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The characteristics of a partially coherent quantum detector based on a charge-phase qubit,
coupled with a classical ��T�kBT /q� resonant circuit, are analyzed. It is shown that in an elec-
tromagnetic field signal characteristics with the maximum coefficient of conversion arise when
the effective quantum inductance of the qubit assumes positive and negative values periodically
with the frequency of low-frequency oscillations of the occupation probability of the energy lev-
els �Rabi type� �R��T. The physical nature of parametric energy conversion �regeneration� in a
qubit detector with a periodic change of the sign of the effective inductance and its possible ap-
plication in quantum informatics for detecting weak signals is discussed. © 2009 American Insti-
tute of Physics. �doi:10.1063/1.3224724�
I. INTRODUCTION

Experiments reliably demonstrate the presence of a su-
perposition states in microscopic systems such as photons,
electrons, atoms, and molecules, confirming the conceptual
ideas at the heart of the theory of quantum mechanics. This is
why micro-objects are being considered for constructing
quantum bits �qubits� in the overwhelming majority of vari-
ants of quantum computers.1 For a long time it was consid-
ered in experimental physics that a superposition for macro-
scopically distinguishable states of macroscopic objects is
impossible to observe. In a Schrödinger clearly expressed in
a thought experiment the existing contradiction between the
superposition states of micro- and macro-objects,2 which
came to known as “Schrödinger’s cat.” In reality, quantum
mechanics does not forbid the existence of a linear superpo-
sition of states of macroscopic objects, and the difficulty of
creating and observing such states is due to their rapid decay,
i.e. decoherence.3–6 The transition from a purely superposi-
tion state into a mixed state �decoherence� occurs as a result
of the coupling of a qubit with the large number of degrees
of freedom of the environment. Investigations of the physical
nature of the effects which result in decoherence in “artificial
atoms”—superconducting qubits—and the suppression of
these mechanisms is a topical problem in low-temperature
physics and quantum informatics.7–9

There are several hopeful circumstances for building
new, partially coherent, quantum devices and even, possibly,
a quantum computer using superconducting qubits. In the
first place, qubits based on nanosize Josephson contacts can
be fabricated and replicated by modern technological meth-
ods with a high degree of integration. In the second place,
the states of Josephson qubits, including entangled states,
can be controlled selectively.7–9 Only pulsed electric signals
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and weak magnetic fields are required to initialize a quantum
processor. Finally, and perhaps most importantly, the states
of Josephson qubits can be measured with high quantum
efficiency, since in such a system a macroscopically large
value of the magnetic moment ��1010�B�10−13 J /T�,6

which can be viewed as a pseudospin, can participate in the
coherent quantum dynamics. The development of the “hard-
ware” for a quantum computer based on microscopic qubits
is being held back precisely because there are no methods for
rapidly measuring their state with high quantum efficiency.1

At the present time classical high-sensitivity detectors
are used to study superconducting qubits �superpositions of
macroscopic states, Rabi-oscillation type coherent dynamic
effects, Landau–Zener interference, spin-echo� experimen-
tally. These include single-electron transistors, squids, Jo-
sephson contacts, and linear and nonlinear oscillators.6,8–18

The interaction of any classical detector with a quantum co-
herent system results in rapid collapse of the wave packet
into one of the states, i.e. decoherence. Ordinarily, statistical
measurements with so-called switchable detectors are used to
study the dynamics within a certain time interval.10,12–14 In
this case, the detector, a squid �or Josephson contact�, is in a
superconducting state during the free evolution of a qubit
and is switched into a resistive state during the measurement
process. Next, a special impulse returns the qubit and the
detector into the initial state, after which the measurement is
repeated. After repeated measurements have been performed,
mathematical analysis makes it possible to reconstruct the
probability amplitude of the occupation probability of the
levels at different moments in time and to determine the
decay time of the low-frequency oscillations, which are simi-
lar to the Rabi effect in a two-level atom.
© 2009 American Institute of Physics
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From the standpoint of experimental physics such meth-
ods can also be used in a quantum computer, but it is be-
lieved that quantum measurements of the states of qubits by
the method of continuous indistinct measurements �weak
continuous measurements—WCM� is prefereable.16–24 The
crux of this method is that during the measurement process a
classical detector weakly perturbs the quantum object on
which measurements are being performed, which results in
“slow” decoherence of the state. Actually, this means that a
classical detector is weakly coupled to the quantum object,
which is the object of measurement, via a certain coefficient
k�1 and, obtaining a small part of the information about the
object �weak measurements�, has a weak “back effect” on the
qubit in a wide frequency band.

A fundamentally new method of performing weak con-
tinuous measurements on quantum objects can be developed
on the basis detectors using the nonlinear properties of a
superposition of macroscopic states in flux or charge-phase
qubits.15,25–28 In this case a two-level quantum coherent sys-
tem �qubit� will interact �form entangled states� with a par-
tially coherent quantum detector in the course of the mea-
surements. In principle a qubit detector, being an ideal
parametric quantum transducer �an rf squid in a zero-
hysteresis regime serves as a classical analog29�, can have a
minimal back effect on the object of measurement.

