frequency current-voltage characteristics and signal characteristics of the qutrit
without placing it in an external electromagnetic field.59
In this regard, note that in 1985 the averaged by the
noise characteristics of a qubit were apparently observed by
one of the authors of Refs. 67 and 68. In these studies it was
suggested that the observed at low temperature (anomalous)
dependences of an RF SQUID with an ScS type contact are
associated with the coherent superposition of states. However, theoretical evidence of a large tunneling rate for ScS
type contacts and calculations of high-frequency currentvoltage characteristics of a qubit under the influence of noise
from the measurement channel were absent at the time.
Let us now consider the effect of capacitance (mass) on
quantum inductance of the ground superposition level and of
the HF CVC qubit. Fig. 4(a) shows superposition levels
resulting in a double-well potential of a qubit with a pure ScS
type contact, for C ¼ 9.42 10–15 F and bL ¼ 0.8. With such a
capacitance deep-seated levels of unconnected wells become
split at point Ue ¼ U0/2 by DE01/kB ¼ 0.36 K. These splitting
values are typical for the best flux qubits with SIS type contacts, but only at much lower heights of the potential barrier
DU. It follows that a flux qubit with an ScS type contact is
characterized by significantly lower rates of thermal decay
exp(DU/kBT), i.e., by fewer errors due to hopping over the
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barrier (“leakage to non computational states”). As can be
seen in Fig. 4(c), the dependence of quantum inductance of a
pure state (r1/2 ¼ 0) on Ue narrows sharply with increasing capacitance, and peak amplitude increases by about a factor of
five compared with the previous case. However, such narrow
peaks are even more sensitive to fluctuations and are quickly
washed out by the noise of the measuring scheme. After averaging the noise with variances r1/2 ¼ 0.01 and r1/2 ¼ 0.02
(see Fig. 4(c)) the characteristic dependences of (LLQ–1)eff(fe)
and of HF CVC qubits (Figs. 3(d) and 4(d)) for the two capacitance values are almost identical. Consequently, the results
of experiments involving inductances of superposition energy
levels as a quantitative method for determining the characteristics of qubits, should be approached with caution. Assuming
that thermalization chain shift in the magnetic flux and electromagnetic field is done to T  10 mK, consider one of the
possible schemes of quantum measurements with a minimum
variance of noise acting on the qubit.
IV. THE MODIFIED SCHEME OF SIGNAL AMPLIFICATION
DURING THE CONTINUOUS FUZZY MEASUREMENT OF
QUANTUM SUPERPOSITION STATES OF A FLUX QUBIT

Creation of amplification path with minimal adverse
influence on the measured quantum system (on the qubit) is a
difficult task of experimental physics. Some general problems
of constructing quantum measurements, for example, carrying out nonperturbing operations that do not require entry
into the “subquantum” level of noise, are discussed in
Ref. 70. Here we focus on the experimental aspect of continuous fuzzy quantum measurements of local curvature of superposition energy levels and the dynamics of qubits. In
quantum measurements the energy radiated by the transistor
in the direction of the qubit is determined by the brightness
temperature Tb at the transistor input. The temperature Tb
depends on the physical temperature of the crystal lattice of
the transistor, on the effective temperature of the conduction
electrons of the channel, and on the frequency-dependent
reflection coefficient at the input, i.e. “emissivity.” The integral value of Tb is close to the physical temperature of the
transistor and significantly exceeds the noise temperature Tn.
Because in the registration scheme due to the large power dissipation in DC (P ¼ 0.1–1 mW) the first stage of the amplifier
is at T  1 K, it is the Planck radiation at temperature Tb that
usually has a major influence on the rate of decoherence of a
qubit by the measuring tract. The matching element (resonant
circuit), which has a galvanic contact with the transistor, can
have noise temperature TT  1 K or even higher due to the
high brightness temperature of the transistor Tb  P.
Fig. 5 shows a typical example of noise smoothing of an
additional step (shown by arrow), appearing due to superposition of three states in flux qutrite with a pure ScS type contact. These results were obtained at transistor temperature of
1.5 K. Carrying out quantum measurements it is appropriate
to decrease Tb by deep cooling of the transistor, and at low
frequencies to apply powder filters, which effectively suppress broadband Planck emission.13,14 If P and Tb are sufficiently decreased, and the amplifier is set up with
refrigeration set to T 30 mK, then the variance of the noise
flux induced in the qubit from the resonant circuit, all elements of which are at T 30 mK, is r1/2 10–3, i.e. quite
small compared to the typical width (LLQ–1)eff (fe) for the
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FIG. 4. The superposition of flux qubit states, designed for a three-atom point contact of increased capacity C ¼ 9.42 fF. Potential U/kB(f), expressed in temperature units, for Ue ¼ U0/2 and bL ¼ 0.8 with a tunnel splitting DE01 ¼ 0.36 K; the square of the wave function for the ground level is shown schematically
(a). Dependences Ei/kB(fe) of the energy levels E0, E1, and E2 on the external magnetic flux, expressed in units of temperature (b). Effective quantum inductance as a function of the reduced external magnetic flux (LLQ–1)eff(fe) for different values of noise variance r; parameter r1/2 for curves 1–4 equals, respectively, 0, 0.005, 0.01, and 0.02 (c). Family of HF CVCs VT(IP) near low currents of excitation for Udc ¼ U0/2; parameter r1/2 for curves 1–3 equals,
respectively, 0, 0.01, and 0.02. Curve 4 corresponds to the values Udc ¼ U0, r1/2 ¼ 0 (d).