The objective of the present work is to investigate by the
method of weak continuous measurements the signal charac-
teristics of a charge-phase qubit26–28 in a resonance micro-
wave field �charge gate� and a weak rf field from a resonant
circuit coupled with the qubit �phase gate�.

II. MODEL OF A CHARGE-PHASE QUBIT

An artificial “atom”9 based on a charge-phase qubit �Fig.
1� consists of a “single Cooper-pair-box” �SCPB�, connected
into a superconducting ring with inductance Lq, i.e. it is to-
pologically similar to an rf squid26–28 with an SCPB replac-
ing the junction. A single-Cooper-pair box consists of two
mesoscopic contacts with Josephson energies EJ1 and EJ2,
capacitances C1 and C2, and an island �granules� with a small
volume placed between them. The value of the order param-
eter ��0� at the edges of the Josephson junctions and the
number N of states, which is proportional to the volume of
the island, determine the characteristic activation tempera-
ture of quasiparticle excitation T*=��0� /k ln N.30 The volt-
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b

FIG. 1. Equivalent circuit of a charge-phase qubit with the parameters Cg

�2·10−18 F, CJ1�CJ2�10−15 F, Cgr�0.5·10−12 F, EJ1 /h�23 GHz,
EJ2 /h�20 GHz, and Lq�0.9·10−9 h �a�. The image in an electron micro-
scope �SEM� of the region of the “island” with two tunnel contacts
Al–Al2O3–Al and charge gate �b�.
B
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age Vg of the charge gate, coupled with the island capaci-
tance Cg, controls the magnitude of the polarization charge
and the current circulating in the ring.

The Hamiltonian of the charge-phase qubit assumes its
simplest form when the electrostatic energy of the SCPB is
much greater than �ECP�EJ���� its effective Josephson en-
ergy. In this case the two “physical” base states of the qubit
are coupled with zero or one Cooper pair, which has tunneled
onto the island through the Josephson junctions. In the two-
level approximation and limit of low inductance of the qubit
circuit, the Hamiltonian in the basis of characteristic states
�superposition states with respect to the initial physical
states� has the form28

Ĥq =
1

2
�E�ng,��	̂z =

1

2
�EJ

2��� + D2�ng��1/2	̂z �1�

�	̃z is a Pauli matrix�, where the effective Josephson energy

EJ��� = �EJ1
2 + EJ2

2 + 2EJ1EJ2 cos ��1/2 �2�

depends on the phase difference of the order parameter be-
tween both junctions �=�1+�2 ��1 and �2 are the phase
differences between individual junctions�, and the charge
part of the Hamiltonian

D�ng� = ECP�1 − ng� �3�

is determined by ECP= �2e�2 /2C
 is the two-electron cou-
lomb energy of the island with total capacitance C
=C1

+C2+Cg and by the parameter ng=CgVg /e characterizing the
proportional charge eng=CgVg induced on the island by the
charge-gate voltage Vg. The geometric inductance Lg of the
charge-gate qubit circuit is usually small in experiments,
LqIc /�0�10−2, so that the total magnetic flux � through the
qubit circuit and the fixed external magnetic field �e are
related by the relation ���e, ���e=2��e /�0 and the
Josephson energy of qubit is periodic in � with period �0.
Thus, according to Eq. �1� it is possible to control in a
charge-phase qubit the effective Josephson energy EJ��� by
setting the external flux �e and the effective charge energy
D�ng� by setting the energy gap �E�ng ,�� between the
ground and excited levels of the qubit. An inhering feature of
a charge-phase qubit �in contrast to an ordinary charge qu-
bit�, following from its topology, is the current circulating in
the superconducting circuit of the qubit. The current operator
for an isolated qubit corresponding to the Hamiltonian �1�
has the form

Î =
2e




�Ĥq

��
= Iq�ng,��	̂z, Iq�ng,�� =

e




EJ1EJ2 sin �

�E�ng,��
,

�4�

and therefore two basis states of a charge-phase qubit
�ground and excited energy states� can be distinguished ac-
cording to the superconducting currents Iq�ng ,�� circulating
in opposite directions in the qubit circuit.

For arbitrary values of the ratio EJ��� /ECP the energy
spectrum and the characteristic functions of the charge-phase
qubit are given by the Bloch zones En�ng ,�� and the Bloch
wave functions �ng ,� ;n� �n=1,2 , . . . is the zone index�,
which are the numerical solution of the Schrödinger equation
with a Hamiltonian that includes all charge states and the
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periodic Josephson energy.26,27,31 The two lowest energy lev-
els En�ng ,�� �with n=0,1� correspond to the basis of a
charge-phase qubit in which the Hamiltonian has the
form26,27

Ĥq =
1

2
�E�ng,��	̂z, �E = E1�ng,�� − E0�ng,�� , �5�

and the operator Î= �2e /q��Ĥq /��.
The constant voltage Vg0 controls the qubit detector via

the charge gate, and the detector is excited by the electric
component of the microwave field with frequency � and am-
plitude Vr. The total voltage on the gate Vg=Vg0

+Vr cos 2��t polarizes the qubit island with charge CgVg.
The quantum-dynamic response of the qubit is investigated
by the standard, for microwave squids, method of signal
detection32,33 on the basis of the concept of weak continuous
quantum measurements.19–22 In principle, the signal of the
charge-phase qubit can enter an amplitude or a phase detec-
tor. Analysis shows that the differences between the signal
characteristics are not too great, so that we shall be con-
cerned primarily with case of phase detection. In this scheme
a qubit is weakly �k2�Q−1� coupled via the mutual induc-
tance M =k�LqLT�1/2 with a high-Q resonant circuit �Q�1�
with the characteristic frequency �T= �LTCT�1/2, which is a
classical linear detector. A current from a high-resistance
pump generator IP= IP0 cos �Pt is passed through this cir-
cuit; the amplitude of this current is practically independent
of any changes of the impedance of the circuit. In the limit of
small amplitudes IP0 the qubit impedance changes introduced
into the circuit result in a small change of the amplitude VT

of the ac voltage V=VT cos��Pt+�T� on the LTCT circuit and
a shift �T of its phase with respect to the phase of the pump
current.

This method makes it possible to measure directly the
quantum effective inductance of the qubit, characterizing the
response of the qubit to a change of the external magnetic

flux d	Î� /dt=LJ
−1d� /dt. For example, for adiabatic condi-

tions and relatively low frequencies �T=�P��E�ng ,�� and
small pump amplitudes �T=MQIP0��0, moving along the
energy state of a qubit �ng ,� ;n� the phase shift �T can be
represented in the form18,34

tan �T�ng,�;n� = k2Q
LqLJn

−1�ng,��
1 + LqLJn

−1�ng,��
, �6�

where the quantum effective inductance of a qubit character-
izing the state �ng ,� ;n� is given by the expression27

LJn
−1�ng,�� =

2�

�0

�In�ng,��
��

= 
2�

�0
�2�2En�ng,��

��2 . �7�

As one can see from Eq. �7�, the reciprocal of the effective
inductance LJn

−1�ng ,�� is proportional to the local curvature of
the energy level of a qubit En�ng ,�� with respect to �. The
sign and magnitude of LJn

−1�ng ,�� for two basis states of the
qubit n=0,1 characterize the form of the corresponding en-
ergy bands E0�ng ,�� and E1�ng ,��. In the absence of a mi-
crowave field �Vr=0� the qubit is in the ground state and the
experimentally measured function �T��� makes it possible to
reconstruct according to the relations �6� and �7� the
“current-phase” dependence of a qubit
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I0�ng,�� =
�0

2�Lq
�

0

� tan �T����
k2Q − tan �T����

d��. �8�

Figure 2a shows a diagram of the energy levels E0�1,��
and E1�1,�� of a charge-phase qubit with the Hamiltonian
�1� for the two-level approximation; Fig. 2b shows the cor-
responding curvature of the functions LJ0

−1�1,�� and LJ1
−1�1,��

with a constant charge. The characteristic form of these de-
pendences reflects the strong nonlinear dependence of the
curvature of the energy levels E0�ng ,�� and E1�ng ,�� on the
external flux �. Moving along the level the qubit changes the
effective inductance �LT�−M2LJ

−1�ng ,�� of the circuit; ac-
cording to �6�, in the limit of small amplitudes of the rf
generator the measured phase signal tan �T�ng ,� ;n� is deter-
mined by the local curvature of the level LJn

−1�ng ,��, and in
the event that LJ

−1Lq�1

tan �T�ng,�;n� � k2QLqLJn
−1�ng,�� .

In the simple two-level model �1� the energy bands possess
the symmetry E1�ng ,��=−E0�ng ,�� and therefore their local
curvature has the same magnitude and the opposite sign:
LJ1

−1�ng ,��=−LJ0
−1�ng ,�� �Fig. 2b�. However, the symmetry in-

dicated above is a property of the two-level model; in gen-
eral, LJ1

−1�ng ,���−LJ0
−1�ng ,�� and the functions LJ1

−1�ng ,��,
LJ0

−1�ng ,�� can differ in magnitude and sign.26,27 Moreover,
for a qubit interacting with a microwave field, even in the
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FIG. 2. Scheme of the dependences of the ground-state |0� and excited-state
|1� energy levels of charge-phase qubit versus the external magnetic field.
The arrows show Rabi-type oscillations with frequency �R of the occupa-
tion probability of levels near exact resonance with an external microwave
field, �E01=h� �a�. Curves of the effective quantum inductance in the
ground and excited states versus the external magnetic flux �e �b�. It is
evident that during part of the period of the low-frequency oscillations of the
reactive parameter LJ

−1 of the qubit assumes negative values. Computed
parameters Lq=0.9 nh, Ic1=50 nA, Ic1 / Ic2=0.85.
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two-level limit the local curvature of the quasienergy levels
can deviate strongly from the indicated simple symmetry be-
cause the state depends on the amplitude of the microwave
power.35