considered qubit with level splitting DE01/kB  1.5 K (see
Fig. 3). To solve this problem in Ref. 66 a principle of
single-stage amplifiers with a submicron DC power consumption, and values P10 ¼ 0.95 lW at  ¼ 0.5 GHz (P10—
power consumption of the amplifier with gain G ¼ 10 dB)
were employed. In such an unsaturated DC mode the twostage amplifier with serial FET Agilent ATF-36077 yielded
G ¼ 45 dB at 5nW power consumption and  ¼ 0.5 GHz.
There is every reason to believe that the transition to InP-,
InAs-, and especially to InNb-HEMT, P10 in the unsaturated
mode can be reduced down to several nanowatts and/or the
operating frequency and be increased. As noted by the
authors of Ref. 66, cooling HEMT amplifiers operating in
this mode from 4.2 K down to 300 mK improves their basic
characteristics.
Modern solid-state amplifiers designed to operate at low
temperatures are made on field heterostructural high electron
mobility transistors (HEMT). The activation energy of donor
impurity is so small that the restriction of the operating temperature of these transistors is only the power they dissipate
P (G, ). Numerical estimates show that when using the unsaturated mode the values of r1/2 can be decreased 30–40
times. Such values of r1/2 are quite applicable for the registration of the fine structure of the local curvature of the

ground superposition level of a qubit with an ScS type
contact and its dynamics in electromagnetic field with characteristic frequencies of Rabi oscillations XR  1 GHz for
the splitting of the levels DE01/h  (30–35) GHz.
Flux qubits with SIS type contacts have essentially smaller
values of degenerate level splitting DE01/h  (3–7) GHz
(see Refs. 9, 29, 33 and 71 and references therein). For flux
qubits with SIS type contacts even a small inverse influence of
the measuring scheme on the qubit (r1/2  10–3) significantly
smoothes out the narrow peak of the effective quantum inductance (see Fig. 4). Therefore, to observe the fine structure of the
qubit, the resonant circuit and the first stage of the amplifier
should be at T 10 mK. Studies conducted in the recent years
let us hope for a positive solution to this problem.
Good results of the measurements of flux qubits using
amplifiers on pseudomorphic GaAs–HEMT were obtained in
Ref. 29. Upon cooling of such an amplifier to T  1 K at
 ¼ 100 MHz power consumption P10 is on the order of 100
mW.72 To reduce Tn and Tb for the HF range specialized
HEMTs are developed that at low currents preserve a large
slope.73 For higher-frequency cooled amplifiers in the normal
mode, including InP, power dissipation in the amplification of
10 dB increases to P10  10–3 W.74 With such a large power
dissipation the active zone of the cooled transistor is heated to
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FIG. 5. A family of current-voltage characteristics VT(I0) of a flux qutrit
with a superposition step. The family parameter is the value of the external
magnetic flux DUe U0 /10. The superposition step has a periodic dependence on Ue, while the period is U0, and is observed around the symmetrical
three-well potential. The slope of this step is partly due to the noise temperature of the resonant circuit.

5–10 K due to poor heat conductivity of the heterostructures,75 which determines the high brightness temperature Tb
at the amplifier input and will lead to increased inverse effect
on the qubit. At microwave frequencies the use of highresistance loads is impossible, and the main way is to improve
the transistor technologies (e.g., see ABCS-technology76).
The lowest values of power consumption and minimum
brightness temperatures are expected in specialized transistors
on narrow-gap semiconductors: InAs and, particularly, InSb.
For example, in Ref. 77 a decrease of more than an order of
magnitude was obtained in the values of P10.
It is possible to reduce the power dissipation to
P10  10–10–10–8 W when using SQUID-based amplifiers.78
This allows to integrate the first stages of the amplifier with a
qubit in almost any dilution refrigerator temperatures. For the
development of experimental physics of quantum measurements of great interest are the results obtained in Refs. 79 and
80, which represent the Josephson parametric amplifier with
an instantaneous bandwidth of about 1 MHz, tunable in the
frequency range of 4–8 MHz. Upon cooling of the amplifier,
which contains 480 DC SQUIDs, to T  15 mK subquantum
level of noise is detected. In addition, worth noting are the
new bifurcation amplifiers with low power consumption81 and
SQUID-based converters,82 built on the two-stage scheme
with a chain of 100 or more SQUIDS in the second stage, capable of amplification of several thousand when the output
voltage is on the order of a few microvolts. Although in
SQUID-based multistage converters power dissipation rapidly
increases with increasing the number of elements, it can be restricted for these problems at the level of P10  10–8 W, for
example, simply by reducing the number of elements.
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quantum computer registers. The behavior of Josephson
qubits even in weak fields is quite unlike the behavior of
atoms, since they are essentially nonlinear quantum systems
strongly associated with the electromagnetic environment.
Currently, the technology of manufacturing of such systems
is largely based on the use of tunnel Josephson junctions
Al–Al2O3–Al on the nanometer scale. However, a number of
problems have already arisen on this path. One of them is
the small value of the gap D0 (T  Tc)/h  50 GHz in aluminum, which requires, for example, for increasing the clock
frequency, the transition to superconductors with large values of Tc. Such technological work is already underway
using the new tunnel Ta–Ta2O5–Ta contacts.83 One of the
major problems associated with low rates of tunneling
between two states, separated by a cosine potential, can be
solved with the development technologies for manufacturing
contacts with direct conductivity of quantum contacts84–86 or
qubits with phase-slip centers.33 Given the recent advances
of nanotechnology, in principle, one can hope for a successful solution of this question. In carrying out continuous fuzzy
quantum measurements of states of individual qubits the
brightness temperature of the amplifier channel can serve as
a major cause of decoherence. As can be seen from the foregoing, in the near future we can expect fast-acting coolable
to 10–30 mK combined “SQUID–HEMT” and “SQUBID–
HEMT” signal amplification paths.
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