For resonance excitation of a two-level system by a mi-
crowave field the measured response is determined by the
quantum-statistically averaged over the state of the qubit ��̂
=�ij�ng ,� ; i�	ng ,� ; j� , i , j=0,1� inductance 	LJ

−1�ng ,��� intro-
duced into the LTCT circuit:

tan �T = k2QLq	LJ
−1�ng,���/�1 + 	LJ

−1�ng,���� ,

Since the inductances LJ0
−1�ng ,�� and LJ1

−1�ng ,�� of the ground
and excited levels can differ in magnitude and sign, the
change of the dependence tan �T�ng ,�� with resonance
single- or multiphoton excitation of a qubit relative to its
form for a qubit in the ground state makes it possible to
perform spectroscopy for the magnitude of the energy split-
ting �E�ng ,��.17,18 We note that in the experiments on
Landau–Zener interferometry of a charge-phase qubit �in the
charge limit ECP�EJ���� using the method of weak continu-
ous measurements the phase signal is determined by the ef-
fective quantum capacitance averaged over the quantum state
of the qubit 	Ceff�ng ,���, where the capacitance in the nth
charge state Ceff�ng ,� ;n���2En�ng ,�� /�ng

2 is proportional to
the local curvature of the energy level En�ng ,�� with respect
to the quasicharge ng.

An important new effect was recently investigated
theoretically20,36 and experimentally37—paramagnetic energy
exchange in a system consisting of a qubit coupled with an
LTCT circuit. This effect arises when a qubit interacts with a
microwave field as a result of the existence in it of coherent
low-frequency oscillations �Rabi type� with frequency �R,
close to the frequency of the LTCT circuit, �R��T. The
low-frequency oscillations of the occupation probability of
the states �ng ,� ;0� and �ng ,� ;1� with frequency �R are
shown schematically in Fig. 2a. For the appearance of un-
usual electrodynamics in this system it is important that the
reactive parameter of the “artificial atom” �7�, changing in
time with frequency �R, can periodically assume negative
values. In this case it is possible to observe changes not only
of the imaginary part of the impedance of the LTCT circuit,
owing to the effective inductance introduced from the qubit,
but also changes of the real part of its impedance. Coherent
oscillations of the effective inductance of a qubit with sign
change result in the fact that the real part of the impedance,
introduced into the LTCT circuit from the qubit, can become
negative or positive, which corresponds to absorption or
emission of energy by the “artificial atom.” New quantum
parametric detectors can be developed based on this effect.
The characteristics of one such detector are examined below.

III. CHARGE-PHASE QUBIT AND EXPERIMENTAL
PROCEDURE

A charge-phase qubit with dipole topology �Fig. 1� and
Lq�0.9 nh was fabricated using thin-film aluminum
technology17,18 with two tunneling contacts Al–Al2O3–Al
with area S1,2�2.5·10−2 �m2 and critical current density j
�160 A /cm2. Optical measurements show that the areas of
the contacts in this sample differ by 12–15%. Since the spe-
cific capacitance of such contacts is �35 fF /�m2, we obtain
ownloaded 01 Aug 2013 to 132.174.255.3. This article is copyrighted as indicated in the abstract. R
for the total capacitance of SCPB C
�C1+C2

�1.9·10−15 F for C1,2�Cg�2·10−18 F. Hence we find that
the maximum value of the coulomb energy neglecting the
distributed capacitance is ECP= �2e�2 /2C
�h ·10 GHz. An
estimate obtained for the characteristic values of the Joseph-
son energies of SCPB from optical measurements and mea-
surements of the IVC of a control sample made in the same
technology cycle as the qubit give EJ1= IC1�0 /2�
�h ·20 GHz and EJ2= IC2�0 /2��h ·23 GHz. We obtain
from these values that in the absence of a microwave field
the minimum value of the effective Josephson energy of a
qubit at the point �=� is Emin���= �EJ1−EJ2��h ·3 GHz.

On the strength of the relations �4� and �7� the current
circulating in the superconducting circuit of a qubit and the
effective quantum inductance �impedance� are found to be
periodic functions of the external flux �e and the induced
electric charge q=CgVg.17 To measure small variations of the
impedance the interferometer of the qubit Lq is coupled by
the mutual inductance M =k
LqLT�0.434 nh with a high-Q
�Q�685� resonant circuit CT�185 nF, LT�168 nh, excited
by the current IP of the pump generator at frequency �P

close to the resonance frequency of the circuit �T /2�
�28.55 MHz �Fig. 3�. The changes of the amplitude
VT�ng ;�� or phase �T�ng ;��, which were amplified by a
cryogenic �TA�1.7 K� amplifier, of the oscillations of the
resonant circuit can be regarded as output signal characteris-
tics of the detector based on a charge-phase qubit. An advan-
tage of such a scheme for recording impedance changes is
that recording the signal at the pump frequency makes it
possible to keep the 1 / f type amplifier noise from reaching
the output. In addition, the resonant circuit, being a linear
detector, plays the role of a resonance transformer of imped-
ances, matching a low-resistance qubit with the high input
resistance of the amplifier.32,33

LT
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1,8 K
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1 2 3

Voltage
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Microwave
generator , ν
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FIG. 3. Block diagram of the experimental investigations of the character-
istics of a charge-phase qubit. The dashed lines enclose temperature regions
of the dilution refrigerator and the elements located within them. The polar-
ization charge on the island was produced from a voltage generator coupled
with the charge gate Cg of the system of cooled filters. The qubit is enclosed
in a lead screen �not shown in the figure�, which for microwave frequencies
is a cylindrical resonator. The microwave generator excited, through a co-
axial cable with large damping and a cooled attenuator, a resonator at the
frequency �. Excitation of the LTCT circuit at the frequency �R and detuning
of the qubit with respect to the magnetic field were performed from rf and
constant-current generators. The signal from the resonant circuit, coupled
with the qubit by the mutual inductance M =k
LTLq, was amplified by a
cooled amplifier and measured with a vector voltmeter. 1, 2, 3—powder
�CuO� filter. 1� Voltage generator 2� Microwave generator, � 3� rf generator,
�P 4� Current generator 5� Vector voltmeter 6� Attenuator 20 dB 7� rf
amplifier
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The phase coherence of a qubit is destroyed by thermo-
dynamic fluctuations of the current in the flux-gate circuit
and the voltage in the charge-gate circtuit.7,26 Three CuO-
powder filters with total damping 120 dB at 5 GHz and
�250 dB at 20 Ghz �Fig. 3� were installed to decrease the
decoherence rate in a charge-gate circuit with �Cg /C1�2

�10−6. For the same purpose a magnetic bias was accom-
plished by means of a high-resistance �106 k�� circuit from
the current generator through the coil of resonant circuit LT

with �0 /M �4.76 �A. To set the ac voltage on the charge
gate Vr cos 2��t and obtain Rabi-type oscillations the qubit
was placed in the region of the maximum of the electric field
of the superconducting resonator. Measurements of the spec-
tral density of the low-frequency fluctuations of the magnetic
flux at the location of the qubit show that the 1 / f spectrum at
the temperature of a 3He– 4He dilution refrigerator T
=10 mK starts at the frequency 0.3–0.2 Hz. The analysis
performed in Ref. 11, 38, and 39 shows that the nonquilib-
rium noise of the electric charge in dielectrics can start at
much higher frequencies �102–103 Hz�, and its spectral den-
sity depends on the losses in the material.

Another source of decoherence of a qubit in the continu-
ous quantum measurement scheme is the cooled amplifier,
whose back effect is difficult to estimate analytically. For this
reason, in the present work measurements of the dependence
of the effective inductance of the ground state of a qubit on
the external magnetic flux � �Fig. 4� were performed for
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FIG. 4. Curves of the phase signal �T��e� on the resonant circuit coupled
with a charge-phase qubit versus the external magnetic flux near �e

=�0 /2: 1—no filtering of the measuring channel; 2—with cooling to 10 mK
with a powder filter in the chain of the resonant circuit �a�. Curves of the
amplitude of the superconducting current circulating in the qubit, con-
structed on the basis of the characteristics �1� and �2�, versus the external
flux �b�.
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two different circuits. The measurements differ in that in one
case the amplifier is directly connected to the circuit while in
the second case an additional powder filter cooled to tem-
perature 10 mK is inserted between them. As the depen-
dences in displayed Fig. 4 show, the back effect of the am-
plifier �without a filter� results in strong smoothing of the
local curvature of the energy level �LJ

−1�ng ,� ;n� near �e

=�0 /2 and can be the main source of the increase in the
effective noise temperature of the qubit and decoherence.
The insertion of a filter cooled to 10 mK increases the signal
amplitude �T�ng ;��, which is proportional to the local cur-
vature of the ground-state energy level, by a factor of 1.7
�Fig. 4a�. The ratio of the critical currents of the contacts,
estimated from measurements performed with an additional
cooled filter, equals Ic1 / Ic2�0.8, which agrees to within 10%
with the optical measurements of the contact areas. It follows
from these measurements that in the stationary case the su-
perconducting current �8� circulating in this qubit sample
�Fig. 4b� reaches its maximum value at the points �e

��0�0.5�0.1�, taking account of the fluctuations.
In the absence of a magnetic field the dependences of the

local curvature of the ground-state energy on the external
magnetic flux and charge can be used to develop magneto-
meters EJ

2����D2�ng� and electrometers
EJ

2����D2�ng�.25–27 In this case the qubit-detector is a mag-
netometer or electrometer so that its output signal VS is pro-
portional to the variations �� of the magnetic flux or varia-
tions of the charge �q=Cg�Vg on the qubit gates. Taking
account of the output noise of the measuring circuit VN, the
voltage at the output can be represented in the form

V = VN + ����, V = VN + �q�q . �9�

Here ��=�0�dVT /d�e� and �q=�0�dVT /dq� are the transfor-
mation coefficients in the magnetic field and charge, and
�0= ��P /k��LT /Lq�1/2 characterizes the measuring channel.
In our case we have �0�6.5·1010 s−1. As noted in Refs. 26
and 37, the values of the derivatives dVT /d�e and dVT /dq
depend strongly on the local curvature of the energy levels of
the qubit and the experimental conditions k, IP, Q, ��T

−�R� and can be optimized ���,q��0 by adjusting the pa-
rameters. Neglecting the back effect of the qubit on the mea-
sured signal the signal/noise ratio can be characterized by the
flux �or charge� equivalent to the noise �N=VN /�� �or qN

=VN /�q�. In this case the main parameter of the qubit-
detector—the energy sensitivity—can be expressed in terms
of the spectral density of the quantities �N ,qN in the band of
the resonant circuit:

��� =
	�N

2 �
2LqB

=
	VN

2 �
2L��

2B
; �10a�

��q =
	qN

2 �
2�CJ1 + CJ2�B

=
	VN

2 �
2�q

2�CJ1 + CJ2�B
, �10b�

where B is the output band, which is determined by the mea-
suring time. Since the rf amplifier can have a considerable
fluctuation effect on the resonant circuit, to estimate the
noise contribution the temperature TT of the circuit can be
replaced by the effective temperature TT*=TT

+Q�TLTTA /RA, which is the quantity to be minimized �see
Fig. 4�. In the case where the temperature T is low and the
A
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amplifier resistances RA are high the characteristic sensitivity
of the qubit-detector will improve with increasing ��,q and
for large transformation coefficients it will be determined by
the inhering noise of the qubit. An increase of the transfor-
mation coefficients of parametric detectors in the regime
k2Q�L�1 has been analyzed in detail in Ref. 27 and 40 and
realized in Ref. 29 and 33. A periodic variation of the occu-
pation of the levels �sign of the effective quantum induc-
tance� of a charge-phase qubit with multiphoton pumping
results in parametric transformation of the energy due to the
appearance of “emission” and “absorption” effects20,37 in a
two-level quantum system. This effect, called in classical
systems “nondegenerate single-frequency parametric regen-
eration,” can be used to increase the transformation coeffi-
cients and to develop detectors with quantum-limited sensi-
tivity �Quantum Limited Detector�.

IV. CHARACTERISTICS OF A CHARGE-PHASE QUBIT IN AN
ELECTROMAGNETIC FIELD

We now shall examine the amplitude and phase signal
characteristics of a detector based on a charge-phase qubit
placed in a resonance electromagnetic field. The frequency
�R of the coherent oscillations of the occupation probability

between the ground Ẽ0�ng ,�� and excited Ẽ1�ng ,�� quasi-
levels depends on the amplitude Vr and the detuning of the
frequency � of the microwave field relative to the resonance

frequency of the qubit f10= �Ẽ1�ng ,��– Ẽ0�ng ,��� /h. An in-
crease of the amplitude of the magnetic flux from the circuit
QT sin �Pt=MQIP sin �Pt leads to the obvious effects of av-
eraging of the local curvature �7� of the qubit levels,17,26,27,41

so that in the present work the experimental investigations
were performed in the limit of weak �IPQM �3·10−4�0� rf
generator currents. The generator frequency �P was chosen
to be equal to the resonance frequency of the circuit �P

��T /2��28.55 MHz. It is easily shown that in this case,
for small changes of the frequency �T�ng ,�� of the paramet-
ric circuit the phase channel �T�ng ,�� of signal detection has
the maximum curvature of transformation, and the change of
the oscillation amplitude VT�ng ,�� is practically proportional
to the variations of the Q factor. Since the impedance intro-
duced into the resonant circuit is proportional to the small
parameter k2LqIq

2, we have �T�ng ,����T and the scheme
shown in Fig. 3 is required in order to detect small phase
changes in the oscillations of the circuit.

It follows from the spectroscopy of the resonance energy
absorption lines of a charge-phase qubit with low the micro-
wave field amplitude that the maximum response is observed
at frequencies � equal to 4.4, 8, and 17.5 GHz. If the fre-
quency � of the microwave field and the value of the con-
stant voltage Vg0 on the charge gate are fixed, then the reso-
nance condition for the excitation of the qubit can be
obtained by changing �e as a result of the dependence of the
effective Josephson energy of the qubit �2� on the external
magnetic field. For small amplitudes Vr the characteristic
frequencies satisfy the inequality �R�Vr���T and the low-
frequency oscillations of the occupation numbers of the lev-
els do not fall within the resonance band of the circuit. As the
amplitude of the microwave field increases, the frequency of
the coherent oscillations of the occupancies falls into the
range � �V ��� ��� , which leads to the appearance of
R r T T

ownloaded 01 Aug 2013 to 132.174.255.3. This article is copyrighted as indicated in the abstract. R
parametric energy transformation.20,37 In such a process the
basic condition for observing energy “emission” and “ab-
sorption” effects is a sufficiently high Q factor of the Rabi-
type oscillations �R /��R�1, where ��R is the frequency
band of these oscillations.

Figure 5 displays measurements of the phases �T�ng

�1,�� of the oscillations in the circuit as a function of the
external magnetic field flux applied to the qubit in a micro-
wave field with �=4.436 GHz. The parameter of the family
is the power of the microwave generator P1/2�Vr. This fig-
ure shows that as Vr increases with sweeping of the external
magnetic field quasiperiodic changes of the phase and fre-
quency of the oscillations in the resonant circuit, which are
associated with the impedance Z��� introduced by the qubit,
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FIG. 5. Charge-phase qubit with ng�1 in a microwave resonance field with
frequency 4.436 GHz. Family of curves of the phase signal characteristics
�T��e� coupled with a qubit resonant circuit versus the external magnetic
flux �e. The parameter of the family is the output power of the microwave
generator.
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are observed. Analysis of the external magnetic flux depen-
dence of the voltage on the resonant circuit �VT�ng�1,��
�−Re Z��� shows that three frequency ranges can be singled
out: �� f01���, �� f01���, and �� f01���, for which the real
part of the impedance introduced assumes the respective val-
ues Re Z����0, Re Z���=0, and, Re Z����0. In the region
h��hf01��� a “negative resistance” Re Z����0 is intro-
duced into the circuit and the circuit’s Q factor increases20,37

because energy is transferred from the qubit to the resonant
circuit. When the resonance condition h�=hf01��� is satis-
fied, energy is conserved on average, and in the region h�
�hf01��� energy is transformed in the opposite direction and
the Q factor of the resonance ciruit decreases. The vertical
arrow in Fig. 2a indicates exact resonance h�=hf01���, and
the circular arrows to the right and left indicate the regions
h��hf01��� and h��hf01���, respectively. Direct measure-
ments showed that at the extremal points of the signal char-
actersitics the magnitude of Q for a given qubit changes by
approximately 15%. Analysis of the temperature depen-
dences shows that to within the experimental error Re Z���
is independent of the temperature of the refrigerator in the
interval 10–40 mK. The amplitude Re Z��� decreases by ap-
proximately a factor of two at T=150 mK and Re Z���=0 at
T=300 mK.37

The effect of the quantum parametric energy transforma-
tion between the qubit and an LC circuit determines the form
of the signal characteristics of the system VT�ng�1,�� and
�T�ng�1,�� in a resonance microwave field. The deviation
of the positions of the extremal points of the signal charac-
teristic along the �e axis from exact resonance, the maxi-
mum values of impedance max Re Z���, and the transforma-
tion coefficients

�V��� = � dVT

d�e
�

ng=const
, ����� = � d�T

d�e
�

ng=const
�11�

can be explained by the finite band of low-frequency oscil-
lations �R, which is determined by the influence of external
noise and the internal mechanisms of decoherence.

As the amplitude of the microwave field increases, a
quasiperiodic dependence of the signal characteristics �Fig.
5c–5e� on the external magnetic flux is observed. The period
of this dependence ���e�0.01−0.02�0� is related with the
satisfaction at certain values of � of the resonance conditions
for multiphoton excitations with increasing effective Joseph-
son energy EJ���. For the dependence in Fig. 5e the maxi-
mum range of the signal characteristic and the maximum of
the transformation coefficient are observed in the region ��
��� where for the stationary Hamiltonian �1� the current
circulating in the circuit assumes its minimum value. This
effect, which arises as the amplitude Vr increases, indicates
the complicated behavior of the average values of the
quasienergy levels of a charge-phase qubit in a microwave
field35 and could be helpful for performing spectroscopy of
the states of a qubit in a microwave field with large ampli-
tude.

We shall now examine the signal characteristics in the
region of a high-frequency resonance, observed at the fre-
quency �=17.5 GHz. Figure 6 shows the signal characteris-
tics �t�� ,ng� of a detector based on a charge-phase qubit,
which were obtained with constant power of the microwave
ownloaded 01 Aug 2013 to 132.174.255.3. This article is copyrighted as indicated in the abstract. R
field P=−65 dBm, for two values of the voltage CgVg /e
=ng�1 and ng�0 on the charge gate. It is evident that at the
maximum value of the charge term D�ng=0� the full range
and the transformation coefficient n���� of the phase signal
characteristics are appreciably greater than for ng�1. For an
electrometer based on a qubit, just as for the transformation
coefficients with respect to the magnetic flux, amplitude and
phase transformation coefficients can be introduced for the
electric charge:

�V�ng� = �dVT

dqg
�

�=const
; ���ng� = �d�T

dqg
�

�=const
. �12�

The maximum difference between the phase signals
shown in Fig. 7a �T�� ,�ng=1�=�T�� ,�ng=0�−�T�� ,�ng

=1� characterizes the average ��ng�1� value of the phase
transformation coefficient with respect to the charge ���ng�
at the working point close to the optimal point with respect
to the magnetic flux. The corresponding amplitude signals
are presented in Fig. 7b.

Comparing the characteristics presented in Fig. 4 and
Fig. 6a shows that the parametric transformation of energy
increases ����� �and �V��� by a factor of approximately 5.4
for a qubit-based magnetometer. An even larger �by up to a
factor of 8.3� increase of the transformation coefficients is
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FIG. 6. Signal characteristics of the charge-phase qubit-detector in a micro-
wave field with frequency 17.5 GHz at the constant power of the microwave
generator P=−65 dBm. The phase signal in the resonant circuit for the
values of the polarization charge �T��e ,ng=1� and �T��e ,ng=0� as a func-
tion of the external magnetic flux �a�. The dependence of the change of the
voltage on the resonant circuit VT��e ,ng=1� and VT��e ,ng=0� versus the
magnetic flux. The family was obtained with the minimum detuning of the
generator frequency from the resonance frequency of the circuit �T��R

and MIT��0 �b�. 1� �T, rad 2� VT, arb. units
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obtained in Ref. 37, where the inductance of a qubit is imple-
mented in the form of a gradient meter to decrease the effect
of the external 1 / f noise flux.

It is evident from the structure of the Hamiltonian �1�
and the characteristics obtained for a qubit-detector in an
electromagnetic field that the transformation coefficients
with respect to a weak signal �11� must depend not only on
the magnetic flux but also on the choice of the working point
with respect to the charge induced on the gate. Actually,
maximum changes in the signal characteristics and hence
large values of the transformation coefficients with respect to
the charge are observed near ng�0. Figure 8 shows the
change in the signal characteristic �T�� ,ng� of a detector
based on a charge-phase qubit in a microwave field with
frequency �=15 GHz with variation of the charge on the
gate by the amount �q�0.2e near ng=0 �Figs. 8a and 8b�
and ng=1 �Figs. 8c and 8d�. A detailed analysis of depen-
dences similar to those presented in Fig. 8 shows that in an
electromagnetic field with generator power −60 dBm the en-
ergy level near ng=1�0.35 depends very weakly on the
change in the charge �“flat” level�, and in this regime the
qubit can be used as a magnetometer. The quantity ���ng�
increases strongly in a small neighborhood of ng=0�0.05,
and for this reason a local coefficient of transformation with
respect to the charge must be introduced into the analysis.
The main distinguishing feature of qubit-detectors with para-
metric energy transformation as a result of the periodic
change of the occupation of the levels is a possible “diver-
gence” of the coefficients of transformation as any regenera-
tion points are approached. However, we note that the output
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fluctuations in this case likewise grow as ���ng�, �V�ng�, and
�����, �V���, so that the noise at the input of the detector
remains finite. In our experiments the sensitivity of a detec-
tor is determined by the effective noise temperature of the
resonant circuit TT*��500�100� mK and the inhering noise
of a charge-phase qubit.

V. CONCLUSION

A classical analog of the quantum coherent effect exam-
ined above is the single-frequency nondegenerate energy in-
put effect, studied in Ref. 42 and 43. This effect can be
observed in reactive components with variable parameters
only if the reactive parameter assumes negative values dur-
ing a part of the period. For example, in the classical case the
sign of the inductance of a Josephson junction LJ

=�0 /2�IC cos � changes periodically with frequency �
=2eV /
 close to the resonance frequency of a microwave
generator. In a quantum detector the effective inductance,
proportional to the local curvature of the ground and excited
levels �7� likewise changes sign, during a period of the low-
frequency �Rabi-type� oscillations, with frequency close that
of the resonant circuit. In both effects the average value of
the energy exchange depends on the phase difference be-
tween two oscillators; for some value energy is transferred
from the external source to the resonator Re Z����0 while
in “antiphase” energy is transferred in the opposite direction.
In a qubit the sign of the average energy flux resulting in
“emission” and “absorption” effects is controlled by detun-
ing the frequency � of the microwave radiation relative to the

characteristic frequency of the qubit �Ẽ1− Ẽ0� /h.
As follows from the results obtained �Figs. 4–8�, the

parametric energy transfer occurring between a qubit and a
resonant circuit near �R��T results in a sharp increase of
the coefficients of transformation of a qubit-detector with
respect to both the magnetic flux and charge. The main dis-
tinguishing feature of such detectors is the possibility of ob-
taining very large ��1012 s−1� transformation coefficients
�formally, the coefficients �V���, �����, �V�ng�, and ���ng�
can diverge as the oscillation band decreases�. Since the con-
tribution of the noise of the amplifying channel is propor-
tional to �−2, the noise can be neglected for large values of
the transformation coefficients. In this case the noises of the
resonant circuit which are due to the thermodynamic fluctua-
tions kBTT* will prevent attaining values of the sensitivity
which are close to the quantum limit ���t�
 /2. To decrease
TT* and produce a fast quantum detector the pump frequency
must be increased to �P /2��1–2 GHz and the measuring
scheme must be modified so that the temperature of the first
cascade of the cooled amplifier would be in the range
30–50 mK. Then, taking account of the back reaction of the
detector on the input, the minimum sensitivity of a qubit-
detector �10� based on the parametric energy transfer effect
will be determined only by the inhering noise of the qubit or
the quantum limit.44
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